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1. Number Systems 


1.1 Introduction 


In the very beginning, human life was simple. An early ancient herdsman compared 
sheep (or cattle) of his herd with a pile of stones when the herd left for grazing and again on 
its return for missing animals. In the earliest systems probably the vertical strokes or bars 
such as I, Il, III, Ш etc.. were used for the numbers 1, 2, 3, 4 etc. The symbol “IlIll” was used by 
many people including the ancient Egyptians for the number of fingers of one hand. 

| Around 5000 B.C, the Egyptians had a number system based on 10. The symbol 
/5 for 10 and ©) for 100 were used by them. A symbol was repeated as many times as it was 
needed. For example, the numbers 13 and 324 were symbolized as /\111 and 
YA! respectively. The symbol 3%) 2! was interpreted as 100 + 100 +100+10+10+1+1+1 
*1. Different people invented their own symbols for numbers. Butthese systems of notations 
proved to be inadequate with advancement of societies and were discarded. Ultimately the 
set (1, 2, 3, 4, ...) with base 10 was adopted as the counting set (also called the set of natural 
numbers). The solution of the equation x + 2 = 2 was not possible in the set of natural 
numbers, So the natural number system was extended to the set of whole numbers. No 
number in the set of whole numbers W could satisfy the equation x +4=2orx+a=b, if 
а> b, and a, b, €W. The negative integers –1, —2, —3, ... were introduced to form the set of 
integers Z = (0, +1, £2 ,...). 
Again the equation of the type 2x = 3 or bx = a where a,b,eZ 
and b + 0 had no solution in the set Z, so the numbers of the form 


" where a,b,<Z and b = 0, were invented to remove such difficulties. The set 
Q= А a,b,eZ ^ b#0}was named as the set of rational numbers. Still the solution of equations 


such as х? = 2 or X? = a (where a is not a perfect square) was not possible in the set Q. So the 
irrational numbers of the type + V2 ог+ Ja where ais nota perfect square were introduced. 
This process of enlargement of the number system ultimately led to the set of real numbers 
R = QUQ' (Q’ is the set of irrational numbers) which is used most frequently in everyday life. 
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1.2 Rational Numbers and Irrational Numbers 


We know that a rational number is a number which can be put in the form P where р, 
q 


qeZ ^ q + 0. The numbers 4/16 , 3.7, 4 etc., are rational numbers. 4/16 can be reduced to the 


form 2 where p, qeZ, and q # 0 because 4/16 = 4 = £, 
q 


Irrational numbers are those numbers which cannot be put into the form Р where 
q 


р, qeZ and q + 0. The numbers КУ Rz a are irrational numbers. 


1.2.1 Decimal Representation of Rational and Irrational Numbers 


1) Terminating decimals: A decimal which has only a finite number of digits in its decimal 
part, is called a terminating decimal. Thus 202.04, 0.000041 5, 100000.41237895 are examples 
of terminating decimals. 

Since a terminating decimal can be converted into a common fraction, so every 
terminating decimal represents a rational number. 


2) Recurring Decimals: This is another type of rational numbers. In general, a recurring or 
periodic decimal is a decimal in which one or more digits repeat indefinitely. 

It will be shown (in the chapter on sequences and series) that a recurring decimal can 
be converted into a common fraction. So every recurring decimal represents a rational 
number: 

A non-terminating, non-recurring decimal is a decimal which neither terminates nor 
it is recurring. It is not possible to convert such a decimal into a common fraction. Thus a 
non-terminating, non-recurring decimal represents an irrational number. 
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Example 1: 
| 25 44 | 
i) .25 (=—) is a rational number. 
100 


ii) 333.(=3) is arecurring decimal, it is a rational number. 


il) | 23(-2.333..) is a rational number. 


iv) 0.142857142857... (==) is a rational number. 


v)  0.01001000100001 ... is a non-terminating, non-periodic decimal, so it is an 
irrational number. 

vi)  214.121122111222 1111 2222 ... is also an irrational number. 

vi) 1.4142135 ... is an irrational number. 

viii) 7.3205080 ... is an irrational number. 

iX) | 1.709975947 ...is an irrational number. 

x) 3.141592654... is an important irrational number called it x(Pi) which 
denotes the constant ratio of the circumference of any circle to the length 
of its diameter i.e., 


_ circumference of any circle 
~ length of its diameter. 


An approximate value of 7 is = ‚а better approximation is 25 and a still better 


approximation is 3.14159. The value of x correct to 5 lac decimal places has been 
determined with the help of computer. 


Example 2: Prove 42 is an irrational number. 


Solution: Suppose, if possible, 42 is rational so that it can be written in the 
form p/q where p,q є Z and qz0. Suppose further that p/q is in its lowest form. 


Then 42 = p/q, (q #0) 
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Squaring both sides we get; 
2= P. огрг= 24 (1) 


The R.H.S. of this equation has a factor 2. Its L.H.S. must have the same factor. 
Now a prime number can be a factor of a square only if it occurs at least twice in the 
square. Therefore, p? should be of the form 4p? 
so that equation (1) takes the form: 
4р? = 20° (2) 
i.e., 2р? = q? eal) 
In the last equation, 2 is a factor of the L.H.S. Therefore, q? should be of the form 4g? so 
that equation 3 takes the form 
2р? = 49? i.e., р? = 20? (4) 


From equations (1) апа (2), 


p = 2p 
and from equations (3) and (4) 
q-2q 
p 2p 
а 24 


This contradicts the hypothesis that Р. isin its lowest form. Hence V2 is irrational. 
q 


Example 3: Prove 43 is an irrational number. 


Solution: Suppose, if possible V3 is rational so that it can be written in the form p/q when 
p.q = 2 апа д + 0. Suppose further that p/q is in its lowest form, 


then 43 = p/q, (q * 0) 
Squaring this equation we get; 


З= Ё or p=30 0 x (1) 
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The R.H.S. of this equation has a factor 3. Its L.H.S. must have the same factor. 
Now a prime number can be a factor of a square only if it occurs at least twice in 
the square. Therefore, p? should be of the form 9p? so that equation (1) takes the form: 
арз = 307 (2) 
е, Зр? = (3) 


In the last equation, 3 is a factor of the LHS. Therefore, qQ? 
should be of the form 992 so that equation (3) takes the form 
3p*^-9g* Le, p^-3q* (4) 
From equations (1) and (2), 
Р= ЗР' 
and from equations (3) and (4) 
q-3q' 


p 3p 
а 34 

This contradicts the hypothesis that Р is in its lowest form. 
ү ; q 

Hence V3 is irrational. 


1.3 Properties of Real Numbers 


We are already familiar with the set of real numbers and most of their properties. We 

now state them in a unified and systematic manner. Before stating them we give a prelimi- 
nary definition. 
Binary Operation: A binary operation may be defined as a function from A X A into A, but 
for the present discussion, the following definition would serve the purpose. A binary oper- 
ation in a set A is a rule usually denoted by * that assigns to any pair of elements of A, taken 
in a definite order, another element of A. 

Two important binary operations are addition and multiplication in the set of real num- 
bers. Similarly, union and intersection are binary operations on sets which are subsets of the 


(8) 
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same Universal set. 

R usually denotes the set of real numbers. We assume that two binary operations 
addition (+) and multiplication (. or x) are defined in ®. Following are the properties or laws 
for real numbers. 


1. Addition Laws: - 


i) Closure Law of Addition 

У а, бе%, а + бе (Vstands for “for all” ) 
ii) Associative Law of Addition 

V a,b,ceR,a+(b+c)=(atb)+c 
iii) Additive Identity 


V ає%, J0ER suchthat а+0 = 0+а=а 
(d stands for “there exists”). 
O(read as zero) is called the identity element of addition. 
iv) Additive Inverse 
V ає%, 4 (– а)=% such that 
at+(—a)=0 = (-а) +а 
v) Commutative Law for Addition 
Vioa,beR,at+b=bt+a 
2. Multiplication Laws 


vi) Closure l.aw of Multiplication 

V Q,beX,a.beX (a,b is usually written as ab). 
vii) Associative Law for Multiplication 

V a,b, се%, a(bc) = (ab)c 
viii) Multiplicative Identity 


V ає%, А 16% suchthat a.1=1.a=a 
1 is called the multiplicative identity of real numbers. 
ix) Multiplicative Inverse 


V a(*0)eX, JateR suchthat a.a = а.а = 1 (a^ is also written as 1, 
а 


х) Commutative Law of multiplication 
V а, be®, ар = ba 
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3. Multiplication — Addition Law 

xi) V а, р, сє Х, 
a (b + с) = ab + ac (Distrihutivity of multiplication over addition). 
(a+ b)c = ac + bc 


eLearn.Punjab 


In addition to the above properties ® possesses the following properties. 


i) Order Properties (described below). 

i) | Completeness axiom which will be explained in higher classes. 

The above properties characterizes А i.e., only ® possesses all these 
Before stating the order axioms we state the properties of equality of numbers. 
4. Properties of Equality 

Equality of numbers denoted by “=" possesses the following properties:- 

i) Reflexive property V ає%, a=a 
ii) Symmetric Property V abeR, а= р> Б = а. 
iii) Transitive Property V ab,ceR,a=bAb=c>a=c 
iv) Additive Property V ab,ceR,a=b>at+c=b+t+c 
v) Multiplicative Property V a,bceX,a-b-»ac-bc^ са = cb. 
vi) Cancellation Property w.r.t. addition 

V ab,ceR,atc=b+c>a=b 
vii) Cancellation Property w.r.t. Multiplication: 

V a,b,ceR,ac = bc > а= Б, с+ 0 
5. Properties of Ineualities (Order properties ) 
1)  Trichotomy Property V a,be*X 

either a - bora» bora«b 
2)  Transitive Property V a,b, ce 


properties. 
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с) V a,b,c,de and a,b,c,d are all positive. 
) а> рл с> аъас> Ва. i) a«b^c«d-ac«bd 


Note That: 


1. Апу set possessing all the above 11 properties is called а field. 

2. From the multiplicative properties of inequality we conclude that: - If both the sides 
of an inequality are multiplied by a *ve number, its direction does not change, but 
multiplication of the two sides by -ve number reverses the direction of the inequality. 

3. a and (-a) are additive inverses of each other. Since by definition inverse of -a is a, 

—(-a)=a 

4. The left hand member of the above 

read aS negative of "negative a’ 


equation should be 

and not ‘minus minus а". 

5. а апа £ are the multiplicative inverses of each other. Since by 
a 

of — is а (ie, inverse of а! is a)  a#0 


definition inverse 


(a'y'=a or 


Example 4: Prove that for any real numbers a, b 
i) a.O=0 i) ab-0—a-20vbz0[v stands for "or" ] 
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i) a>bAb>c>a>c_ ii а<рл b<c>a<c 
Additive Property: V a,b,ceR 
a) i) а>рд=а+с> р+с b) i) 
i) a<b>at+c<btc li) 

Multiplicative Properties: 
a) V a,b,ce% andc>0 

i) a>b=>ac>bc li) 
b) Vab,ceR апас<0. 

i) a>b=>ac<bc ii) 


а> рл с> а —a*c» btd 


a<baAc<d>aatc<btd 


a«b- ac < bc. 


a«b- ac» bc 
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Solution: i) a.0 = а[1+ (-1)] (Property of additive inverse) 
= 0 (1—1) (Def. of subtraction) 
= g.1-a.1 (Distributive Law) 
=a-a (Property of multiplicative identity) 
= а + (-a) (Def. of subtraction) 
= (Property of additive inverse) 
Thus а.0=0. 


ii) Given that ab = 0 
Suppose a#0,then exists 


(1) 


O 
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k 
(1) gives: — (ab) = E (Multiplicative property of equality) iv) Pg #0) (Golden rule of fractions) 
a 
—(—.a)bz 2 .0 (Assoc. law of X) E т 
а у) + ox (Rule for quotient of fractions). 
=>1.b=0 (Property of multiplicative inverse). d 
+ b=0 (Property of multiplicative identity). The symbol<> stands for iff i.e.. if and only if, — 
Thus if ab = 0 anda + 0, then b = 0 
Similarly it may be shown that Solution: 
if ab = 0 and b #0, thena = 0. | ол л 
Hence ab=0 >a=Oorb=0. i) d id d 
= (bd) - (һа) 
Example 5: For real numbers a,b show the following by stating the properties used. b 1 d 1 
i) (=a) b = a (-b) = -ab ii) (-a) (-b) = ab > aC b)d =c.(— bd) 
cod 
Solution: i) (-a)(b)+ab=(-a+a)b (Distributive law) a ЖЕ! d 
=0.b=0. (Property of additive inverse) ©. ad=bc 
(-a)b + ab = 0 | 11 11 
i.e.. (-a)b and ab are additive inverse of each other. Again = ad = be = (ad) седа 
7. (-a)b = —(аЬ) = -ab (© -(ab) is written as —ab) — alal NX | m 
li) (-a) (-b) -ab = (-a)(-b) + (-ab) 22.2 2 d 
= (-a)(-b) + (-a)(b) (By (i)) oo 
= (-a)(-b + b) (Distributive law) 
= (-a) .0 = 0. (Property of additive inverse) i ii -i „1 oe 
(—a)(—b) = ab lI (a р 0X p^ A= 
Example 6: Prove that 11 DE о: 
Thus ab and pio are the multiplicative inverse of each other. But multiplicative inverse 
a 
i) а = Sad =be (Principle for equality of fractions | 
b d of ab is — 
т 1 1 1 ab 
E EE н ү! 
ab ab 
iii) сеа (Rule for product of fractions). " ac ,] 1 
b d bd lii) кы “ше 
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(ас). 2) (Using commutative and associative laws of multiplication) 
MEM 
bd , bd 
Ес 
bd |bd 
ш mmu 
b b bk ak 
a de 
b bk 
a Ey udo 
g "uu Nn L2 
сос 1 bc 
- cd b(—.d 
a OU S 


Example 7: Does the set (1, –1 } possess closure property with respect to 
i) addition ii) multiplication? 


Solution: i) 1+1=2,1+(-1)=O0=-1+1 
—1 + (-1) = –2 


But 2, 0, -2 do not belong to the given set. That is, all the sums do not belong to the 
given set. So it does not possess closure property w.r.t. addition. 
li) 1.121, 1.(-1) 2-1, (-1).1 =-1, C1). (-1) = 1 
Since all the products belong to the given set, it is closed w.r.t multiplication. 
Exercise 1.1 


1. Which of the following sets have closure property w.r.t. addition and multiplication? 


i) (0 id) {1} ii) (O,-1) iv) {1,-1} 


o 
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2. Name the properties used in the following equations. 


(Letters, where used, represent real numbers). 


i) 4+9=9+4 ii) (a) as (062) 


i) | (434 5) 7 -43-(J5447) iv) 100+0=100 


у) 1000 х 1 = 1000 vi) 41+(-4.1)=0 

vi) a-a=0 viii) 

ix) a(b-c)-ab-ac X) (x-yz-2xz-yz 

х) 4х(5 х 8) = (4х 5) х8 xii) a(b*c-d)-ab- ac - ad. 


. Name the properties used in the following inequalities: 


) -3«-220«1 i) —-5><-4>20>16 
ii)  1»-12-3»-5 iv) а<0=-а> 0 
1 1 | 
у) a>b = vi) a>b = -a< -b 
a 


. Prove the following rules of addition: - 


; a b a+b " a c ad+bc 
i) —+—= il) —+—= 

с c C b d bd 
Prove thats eS 


12 18 36 


. Simplify by justifying each step: - 


11 
) 4+16x i) 4 5 
4 гт 

4 


eLearn.Punjab 


version: 1.1 


1. Number Systems 


C ] 1 
— + — ee 
iii) ч A iv) “TT 
b d a b 
1.4 Complex Numbers 


The history of mathematics shows that man has been developing and enlarging his 
concept of number according to the saying that "Necessity is the mother of invention". In 
the remote past they stared with the set of counting numbers and invented, by stages, the 
negative numbers, rational numbers, irrational numbers. Since square of a positive as well 
as negative number is a positive number, the square 
root of a negative number does not exist in the realm of real numbers. Therefore, square 
roots of negative numbers were given no attention for centuries together. However, recently, 
properties of numbers involving square roots of negative numbers have also been discussed 
in detail and such numbers have been found useful and have been applied in many branches 
o f pure and applied mathematics. The numbers of the 
form x + iy, мһеге х, y є% ,andi- ‚аге called complex numbers, here x is called real 
part and y is called imaginary part of the complex 


number. For example, 3 + 4i, 2- i etc. are complex numbers. 


Let us start with considering the equation. 


x*+1=0 (1) 
=> x^z—-1 
=> x-t4-1 


J-1 does not belong to the set of real numbers. We, therefore, for convenience call it 
imaginary number and denote it by i (read as iota). 
The product of a real number and i is also an imaginary number 
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Thus 2i, 3i, V5i, E are all imaginary numbers, i which may be 
written 1.iis also an imaginary number. 
Powers of i: 
РЁ = –1 (by defination) 
p= рі= 1.1 = –і 
t=? X P = (-1)(-1) = 1 
Thus any power of i must be equal to 1, i,-1 or —i. For instance, 
Par) = (—1)51 = i 
i- (2)? = (—1)3=—1 etc. 


1.4.1 Operations on Complex Numbers 


With a view to develop algebra of complex numbers, we state a few definitions. 
The symbols a,b,c,d,k, where used, represent real numbers. 
1) a-*bi-c*di >a=c Б = а. 
2) Addition: (a + bi) + (c+ di) = (a * c) + (b + а): 
3) k(a-bi)-ka + kbi 
4) (a+ bi)- (c+ di) = (a + bi) + [-(c + di)] 
-g-*bi-*(-c- di) 
= (a с) * (b - dji 
5) (a+ bi).(c + di) = ac * adi + bci + раз = (ac — bd) + (ad + bci. 
6) Conjugate Complex Numbers: Complex numbers of the form (a + bi) and (a — bi) which 
have the same real parts and whose imaginary parts differ in sign only, are called conjugates 
of each other. Thus 5 + 4i and 5 – 4i, -2 + Зі апа - 2 - 3i,- 4/5 і and 5i are three pairs of 
conjugate numbers. 


1.4.2 Complex Numbers as Ordered Pairs of Real Numbers 


We can define complex numbers also by using ordered pairs. Let C be the set of ordered 
pairs belonging to А X % which are subject to the following properties: - 


Cs) 
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i) (a,b)=(c,d) © a=c^b=d. 

i) (a, Б) + (с, d)=(a+c,b+d) 

iii) If k is any real number, then А(а, b) = (ka, kb) 

iv) (a, b) (c, d) = (ac — bd, ad + bc) 

Then C is called the set of complex numbers. It is easy to sec that (a, b) - (c, d) 
-(a-c, Б – а) 

Properties (1), (2) and (4) respectively define equality, sum and product of two complex 
numbers. Property (3) defines the product of a real number and a complex number. 


Example 1: Find the sum, difference and product of the complex numbers (8, 9) and (5, —6) 


Solution: Sum = (8 + 5, 9 – 6) = (13, 3) 


Difference = (8-5, 9-(-6)) = (3, 15) 
Product = (8.5 – (9)(-6), 9.5 + (-6) 8) 
= (40 + 54, 45 – 48) 
= (94, -3) 


1.4.3 Properties of the Fundamental Operations on Complex 
Numbers 


It can be easily verified that the set C satisfies all the field axioms i.e., it possesses the 
properties 1(i to v), 2(vi to x) and 3(xi) of Art. 1.3. 

By way of explanation of some points we observe as follows:- 
i) The additive identity in C is (0, 0). 
ii) Every complex number (a, b) has the additive inverse 

(-a, —b) i.e., (a, b) + (-a, —b) = (0, 0). 
iii) The multiplicative identity is (1, 0) i.e., 

(а, Б).(1, 0) = (a.1 — 6.0, b.1 + a.0) = (a, b). 

- (1, 0) (a, b) 

iv) Every non-zero complex number {i.e., number not equal to (0, 0)) has a 

multiplicative inverse. 

a —b 


The multiplicative inverse of (a, b) is | ————,——— 
P ( ) | s] 
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a —b 
а +b’ a ep 


(a.b 


| = (1, 0), the identity element 


a —b 
je 


v) (a, b)[(c, d) X (e, f)] — (а, bY(e, d) + (a, bye, f) 


1.4.4 A Special Subset of C 


We consider a subset of C whose elements are of the form (a, 0) i.e., second component 
of each element is zero. 
Let (a, 0), (c, 0) be two elements of this subset. Then 
i) (a, 0) + (c, 0) = (a + c, 0) i) ^ K(a, 0) = (ka, 0) 
iii) (0,0) X (c, 0) = (ac ,0) 


iv) Multiplicative inverse of (a, 0) is E o} deu 
a 


Notice that the results are the same as we should have obtained if we had operated on 
the real numbers a and c ignoring the second component of each ordered pair i.e., O which 
has played no part in the above calculations. 

On account of this special feature wc identify the complex number (a, 0) with the real 
number a i.e., we postulate: 
(a, 0)= a (1) 
Now consider (0, 1) 
(0, 1). (0, 1) =(-1, 0) 
= —1 (by (1) above). 
If we set (0, 1) =i (2) 
then (0, 1)? = (0,1)(0,1) = i.i = i? = – 
We аге now іп а position to write every complex number given as an ordered pair, in 
terms of i. For example 


(a, b) = (a, 0) + (0, b) (def. of addition) 


? 
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= a(1, 0)* b(0, 1) 

= g.1 + bi 

-g*ib 
Thus (a, b) = а + ib where 2 = — 
This result enables us to convert any Complex number given in one notation into the 


(by ( 1) and (2) above) 


other. 


15. 


Exercise 1.2 


Verify the addition properties of complex numbers. 
Verify the multiplication properties of the complex numbers. 
Verify the distributive law of complex numbers. 
(a, b)[(c, d) + (e, f)] = (a, bY(c, d) + (a, Б)(е, f) 
(Hint: Simplify each side separately) 
Simplify' the following: 


i) P ii) 1!^ iii)  (-i)'9 iv) (-—) 
Write in terms of i 


) vb i) VS i) = м fe 
Simplify the following: 


(/9)*(3,-5 7. (86-5)-(-7,4) 8. (2, 6)(3, 7) 
(5, –4) (-3,-2) 10. (0, 3) (0, 5) 11. (2, 6) (3, 7). 


(5, -4) -(-3,-8) | Hint for 11: 9 2+ мл м. 
(3,7) 349 3-71 
Prove that the sum as well as the product of any two conjugate 
complex numbers is a real number. 
Find the multiplicative inverse of each of the following numbers: 


) (4,7) li) (2, -45) lii) (1, 0) 
Factorize the following: 
i) a? + 4p? li) 9a? + 160? iii) Зх? +3y? 
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16. Separate into real and imaginary parts (write as a simple complex number): - 


) 2-7i ii (2 +31)? їй ЕС 
4+ 5i (+i) l+i 


1.5 The Real Line 


6 -7 6 -5 4 3 -2 1410 123 4 5 6 7 8 
X O A я 
Fig. (1) 

In Fig.(1), let X' X be a line. We represent the number 0 by a point О (called the origin) 
of the line. Let | ОА | represents a unit length. According to this unit, positive numbers are 
represented on this line by points to the right of O and negative numbers by points to the 
left of O. It is easy to visualize that all *ve and -ve rational numbers are represented on this 
line. What about the irrational numbers? 

The fact is that all the irrational numbers are also represented by points of the line. 
Therefore, we postulate: - 

Postulate: A (1 — 1) correspondence can be established between the points of a line бапа 
the real numbers in such a way that:- 

i) The number 0 corresponds to a point O of the line. 

ii) Тһе number 1 corresponds to a point A of the line. 

iii) If x,, x, are the numbers corresponding to two points P, P, then the distance 

between P, and P, will be |x, — x |. 

Itis evident that the above correspondence will be such that corresponding to any real 
number there will be one and only one point on the line and vice versa. 

When a (1 - 1) correspondence between the points of a line x'x and the real numbers 
has been established in the manner described above, the line is called the real line and the 
real number, say x, corresponding to any point P of the line is called the coordinate of the 
point. 


1.5.1 The Real Plane or The Coordinate Plane 
We know that the cartesian product of two non-empty sets A and B, denoted by A X B, 


is the set: A X В = ((x, y) 1 ХЄА ^ yeB) 
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The members of a cartesian product are ordered У 
pairs. 

The cartesian product RXR where % is the set of real 
numbers is called the cartesian plane. 

By taking two perpendicular lines x'ox and уоу as 
coordinate axes оп a geometrical plane and choosing * 
a convenient unit of distance, elements of Ах% can 
be represented on the plane in such a way that there is 
a (1—1) correspondence between the elements of RxR 
and points of the plane. 


Fig. (2) y 

The geometrical plane on which coordinate system has been specified is called the 
real plane or the coordinate plane. 

Ordinarily we do not distinguish between the Cartesian plane Xx апа the coordinate 
plane whose points correspond to or represent the elements of Ах. 

If a point A of the coordinate plane corresponds to the ordered pair (a, b) then a, b are 
called the coordinates of A. a is called the X - coordinate or abscissa and b is called 
the y - coordinate or ordinate. 

In the figure shown above, the coordinates of the pointsB, C, D and E are (3, 2), (-4, 3), 
(-3, –4) and (5, -4) respectively. 

Corresponding to every ordered pair (a, Б) €'&x X there is one and only one point in 
the plane and corresponding to every point in the plane there is one and only one ordered 
pair (a, b) in Rx. 

There is thus a (1 – 1) correspondence between Ax% and the plane. 


1.6 Geometrical Representation of Complex Numbers The 
Complex Plane 


We have seen that there is a (1-1) correspondence between the elements (ordered 
pairs) of the Cartesian plane Ax% and the complex numbers. Therefore, there is a (1— 1) 
correspondence between the points of the coordinate plane and the complex numbers. 
We can, therefore, represent complex numbers by points of the coordinate plane. In this 
representation every complex number will be represented by one and only one point of 
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the coordinate plane and every point of the plane will represent one and only one complex 

number. The components of the complex number will be the coordinates of the point 

representing it. In this representation the x-axis is called the real axis and the y-axis is called 

the imaginary axis. The coordinate plane itself is called the complex plane or z - plane. 
By way of illustration a number of complex numbers have been shown in figure 3. 


The figure representing one or more complex 
numbers on the complex plane is called an 
Argand diagram. Points on the x-axis represent ү” 
real numbers whereas the points on the y-axis 
represent imaginary numbers. 


In fig (4), x, y are the coordinates of a point. T 
It represents the complex number x * iy. 


The real number 4x? + у? is called the modulus 
of the complex number a * ib. 

In the figure MA Lo x 

„ОМ =x, МА= y 

In the right-angled triangle OMA, we have, 
by Pythagoras theorem, 


loa = ом J [wa Fig (4) 


E ОА = x+y’ 


[4 


V 


Thus ОА represents the modulus of x + iy. In other words: The modulus of a complex 
number is the distance from the origin of the point representing the number. 


9 
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The modulus of a complex number is generally denoted as: |x * iy | ог | (х,у) |. For convenience, 
a complex number is denoted by z. 
If 2=х + iy = (x, у), then 


д|= үх? + у? 
Example 1: Find moduli of the following complex numbers : 
() 1-iv3 (i) 3 (ii) —5i (iv) 34i 
Solution: 


i) Let z=1-iv3 ii) Letz=3 
or z=1+i(-3) 


= 40 + (V3) 


=V1+3=2 
ili) Letz--5i 


or z-0 *(-5Ji 


«e o +657 =5 


Theorems: Yz, Z, 2, € С, 


0г2= 3+0. 
= GY «(y =3 


iv) Let 2=3 + Ai 


АЕ VG) + (4)? 


0) La--E- ii) === 

iii) zz ^E iv) E +25] 7, d 

у) (Ajia +0 vi) a =la] 
Za. Z3 


Proof:(i: Let 2-4 +ib, 
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So, -z--a-ib,z-a-ib and -z =-—a +ib 
= 41а) +b} = Ja? e p? 
= e +B 
|= (ay +O} = Ja? +0" 


|= Cay + Y = Ja! +? 


By equations (1), (2), (3) and (4) we conclude that 


ЕЕЕ 


(ii) Let 2=а+ір 
So that z-a- ib 


Taking conjugate again of both sides, we have 


2Süddbez 
(il) Let | z-a-ib sothat z-a-ib 
т.ж. = (а +1Ь)(а —1Ь) 
= a? — iab + iab — i°b 
= а? —(—1)Ь? 
-a +b? || 


2 


(iv) Let 2 eg ib and „=с+ id, then 
Z,+ 2,= (a ib) + (c + id) 
=(a+c)+i(b+d) 


(1) 
(2) 
(3) 
(4) 


SO z,+z,=(at+c)+i(b+d) (Taking conjugate on both sides) 


- (a * c) - i(b * d) 
= (a — ib) + (c — id) = zi + z2 


(v) Let z =a +ib and 2, =c + id, where z, #0, then 


z ati 


Z, c+id 


(2) 
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ҷа) 


Now 


From (1) and (2), 


(vi) 


Let 


.a*ib c-id 
Cctid c-—id 


(ас+ bd)- i(bc аа) | ac - bd 
zZ —— ———— + 
e +d’ c* +d’ 


_ac+bd .Бс-аа 
ча" Cad? 
_ac+bd |. bc—ad 
"gd +d? 
 a-ib a-ib 
cid c-id 
.a-ib c*id 


"c-id ctid 
_ (ac t bd)- i(bc — ad) 
o +d? 


| ac * bd | bc - ad 


= i 
ced pud 


we have 


z =а+1р апа z =c + id, then 
1 


Iz,.z,|=|(a +1Ь)(с + id) 


= (ас —bd)+(ad + bc)i| 


= (ас — Ба) + (аа 4 bcy 
= үа?с? + bd? + а?а? + boc? 


= (at +PP + а?) 


Е EA 


This result may be stated thus: - 


The modulus of the product of two complex numbers is equal to the product of their 


moduli. 


(Note this step) 


. bc — ad 


i 
e +d’ 


(1) 


(2) 
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(vii) Algebraic proof of this part is tedius. Therefore, we prove it geometrically. 


Fig (5) 


In the figure point A represents z=at ib and point C represents Z=C+ id. We complete 
the parallelogram OABC. From the figure, it is evident that coordinates of B are (a +c, b + d), 
therefore, B represents 


Z +Z = (a+c)+(b+d)i and oB|-|a + z,|. 


Also o4|- 4, |48|- |ОС|= Iz. 

In the AOAB; OA + AB > OB (OA = mOA etc.) 

„|е |+ |а |I» |е «ez | (1) 
1 2 1 2 


Also іп the same triangle, OA – АВ < OB 

. |zl-|z |< [z ez | (2) 
1 2 1 2 

Combining (1) and (2), we have 


— « « 
Iz l- lz E < 1 +21 < lz l+ lz (3) 
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which gives the required results with inequality 
signs. 


Results with equality signs will hold when the 
points A and C representing z and 2, 


become collinear with В. This will be so when 


a 
(see fig (6)). и 


Fig (6) 
In such a case |I] - [o8| «o4 


ОБ|+ [ВС 


aj 


=|z, +2, 


Thus lz, +2,|= |[z|- |2, 


The second part of result (vii) namely 


lz, + z [s |2,|+ |2, 


is analogue of the triangular inequality*. In words, it may be stated thus: - 
The modulus of the sum of two complex numbers is less than or equal to the sum of the 
moduli of the numbers. 


Example 2: If z = 2+ i, z= 3 - 21, z = 1 + 3i then express á *3 in the 
form a + ib Е 


(Conjugate of a complex number zis denoted as z ) 


Solution: . . | 
zz _(2+i)(1+3i) (2-1) (1-30) 
Z 3-2] dco 
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| (2-3) - (-6- Di =й 
422 3-01 
_ C1- 7i)8 + 2i) 


(3 - 2i) (3 + 2i) 
_—(-34+14)+(2-2)i 11 23, 
32 13 13 


Example 3: Show that, v z,z, eC, 2, z, = 2, Z, 


Solution: Let zr-a bez, c di 


22, = (a + bi)(c + di) = (ac — bd (ad + Бс) 
= (ac — bd) — (ad + bc)i (1) 


z.z, =(a+bi) =(c+di) 
=(a—bi)(c—di) 
= (ac — bd) 4 (-ad – bc)i 
z.z,-Ka biM(c di) 


—(a bi)(c di) 
= (ac — bd) + (-аа — bc)i (2) 


Thus from (1) апа (2) we have, =, 2, =2, 2, 


Polar form of a Complex number: Consider adjoining diagram y 
representing the complex number z = x + iy. From the diagram, we 
see that x = гсоѕ0 апау = гѕіпӨ where r= |z| and @ is called argument 
of z. 

Hence x-*iy-rcos0 + гѕіпӨ ....(1) 


where х= Ax? +)’ аша деа 
Equation (i) is called the polar form of the complex number 2. 


*|n any triangle the sum of the lengths of any two sides is greater than the length of the third 
side and difference of the lengths of any two sides is less than the length of the third side. 


@) 
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| ii Let x, + iy, =r, cos, + г ѕіппе and x, + iy, =r, cos, + r,sinnO, then, 
Example 4: Express the complex number 1+i3 in polar form. ) (Th ES | 20532 S US * 


Solution: (à 3 1 r cos, +r isinO, | r,"(cos@, +isin®@,)" 


А . . n . s n 
X; TES r,cosQ, +r, іѕіпӨ, r, (cosQ, +іѕіпӨ,) 


Step-l: Put гсоѕ0 = 1 and rsino = J = ^. (ces6) іѕіпӨ,)"(сөѕ0, isin0,) " 


Step-Il: > =(P «(43y А 
=r =1+3=4 =>r=2 = Ži _(cosnð, + isin n6, )(cos( — n0), + isin( — n6), 
2 
Step-Ill: Ө= ап v3 = tan 4/3 = 60° (By De Moivre's Theorem) 
1 n 


n 


Thus 1+iV3 = 2с0560° + i2sin60° Г, 


(cos п + isin nO, )(cosnO, — isin пб,), (cos( — 0) = соѕ0 


sin( — 0)= —sinO) 


De Moivre's Theorem : - =} I (cos n6, cosn@, sinnO,sinnO,) 
(cos + isin0y' = cosnO + isinno, Vn є 4 n 
Proof of this theorem is beyond the scope of this book. + i(sinn@,cosnO@, — cosn6, sinn, )] 


= ^ [cos (nO, — пӨ,) + isin(nO, — п0,)| '- cos (а — f) соѕосоѕ 8 +51паѕіп д 
г, 


1.7 To find real and imaginary parts of 


and sin(a — J) = sinacosf — соѕ 05113 


) (x+y ii) (i, "T 
X, +1у, 


^ [cosn(8, — 0,)+isin n(6, — 6,)] 


P 
for n = +1, £2, £3, ... 
i) Let х = гсоѕ0 and y= rsin, then 
(x + iy)" = (rcos0 + irsinO)^ 
Ac This 2 соке =6 and 
= [/(соѕ0 + isin@)]” й r, 
= r"(cos@ + isinO) | 


—— [cos n(0, 0,)* isinn (0, — 0,)] 
Р 


п 


А 


sinn(0, —0,) are respectively the real and imaginary parts of 


n 


. : X, + iy, 
= r"(cosné + isinnð) ( By De Moivre's Theorem) arms 


=r" cosno + ir"sinno , , 
. A . . o р 2242 
Thus г" cosné and r^ sinn0 are respectively the real and imaginary parts of (x + iy)". where х = lx? +y? ;0=tan “andr,=Jx, у; Ө,=іап ^ 


n 
я | ‚ X, tly, #0 
xX, + iy, 


Where r= fx у? and ta tan’ È. 
Y 
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Example 5: Find out real and imaginary parts of each of the following 
complex numbers. 


› (б o GR 


Solution: 
i) Let rcos 6 =4/3 andrsin@ =1 where 


г? -(QBy + P orr = V34+1=2 and 9 = tan =30° 


So, (v3 + i) = (rcosÓ + irsinQ) 
—r'(cos30 + isin30) 
= 2° (cos90° + isin90°) 
- 8 (0+i.1) 
— 8i 


(By De Moivre's Theorem) 


Thus 0 and 8 are respectively real and imaginary Parts of (v3 + i). 
and r,siné, = —/3 


=r = Jay (43) = 4143 =2 and 0, = tan! ES — 60° 


i) | Letr,cos0, = 1 


Also Let r,cos@,=1 and rsin8, = J3 


=, = (1 +B) = М3 =2 and 6, S = 60° 


m m3 А M 


1+V3iJ | 2(e0s(60°)-+-isin(60%)) - 


_ (cos(-60*) + isin(-60°)) 

(cos(60") + isin(60°)) 
= (cos(—60°) + isin( — 60°)) (cos(60^) + isin(60°)) 
= (cos( — 300") + isin( — 300°))(cos( — 300°) + isin( — 300°)) 


-5 
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= (cos(300°) isin(300°))(cos(300°) isin(300*)) —cos( 0) = соѕ0 
and sin( —0) = -sin 


Thus z. ; Уз are respectively real and imaginary parts of CO 
2 2 135/31 
Ехетсіѕе 1.3 


1. Graph the following numbers оп the complex plane: - 
i) 2+ 3i li) 2—3 iii) | —2—3i iv) | —2-3i 


v)  -6 v) i vi) 2-5; viii) -5-6i 
5 5 
2. Find the multiplicative inverse of each of the following numbers: - 
i) —3i li) 1-2 ii) | —3—5i iv) (1,2) 
3. Simplify 
i) p" i) (-ai)*, ає iii) ;^ iv) i 


4. Prove that z =z iff zis real. 
5. Simplify by expressing in the form a + bi 


) 254244 i) QeJ-3)9894-3) 
il) 2 M um — 
Eis 46-4712 


6. Showthat VzeC 


i s i — ; 
i) z^-z isareal number. ii) (z—z) is areal number. 


G) 
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7. Simplify the following 


eLearn.Punjab 


ii) HS 
2 2 
iv) (a-biy 
vi) (a+biy 
vii)  (3—4-4)? 


version: 1.1 


version: 1.1 


CHAPTER 


2, Sets Functions 
and Groups 


Animation 2.1: Function 


Source & Credit: 


2. Sets Functions and Groups eLearn.Punjab 


2.1 Introduction 


We are familiar with the notion of a set since the word is frequently used in everyday 
speech, for instance, water set, tea set, sofa set. It is a wonder that mathematicians have 
developed this ordinary word into a mathematical concept as much as it has become a 
language which is employed in most branches of modern mathematics. 

For the purposes of mathematics, a set is generally described as a well-defined 
collection of distinct objects. By a well-defined collection is meant a collection, which is such 
that, given any object, we may be able to decide whether the object belongs to the collection 
or not. By distinct objects we mean objects no two of which are identical (same). 

The objects in a set are called its members or elements. Capital letters A, B, C, X, Y, 
Z etc., are generally used as names of sets and small letters a, b, c, x, y, z etc., are used as 
members of sets. 

There are three different ways of describing a set 

i) Тһе Descriptive Method: A set may be described in words. For instance, the set of all 
vowels of the English alphabets. 

ii) The Tabular Method: A set may be described by listing its elements within brackets. If 
Ais the set mentioned above, then we may write: 

А = (a,e,i,o,u). 

iii) Set-builder method: It is sometimes more convenient or useful to employ the method 
of set-builder notation in specifying sets. This is done by using a symbol or letter for an 
arbitrary member of the set and stating the property common to all the members. 

Thus the above set may be written as: 
A = (x |xis a vowel of the English alphabet} 
This is read as A is the set of all x such that x is a vowel of the English alphabet. 

The symbol used for membership of a setis € . Thus a € A means ais an element of A or 
a belongs to A. c e A means c does not belong to A ог cis not a member of A. Elements of 
a set can be anything: people, countries, rivers, objects of our thought. In algebra we usually 
deal with sets of numbers. Such sets, alongwith their names are given below:- 

N = Theset of all natural numbers = {1,2,3,...} 

W - The set of all whole numbers - (0,1,2,...) 

Z = Theset of all integers = {0,+1,+2....}. 

Z'- Theset of all negative integers = (-1,-2,3,...). 


e) 
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O = The set of all odd integers ={+1,+3,+5,...}. 

E = The set of all even integers = {0,+2,+4,...). 

О = Тһе set of all rational numbers = |x x=? where pacZanta ol 
q 


Q’= The set of all irrational numbers = | х Р where аел амаг 
q 


R = The set of all real numbers = О u Q’ 


Equal Sets: Two sets A and B are equal i.e., A=B, if and only if they have the same elements 
that is, if and only if every element of each set is an element of the other set. 

Thus the sets { 1, 2, 3 } and (2, 1, 3} are equal. From the definition of equality of sets 
it follows that a mere change in the order of the elements of a set does not alter the set. In 
other words, while describing a set in the tabular form its elements may be written in any 
order. 


Equivalent Sets: IftheelementsoftwosetsAandBcanbepairedinsuchawaythateachelement 
of Ais paired with one and only one element of B and vice versa, then such a pairing is called a 
one-to-one correspondence betweenAand Be.g., ifA={Billal, Ansan, Jehanzeb} and B={Fatima, 
Ummara, Samina}then six different(1 - 1) correspondencescan be established betweenAandB 


Two of these correspondences are shown below; - 


i). {Billal, Ahsan, Јеһапхер } 


ЖЕ | 


(Fatima, Ummara, Samina} 
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li). {Billal, | Ahsan, Jehanzeb) 


| | 


(Fatima, Samina, Ummara) 
(Write down the remaining 4 correspondences yourselves) 
Two sets are said to be equivalent if a (1 — 1) correspondence can be established 
between them In the above example A and B are equivalent sets. 


Example 1: Consider the sets N= (1, 2, 3,... } and O = (1,3, 5,...} 
We may establish (1-1) correspondence between them in the following manner: 
{1, 2, 3, 4, Oy d 


TERE 


{1, 3, 5, 7, 9, 
Thus the sets N and O are equivalent. But notice that they are not equal. 
Remember that two equal sets are necessarily equivalent, but the converse may not be 
true i.e., two equivalent sets are not necessarily equal. 
Sometimes, the symbol ~ is used to mean is equivalent to. Thus N~O. 


Order of a Set: There is no restriction on the number of members of a set. A set may have 0, 
1, 2, 3 or any number of elements. Sets with zero or one element deserve special attention. 
According to the everyday use of the word set or collection it must have at least two elements. 
But in mathematics it is found convenient and useful to consider sets which have only one 
element or no element at all. 

A set having only one elementis called a singleton set and a set with no element (zero 
number of elements) is called the empty set or null set. The empty set is denoted by the 
symbol ф or { }.The set of odd integers between 2 and 4 is a singleton i.e., the set (3) and the 
set of even integers between the same numbers is the empty set. 

The solution set of the equation x? +1 = 0, in the set of real numbers is also the empty 
set. Clearly the set (0) is a singleton set having zero as its only element, and not the empty set. 


Finite and Infinite sets: If a set is equivalent to the set (1, 2, 3,...n} for some fixed natural 


number n, then the set is said to be finite otherwise infinite. 
Sets of number N, Z, Z'etc., mentioned earlier are infinite sets. 


o 
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The set {1, 3, 5,....... 9999} is a finite set but the set { 1, 3, 5, ...}, which is the set of all 
positive odd natural numbers is an infinite set. 


Subset: If every element of a set A is an element of set B, then A is a subset of B. Symbolically 
this is written as: A c B (A is subset of B) 
In such a case we say B is a super set of A. Symbolically this is written as: 
B > A {B is a superset of A) 


Proper Subset: If A is a subset of B and B contains at least one element which is not an 
element of A, then A is said to be a proper subset of B. In such a case we write: A c B (Ais a 
proper subset of B). 

Improper Subset: If A is subset of B and A = B, then we say that A is an improper subset of 
B. From this definition it also follows that every set A is an improper subset of itself. 


Example 2: LetA={a,b,c},B={c,a, Б} and C={a, b, с, d}, then clearly 
Ас С Вс Chut A- Band B=A. 
Notice that each of A and B is an improper subset of the other because A = B 


Theorem 1.1: The empty set is a subset of every set. 

We can convince ourselves about the fact by rewording the definition of subset as 
follows: - 

A is subset of B if it contains no element which is not an element of B. 
Obviously an empty set does not contain such element, which is not contained by another 
set. 
Power Set: A set may contain elements, which are sets themselves. For example if: C = Set 
of classes of a certain school, then elements of C are sets themselves because each class is 
a set of students. An important set of sets is the power set of a given set. 


5) 


version: 1.1 


2. Sets Functions and Groups 


eLearn.Punjab 


The power set of a set S denoted by P (S) is the set containing all the possible subsets 


of S. 


Example 3: If A = (a, b), then P(4)-Í9, {a}, {b}, {a,b}} 


Recall that the empty set is a subset of every set and every set is its own subset. 


Example 4: If B = (1, 2, 3}, then 
P(G)- (o. {1}, (2), (3). (12). (13), {2,3}, (12,3)) 


Example 5: If C = (a, b, c, d}, then 


Example 6: If D = (a), then P(»-(9.(a]] 


Example 7: If E= ( }, then Р(Е)={Ф} 


Universal Set: When we are studying any branch of mathematics the sets with which we 
have to deal, are generally subsets of a bigger set. Such a set is called the Universal set or 
the Universe of Discourse. At the elementary level when we are studying arithmetic, we 
have to deal with whole numbers only. At that stage the set of whole numbers can be treated 
as Universal Set. At a later stage, when we have to deal with negative numbers also and 


fractions, the set of the rational numbers can be treated as the Universal Set. 


For illustrating certain concepts of the Set Theory, we sometimes consider quite 


(5) 
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small sets (sets having small number of elements) to be universal. This is only an academic 


artificiality. 
Exercise 2.1 


1. Write the following sets in set builder notation: 


i) {1,2,3 из» ‚1000} l) {0,1,2,......... 
Ш) TU 1, EZ eee +1000} iv) 10,-1,-2, 
у) _ {100,101,102,......... 400} vi)  (-100,-101,-102,.., -500} 


vii) {Peshawar, Lahore, Karachi, Quetta} 

viii) {January, June, July } 

xi) The set of all odd natural numbers 

x) The set of all rational numbers 

xi) The set of all real numbers between 1and 2, 
xii) The set of all integers between — 100 and 1000 


2. Write each of the following sets in the descriptive and tabular forms:- 


i) (xxe N^xx10) i) (x|lxe М№л4<х <12} 
ii) {x|xe Z л-5< x <5} iv) {x]xe E^2«xx4) 
v) {х|хе PA x<12} vi) {х|хє OA3<x<12} 
vi) {x|xe E^4x x <10} vii) £(x|xe E ^4« x <6} 
i) {х|хє O^5xx <7} х) {x]xe OA5<x <7} 
хі) (x|x e NA x +4=0} хі) {х|хє Q^ x?=2} 

xii) (x[xe Ra х= xiv) (x|xe Q^ x=-x} 


x) {xxe RaAx¥#x} 


i) |The set of students of your class. 

ii) The set of all schools in Pakistan. 

iii) The set of natural numbers between З and 10. 
iv) Theset of rational numbers between 3 and 10. 
v) Thesetofreal numbers between О and 1. 

vi) The set of rationales between О and 1. 

vi) Тһе set of whole numbers between О and 1 
viii) The set of all leaves of trees in Pakistan. 


@ 


xvi) {xxe Kax ¢ О} 
3. Which of the following sets are finite and which of these are infinite? 
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ix) P(N) x) Р{а, б, с 

x) {1,2,3,4,...} xii) {1,2,3,....,1 00000000} 
xii) {хх| хе Ka x #2} xiv) (x|xe Ka x? =—16} 
xv) (x|xe Q^ x? =5} xvi) (x|xe Q^ O<x <1} 


Write two proper subsets of each of the following sets: - 
i) ta b, с ii) (0, 1) iii) N iv) Z 
vV) Q vi) 7. vi) W мій) {x]xe QA 0 <x <2} 


. 15 there any set which has no proper sub set? If so name that set. 
. What is the difference between (a, b) and ((a, Бу}? 


. Which of the following sentences are true and which of them are false? 


i) {1,2} ={2,1} 
v) (aye {{a}} 


i) o C{{a}} iii) {a} € {{a}} 
vi) ae((a vii) Ф e{{a}} 


. What is the number of elements of the power set of each of the following sets? 


i) (0 i) {0,1} iii) (1,2,2,4,5,6,7) 
у) {0,1,2,3,4,5,6,7} vi) (a, (5, c vii) {{a,b},{b,c},{d,e}} 


. Write down the power set of each of the following sets: - 


i) (9,11) li) {+-,X+} ш) (9) iv) а, {b,c}} 


Which pairs of sets are equivalent? Which of them are also equal? 
i) {a,b,c}, {1, 2, 3} 
ii) The set of the first 10 whole members, {0, 1, 2, 3,....,9} 
iii) Set of angles of a quadrilateral ABCD, 
set of the sides of the same quadrilateral. 
iv) Set of the sides of a hexagon ABCDEF, 
set of the angles of the same hexagon; 


v) {1,23,4.....},{2,46,8,...} м) {1,2,3,4.....3, bre 
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viii) 45, 10, 15,.....,55555}, {5, 10, 15, 20,....... ) 


2.2 Operations on Sets 


Just as operations of addition, subtraction etc. are performed on numbers, the 
operations of unions, intersection etc., are performed on sets. We are already familiar with 
them. A review of the main rules is given below: - 


Union of two sets: The Union of two sets A and B, denoted by AUB, is the set of all elements, 
which belong to A or B. Symbolically; 


AUB {xjxe Av xe В} 
Thus if A = (1,2, 3, B={ 2, 3, 4, 5}, then AUB ={1,2,3,4,5} 


Intersection of two sets: The intersection of two sets A and B, denoted by ANB, is the set 
of all elements, which belong to both A and B. Symbolically; 


AnB- ixlx e A^ x e B] 
Thus for the above sets A and B, A^ B ={2,3} 


Disjoint Sets: If the intersection of two sets is the empty set then the sets are said to be 
disjoint sets. For example; if 

S, = The set of odd natural numbers and S,= The set of even natural numbers, then S, 
and S, are disjoint sets. 

The set of arts students and the set of science students of a 
college are disjoint sets. 
Overlapping sets: If the intersection of two sets is non-empty but neither is a subset of the 
other, the sets are called overlapping sets, e.g., if 

L = (2,3,4,5,6) and M= {5,6,7,8,9,10}, then L and M are two overlapping sets. 


O 
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Complement of a set: The complement of a set A, denoted by A'or A‘relative to the universal 
set U is the set of all elements of U, which do not belong to A. 

Symbolically: A’ = {x|xeU ^x e 4j 
For example, if UZN, then ‘=O and О=Е 


Example 1: If U = set of alphabets of English language, 
C = set of consonants, 
W = set of vowels, then C= Wand W^ С. 
Difference of two Sets: The Difference set of two sets A and B denoted by A-B consists of 
all the elements which belong to A but do not belong to B. 
The Difference set of two sets B and A denoted by B-A consists of all the elements, which 
belong to B but do not belong to A. 


Symbolically, А-В = {х|хє Axe Bj and B-A = ixixe BAxe Aj 


Example 2: If A = {1,2,3,4,5}, В = (4,5,6,7,8,9,10), then 
А-В = (1,2,3) and B-A = {6,7,8,9,10}. 


2.3 Venn Diagrams 


Venn diagrams are very useful in depicting visually the basic concepts of sets and 
relationships between sets. They were first used by an English logician and mathematician 
John Venn (1834 to 1883 A.D). 

In a Venn diagram, a rectangular region represents the universal set and regions 
bounded by simple closed curves represent other sets, which are subsets of the universal 
set. For the sake of beauty these regions are generally shown as circular regions. 


In the adjoining figures, the shaded circular region represents a set A 
and the remaining portion of rectangle representing the universal set 


U represents A’ or U— A. 
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Below are given some more diagrams illustrating basic operations on two sets in 
different cases (lined region represents the result of the relevant operation in each case 
given below). 


The above diagram suggests the following results: - 
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Fig Relation between Result Suggested 
No. A and B 


1. Aand B disjoint sets AUB consists of all the elements of A and all the 
AMB=® elements of B. Also 
n(AUB) = n(A) + n(B) 


Note (1) Since the empty set contains no elements, therefore, no portion of U represents 
it. 
(2) If in the diagrams given on preceding page we replace B by the empty set (by 
imagining the region representing B to vanish). 
AU® =A (FromFig. 1 o r 4) 
Af) ® Ф (From Fig. 5 or 8) 
А- Ф = А (From Fig. 9 or 12) 
Ф-А= Ф (FromFig. 13 ог 16) 
Also by replacing В by A (by imagining the regions represented by A and В to coincide), 
we obtain the following results: 
AUA =A (From fig. 3 or 4) 
ANA =A (From fig. 7 or 8) 
А-А =® (From fig. 12) 


A and B are overlapping AUB contains elements which are 
i)in A and notin B ii) in B and not in A iii) in both A 
and B. Also 
n (AUB)=n (A) + n(B) — (АПВ) 


AUB - B; n(AU B)-n(B) 
AUB = А; n(AUB)=n(A) 
Again by replacing B by U, we obtain the results: - 
AUU =U (From fig. 3; AoU-A (From fig. 7) 
A-U = Ф (From fig.11); U-A=A’ (From fig. 15) 
(3) Venn diagrams are useful only in case of abstract sets whose elements are not 
specified. It is not desirable to use them for concrete sets (Although this is 
erroneously done even in some foreign books). 


ANB=9; n(A N B)=0 
ANB contains the elements which are in A and B 


АПВ= А; n(A N B)=n(A) 


ANB= B; n(A N B)=n(B) 


A and B are disjoint sets. : n(A — B)-n(A) Exercise 2.2 


. Aand B are overlapping n(A — В)= n(A) -n ANB 1. ШЫГА U BandA NB by Venn арап the following cases: - 
E ' n(A — В)=0 | ACB i ap) BCA ii) АЧА’ | 
. BCA à n(A — B)=n(A) — n(B) iv) Aand B are disjoint sets. | v) Aand B are overlapping sets 
. Aand Bare disjoint n(B — A)=n(B) 2. ShowA- Band B -A by Venn diagrams when: - | 
А апа В are overlapping n(B) — n (ANB) i) Aand B are overlapping sets ii) ACB ii) BSA 
. AC B B — A+ Ф; n(B — A)=n(B) — n(A) " | 
_ ВСА B — A= 9; n(B — А)=0 3. Umoe what canis on A and B are the Following statements true? 
i) AUB=A i) AUB=B ii) A-B=A 
№) AQB=B v) n(AUB=n(A)t+n(B) vi) N(ANB)=N(A) 
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vi) A-B=A vii) n(ANB)=0 ix) AUB-U Properties: 
x) AUB=BUA xi) n(ANB)=n(B). xi) U-A =Ф i) AUB = BUA (Commutative property of Union) 
i) АПВ= BNA (Commutative property of Intersection) 

4. Let U={1,2,3,4,5,6,7,8,9,10}, A= {2,4,6,8,10}, B={1,2,3,4,5} and C = { 1,3,5,7,9} iii) AU (BUC)=(AUB)UC (Associative property of Union) 

List the members of each of the following sets: - iv) = AN(BNC)=(ANB)NC (Associative property of Intersection). 

i) AC ii) BC iii) AUB iv) A-B v) AU(BNO=(AUB)N(AUC) (Distributivity of Union over intersection) 

v) ANC vi) ASU Co vi) АСОС. viii) UC vi) AN(BUC)=(ANB)U(ANCG (Distributivity of intersection over Union) 
5. Using the Venn diagrams, if necessary, find the single sets equal to the following: - vi ое, De Morgan's Laws 


e В E | н Е 
7 ss „ A ы А: Proofs of De Morgan's laws and distributive laws: 


i) (AU В)'=А'Г) B’ 
Let xe(AUB) 
=> x¢AUB 
= x¢Aandx¢B 
=> xed andxeB 
> xeA4'nB' 


6. Use Venn diagrams to verify the following: - 
i) А-В=А П B i) (A-BYnB-B 


2.4 Operations on Three Sets 


If A, B and Care three given sets, operations of union and intersection can be performed 


But x is an arbitrary member of (AUB) (1) 

on them in the following ways: - Therefore, (1) means that ( AUB)' € A'N B' (2) 

i) AU (BU C) i (AUB)UC ii) A M(BUC) Now suppose that y = A’NB" 

№) (АПВ) ПС v) АШ ВПС) vi) (A1) О (ВП C) — ye4'and yeB' 

vii) (AU B) C viii) (AQ B) U C. i) (AUOD (BUC) — y¢A and yeB 

Let A = (1,2, 3, В = {2,3,4,5} and C = (3,4,5,6,7,8) 5 sess 

We find sets (i) to (iii) for the three sets (Find the remaining sets yourselves). = pe 

i) BUC = {2,3,4,5,6,7,8 }, AU(B UC) = {1,2,3,4,5,6,7,8} Thus A''1B ^ C(AUBY 

EAE s VE eee шеш: From (2) and (3) we conclude that (3) 

Ш) BOC = {3,4,5}, А П(ВПС) = {3} 


(AU BY = АПВ" 
li) (AQB -A'UB' 


2.5 Properties of Union and Intersection It may be proved similarly or deducted from (i) by complementation 


iii) AU(BNG = (АОВ) П(АЈО 
We now state the fundamental properties of union and intersection of two or three Let x e AU (BNC) 
sets. Formal proofs of the last four are also being given. => x SA orx eB ПС 


=> IfxeAit must belong to AUB and xE€AUC 
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=> xE(AUB)N(AUQ = {1,2,3} U {3,4,5} 
Also if хєВ N C, then x eB and x eC. (1) = {1,2,3,4,5} (1) 
= xE AUBand x €AUC (AUB)N(AU O = ({1,2,3} U0 {2,3,4,5 })0({1,2,3}U{3,4,5,6,7,8}) 
=> xE(AUB)N (AUC) = {1,2,3,4,5} 9 {1,2,3,4,5,6,7,8} 
Thus AU(BNC) E(AUB)N(AUC) (2) = {1,2,3,4,5} (2) 
Conversely, suppose that From (1) and (2), 
ye(AUB)A(AUC) AUB ПС) = (А UB)NAU C). 
There are two cases to consider: - vi) Verify yourselves. 
yeA, yeA vii) Let the universal set be U = { 1,2,3,4,5,6,7,8,9,10} 
In the first case ye A U(BNC) A UB = {1,2,3} U {2,3,4,5} = {1,2,3,4,5} 
If yg A, it must belong to B as well as C (A UB Y ={6,7,8,9,10} (1) 
i.e., y e (ВПО A'-U-A = (4,5,6,7,8,9,10) 
yEAU(BOC) B =U-B={1,6,7,8,9,10} 
So in either case Ап В = (4,5,6,7,8,9,10 } n { 1,6,7,8,9,10} 
ye (AUB) N (АОС > уєАШ(ВПО = {6,7,8,9,10} (2) 
thus (AUB)A(AUC) с AU(BAC) (3) From (1) and (2), 
From (2) and (3) it follows that |(AUB)'-AnB | 
AU(BnC) = (AUB )N(AUQ viii) Verify yourselves. 
iv) AN(BUQ -(AnB)u (ANC) Verification of the properties with the help of Venn diagrams. 
It may be proved similarly or deducted from (iii) by complementation i) and (ii): Verification is very simple, therefore, do it A ll 
yourselves, BUC 
Verification of the properties: iii): In fig. (1) set A is represented by vertically lined =v # 
region and B U Cis represented by horizontally lined AU(B U C) 
Example 1: Let A = { 1,2,3}, B = (2,3,4,5) and C= {3,4,5,6,7,8} region. The set AU(B U C) is represented by the region lle v. # 
i) AUB= {1,2 3} U {2,3,4,5} BUA = {2,3,4,5} U {1,2,3} which is lined either in one or both ways. 
= {1,2,3,4,5} = { 2,3,4,5,1} 
In figure(2) A UB is represented by horizontally lined AUB 
region and C by vertically lined region. (A U B) U Cis c Ill 
i) ANB={1,2,3}N{2,3,4,5} BNA = {2,3,4,5} 9 {1,2,3} represented by the region which is lined in either one (AUB)UC 
- (2,3) -(2,3) or both ways. = || v # 
(iii) and (iv) Verify yourselves. 
(v) AU(B nC) = {1,2,3} U ((2,3,4,53 (3,4,5,6,7,8) Fig @) 
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In fig. (8) doubly lined region represents. 


From fig (1) and (2) we can see that A= ias 
AU (В UC) =(AUB)UC BOC ABE 
(iv) n fig (3) doubly lined region represents. An(BnC The two regions in fig (7). And (8) are the 
ABA С) same, therefore, (АОВ) = А п B 
In fig (4) doubly lined region represents | (viii) Verify yourselves. 
(Ап В)п С. Ас\В = 
Since in fig (3) and (4) these regions аге the same C || 
therefore, L Nai (AnB)nC 
An(BnC)-z(AnB)n С. | H 
Fig (4) | 
Exercise 2.3 
(v) in fig. (5) A U (В N С) is represented by the Az 1. Verify the commutative properties of union and intersection for the following pairs of 
region which is lined horizontally or vertically Вес || Hes i . 
or both ways AU(BnO) i) A= (1,2,3,4,5}, B = {4,6,8,10} _ i) N,Z 
= || ү # ii) A={xlxe л х>0}, B= Ж. 
2. Verify the properties for the sets A, B and C given below: - 
i) Associativity of Union i) Associativity of intersection. 
iii) Distributivity of Union over intersection. 
In fig. (6 (A U B) N (AU C) is represented by Youre iv) Distributivity of intersection over union. 
the doubly lined region. Since the two region in AUC || à A2 о Е ОИ o 
fig (5) and (6) are the same, therefore (AUB)n(AUC) у. =з, = {0}, = {0,1,2} 
i C) N, 2, О 
3. Verify Ое Morgan’s Laws for the following sets: 
AU(BnC)-(AUB) n (AU С U= { 1,2,3, ...., 20}, A = { 2,4,6,...., 20)and B ={1,3,5, ...,19). 
(vi) Verify yourselves. j i = TA 
(vii) In fig (7) (A U B)'is represented AUB= p ketus и и А. = 
Бу vertically леер ол (AU ВУП А = {х | хіѕ a vowel}, B ={ у | у is a consonant}, 
| Verify De Morgan’s Laws for these sets. 


5. With the help of Venn diagrams, verify the two distributive properties in the following 
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cases w.r.t union and intersection. 
i) A € B, Af1C-7 9 and Band C are overlapping. 
i) Aand B are overlapping, B and C are overlapping but A and C are disjoint. 


6. Taking any set, say A = {1,2,3,4,5} verify the following: - 
i) AU®=A ii) АЧА =A iii) АПА =A 


7. If U= {1,2,3,4,5,...., 20} and A = {1,3,5, ...., 19), verify the following:- 
i) AUA’ =U i) AnU-A ili) AnA'-9 


8. From suitable properties of union and intersection deduce the following results: 
i) АЙ(АЧВ) =AU(ANB) i) AU(AM B)=AN(A UB). 


9. Using venn diagrams, verify the following results. 
I) ADB'-A iff ANB=® li) (A-B)UB-AU B. 
iii) (A-B)NB=® iv) AUB=A U(A‘NB). 


2.6 Inductive and Deductive Logic 


In daily life we often draw general conclusions from a limited number of observations 
or experiences. A person gets penicillin injection once or twice and experiences reaction 
soon afterwards. He generalises that he is allergic to penicillin. We generally form opinions 
about others on the basis of a few contacts only. This way of drawing conclusions is called 
induction. 

Inductive reasoning is useful in natural sciences where we have to depend upon 
repeated experiments or observations. In fact greater part of our knowledge is based on 
induction. 

On many occasions we have to adopt the opposite course. We have to draw conclusions 
from accepted or well-known facts. We often consult lawyers or doctors on the basis of their 
good reputation. This way of reasoning i.e., drawing conclusions from premises believed to 
be true, is called deduction. One usual example of deduction is: All men are mortal. We are 
men. Therefore, we are also mortal. 
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Deduction is much used in higher mathematics. In teaching elementary mathematics 
we generally resort to the inductive method. For instance the following sequences can be 
continued, inductively, to as many terms as we like: 


iy. 246... ii) 149, ili) 121:2,-2:3-3.... 
iV) 1,4,7... UL э Mh ue ыы a 
3712736 10710071000 


As already remarked, in higher mathematics we use the deductive method. To start 
with we accept a few statements (called postulates) as true without proof and draw as many 
conclusions from them as possible. 

Basic principles of deductive logic were laid down by Greek philosopher, Aristotle. 
The illustrious mathematician Euclid used the deductive method while writing his 13 books 
of geometry, called Elements. Toward the end of the 17th century the eminent German 
mathematician, Leibniz, symbolized deduction. Due to this device deductive method became 
far more useful and easier to apply. 


2.61 Aristotelian and non-Aristotelian logics 


For reasoning we have to use propositions. A daclarative statement which may be true 
or false but not both is called a proposition. According to Aristotle there could be only two 
possibilities - a proposition could be either true or false and there could not be any third 
possibility. This is correct so far as mathematics and other exact sciences are concerned. For 
instance, the statement a = b can be either true or false. Similarly, any physical or chemical 
theory can be either true or false. However, in statistical or social sciences it is sometimes 
not possible to divide all statements into two mutually exclusive classes. Some statements 
may be, for instance, undecided. 

Deductive logic in which every statement is regarded as true or false and there is no 
other possibility, is called Aristotlian Logic. Logic in which there is scope for a third or fourth 
possibility is called non-Aristotelian. we shall be concerned at this stage with Aristotelian 
logic only. 


2.6.2 Symbolic logic 


For the sake of brevity propositions will be denoted by the letters р, q etc. We give а 
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brief list of the other symbols which will be used. 
If... then, implies 

Is equivalent to, if and 

only if 


Explanation of the use of the Symbols: 


~~ 
A 
V 
— 


1) Negation: If p is any proposition its negation is denoted by ~p, read 
‘not p’. It follows from this definition that if p is true, ~p is false and if 
p is false, ~p is true. The adjoining table, called truth table, gives the 
possible truth- values of p and ~p. Table (1) 
2)  Conjunction of two statements p and q is denoted symbolically as 
p^q (p and q). A conjunction is considered to be true only if both 
its components are true. So the truth table of p ^ q is table (2). 
Example 1: 
i) Lahore is the capital of the Punjab and 
Quetta is the capital of Balochistan. 
ii) 4«5A8«10 
il) 4<5A8>10 Table (2) 
iv) 2+2=3 A6+6=10 
Clearly conjunctions (i) and (ii) are true whereas (iii) and (iv) are false. 
3)  Disjunction of p and q is p or q. It is symbolically written p v q. 
The disjunction p v q is considered to be true when atleast one 
of the components p and q is true. It is false when both of them 
are false. Table (3) is the truth table. 


Bos 
Table (3) 
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Example 2: 
i) 10 is a positive integer or x is a rational number. Find truth value of this disjunction. 


Solution: Since the first component is true, the disjunction is true. 
ii) A triangle can have two right angles or Lahore is the capital of Sind. 


Solution: Both the components being false, the composite proposition is false. 


2.7 Implication or conditional 


A compound statement of the form if p then q , also written p implies g , is called a 
conditional or an implication, p is called the antecedent or hypothesis and q is called the 
consequent or the conclusion. 

A conditional is regarded as false only when the antecedent is true and consequent is 
false. In all other cases it is considered to be true. Its truth table is, therefore, of the adjoining 
form. 

Entries in the first two rows are quite in consonance with 
common sense but the entries of the last two rows seem to be 
against common sense. According to the third row the conditional 

If p then д 
is true when p is false and q is true and the compound proposition 
is true (according to the fourth row of the table) even when both its 
components are false. We attempt to clear the position with the help Table (4) 
of an example. Consider the conditional 

If a person A lives at Lahore, then he lives in Pakistan. 

If the antecedent is false i.e., A does not live in Lahore, all the same he may be living in 

Pakistan. We have no reason to say that he does not live in Pakistan. 
We cannot, therefore, say thatthe conditionalis false. So we must regard itas true. It must be 
remembered that we are discussing a problem of Aristotlian logic in which every proposition 
must be eithertrue or false and there is nothird possibility. In the case under discussion there 
being no reason to regard the proposition as false, it has to be regarded as true. Similarly, 
when both the antecedent and consequent of the conditional under consideration are false, 
there is no justification for quarrelling with the proposition. Consider another example. 
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A certain player, Z, claims that if he is appointed captain, the team will win the tournament. 
There are four possibilities: - 
i) Zis appointed captain and the team wins the tournament. Z's claim is true. 
i) Zis appointed captain but the team loses the tournament. Z's claim is falsified. 
iii) Zis not appointed captain but the team all the same wins the tournament.There is no 
reason to falsify Z's claim. 
iv) Zisnot appointed captain and the team loses the tournament. Evidently, blame cannot 

be put on Z. 

It is worth noticing that emphasis is on the conjunction if occurring in the beginning 
of the ancedent of the conditional. If condition stated in the antecedent is not satisfied we 
should regard the proposition as true without caring whether the consequent is true or 
false. 

For another view of the matter we revert to the example about a Lahorite: 

‘If a person A lives at Lahore, then he lives in Pakistan’. 

p: A person A lives at Lahore. 

q: He lives in Pakistan 

When we say that this proposition is true we mean that in this case it is not possible 
that ‘A lives at Lahore’ is true and that ‘A does not live in Pakistan’ is also true, that is р >q 
and ~ ( p^~ q) are both simultaneously true. Now the truth table of ~ (p^- q) is shown 
below: 


Table (5) 


Looking at the last column of this table we find that truth values of the compound 
proposition ~ (рл ~ q) are the same as those adopted by us for the conditional р q. This 


shows that the two propositions p — q and ~ (рл ~ а) аге logically equivalent. Therefore, the 
truth values adopted by us for the conditional are correct. 
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2.7.1 Biconditional: р 


The proposition p—q Aq—pis shortly written p< q and is called the biconditional 
or equivalence. It is read p iff q (iff stands for “if and only if ’) 
We draw up its truth table. 


Table (6) 


From the table it appears that p €* q is true only when both p and q are true or both p 
and q are false. 


2.7.2 Conditionals related with a given conditional. 


Let p — q be a given conditional. Then 

i) q-piscalled the converse of p q; 

i) -p—-qgiscalled the inverse of p q; 

Ш) ~q ~ pis called the contrapositive of p — q. 

To compare the truth values of these new conditionals with those of р q we draw 
up their joint table. 


Table (7) 


G) 
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From the table it appears that called a tautology, for example, р q = (~q— ~p) is a tautology.(are already verified by 
i) Any conditional and its contrapositive are equivalent therefore any theorem may be a truth table). 
proved by proving its contrapositive. ii) A statement which is always false is called an absurdity or a contradiction 


ii) | The converse and inverse are equivalent to each other. e.g, р ~ р 


iii) © Astatement which can be true or false depending upon the truth values of the variables 
involved in it is called a contingency e.g., (p > q)^(p v д) is a contingency. 
(You can verify it by constructing its truth table). 


Example 3: Prove that in any universe the empty set o is a subset of any set A. 


First Proof: Let U be the universal set consider the conditional: 
VxeU,xeó—xeA (1) 


2.7.4 Quantifiers 
The antecedent of this conditional is false because no xeU, is a member of æ. The words or symbols which convey the idea of quantity or number are called 
Hence the conditional is true. quantifiers. 
In mathematics two types of quantifiers are generally used. 
Second proof: (By contrapositive) i) ^ Universal quantifier meaning for all 
The contrapositive of conditional (1) is Symbol used : V 
VxeU, xe A—»xeó (2) ii) Existential quantifier: There exist (some or few, at least one) symbol used: 3 
The consequent of this conditional is true. Therefore, the conditional is true. 
Hence the result. Example 5: 
i) Vxe A, p(x) is true. 
Example 4: Construct the truth table ot [р > 9) лр q] (To be read : For all x belonging to A the statement p(x) is true). 


ii) Axe АЭ p(x) is true. 
(To be read : There exists x belonging to A such that statement p(x) is true). 


Exercise 2.4 


Solution : Desired truth table is given below: - 


1. Write the converse, inverse and contrapositive of the following conditionals: - 


шо ) ~p>q i) q—p ili) а №) ~q>~p 
2.7.3 Tautologies | 
2. Construct truth tables for the following statements: - 
i) A statement which is true for all the possible values of the variables involved in it is i (0> -~p \р 9) iH) (pA~p)—q 


version: 1.1 version: 1.1 


9 


2. Sets Functions and Groups 


iii) -(p q)*? (p^-q) 


3. Show that each of the following statements is a tautology: - 
i) (p^q)^p li) p-(pvq) 
iii) -(o—q) р iv) -q^ (0° 9) > ~p 


4. Determine whether each of the following is a tautology, а contingency or ап absurdity: - 
) p^-p i) p—(g—p) ii) ~qv(-qvp) 
5. Prove that p v(~ pA~ 9) у (рл9) =pv(~ pA~ 9) 


2.8 Truth Sets, A link between Set Theory and Logic. 


Logical propositions p, q etc., are formulae expressed in terms of some variables. For 
the sake of simplicity and convenience we may assume that they are all expressed in terms 
of a single variable x where x is a real variable. Thus p = p(x) where, xe I£. All those values of 
x which make the formula p(x) true form a set, say P. Then P is the truth set of p. Similarly, 
the truth set, Q, of q may be defined. We can extend this notion and apply it in other cases. 
i) Truth set of ~p: Truth set of ~p will evidently consist of those values of the variable for 
which p is false i.e., they will be members of P', the complement of P. 

i) pvq:Truth set of p v q = p(x) v q(x) consists of those values of the variable for which p(x) 
is true or q(x) is true or both p(x) and q(x) are true. 
Therefore, truth set of p v q will be: 
РОО  -(x|p(x)istrue or q(x) is true} 

iii) p^q: Truth set of p(x) ^ g(x) will consist of those values of the variable for which both 
p(x) and q(x) are true. Evidently truth set of 

р^а= РПО 

={ x| p(x) is true ^q(x) is true} 

iv) pq: We know that pq is equivalent to ~p v д therefore truth set of p—q will be 
PUQ 


v) p *? q: We know that р <> q means that p and д are simultaneously true or false. 
Therefore, in this case truth sets of p and q will be the same i.e., 
P=Q 
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Example 1: Give logical proofs of the following theorems: - 
(A, B and C are any sets) 
i) (AUB) = АПВ li) АЛ(ВЧОС = (АПВ) U(AnC) 
Solution: i) The corresponding formula of logic is 
~ (ру 9)=~ р^~ 9 (1) 


We construct truth table of the two sides. 


(ii) | Logical form of the theorem is 
p^(qwr)-(p^q)v(p^ г) 
We construct the table for the two sides of this equation 
i 2 3 4 (5) 6 7 


E 


Comparison of the entries of columns($) and (8)is sufficient to establish the desired result. 
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Exercise 2.5 


Convert the following theorems to logical form and prove them by constructing truth 
tables: - 
1. (Af) BY = АОВ 2. (AUB)UC = AU(BUC) 
3. ANB)NC=AN(BNO 4. AU(BÍ1C)- (АОВ) (АСС) 


2.9 Relations 


In every-day use relation means an abstract type of connection between two persons 
or objects , for instance, (Teacher, Pupil), (Mother, Son), (Husband, Wife), (Brother, Sister), 
(Friend, Friend), (House, Owner). In mathematics also some operations determine relationship 
between two numbers, for example: - 


>:(5,4); square: (25, 5); Square root: (2,4); Equal:(2 х 2, 4). 


Technically a relation is a set of ordered pairs whose elements are ordered pairs of 
related numbers or objects. The relationship between the components of an ordered pair 
may or may not be mentioned. 


i) Let A and B be two non-empty sets, then any subset of the Cartesian product 
A XB is called a binary relation, or simply a relation, from A to B. Ordinarily a 
relation will be denoted by the letter r. 
i) Тһе set of the first elements of the ordered pairs forming a relation is called its 
domain. 
iii) The set of the second elements of the ordered pairs forming a relation is called 
its range. 
iv) IfAis a non-empty set, any subset of A X Ais called a relation in A. Some authors 
call it a relation on A. 
Example 1: Let c,, c,, c, be three children and m,, m, ре two men such that father of both 
C, C, is m, and father of c, is m,. Find the relation {(child, father)) 
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Solution: С = Set of children = {c,, с„ c апа F= set of fathers = (m,, m.) 
CXF AAC, mj (C Ma), (sm. (6s m.) (С May), (Cuomo 
г = set of ordered pairs (child, father). 
= ((c,, т,)(с„ m, (c, m, 
Domr - (c, c, cj, Ran r= {m,, mj 
The relation is shown diagrammatically in fig. (2.29). 


Fig (2.29) 


Example 2: Let A - (1, 2, 3). Determine the relation r such that xry iff x « y. 


Solution: A xA = ((1, 1),(1, 2),(1, 3),(2, 1), (2, 212, 3),(3, 1),(3, 2),(3, 3) 


Clearly, required relation is: 
r={(1, 2), (1, 3), (2, 3)}, Dom r = {1, 2}, Ran r = (2, 3} 


Example 3: Let A = /&, the set of all real numbers. 
Determine the relation г such that x r y iffy=x+1 


Solution: A x A= RXR 
г= { (ху) y= x+1} 
When x=0, у= 1 
x=-1,y=0, 
г is represented by the line passing through the points (0,1), (~ 1,0). 
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2.10 Functions 


Some more points belonging to r are: f у=х+1 
{(1 D 2), (2, З), (3, 4), (-2, -1 ) (-3 —2 ),(—4,-3)} 


Clearly, Dom r= /&, and Ran r=% 
(-1, 0), 


0 


Fig (2.30) | 


A very important special type of relation is a function defined as below: - 

Let A and B be two non-empty sets such that: 

i) fis a relation from Ato Bthatis, fis а subset of A х B 

i) Domf =A 

iii) First element of no two pairs of f are equal, then f is said to be a function from A 

to B. 
The function f is also written as: 
ҒА В 

which is read: fis а function fromAtoB. 
If (x, y) in an element of f when regarded as a set of ordered pairs, 
we write y 7 f (x). y is called the value of f for x or image of x under f. 
In example 1 discussed above 
i) risasubsetof CX Е 
i). роте с с.с 
iii) First elements of по two related pairs of r are the same. 
Therefore, ris a function from C to F. 
In Example 2 discussed above 
i) risasubset of A X A; 
ii) Domr#A 
Therefore, the relation in this case is not a function. 
In example 3 discussed above 
i) risa subset of X 


version: 1.1 


o 


eLearn.Punjab 


2. Sets Functions and Groups 


ii) 


iii) 


iv) 
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ii) Domr=R 
iii) Clearly first elements of no two ordered pairs of r can be equal. Therefore, in this case 
ris a function. A В 


Into Function: If a function f: A — Bis such that Ran 


fc Bie. Ran f+ B, then f is said to be a function from A 

into B. In fig.(1) fis clearly a function. But Ran f В. | Dm . 

Therefore, fis a function from A into B. ium] » ( ) 
«ӘР Fig (1) 98; 


f={(1,2), (3,4), (5,6)} 


Onto (Surjective) function: If a function f: А — B is 


A B 
of some elements of A, then f is called an onto function i > @ 
or a surjective function. Fig (2) 


such that Ran f= B i.e., every element of B is the image 
f= Wc, mc, mde, my 


(1-1) and into (Injective) function: If a function f from 
A into B is such that second elements of no two of its 
ordered pairs are equal, then it is called an injective 

(1 - 1, and into) function. The function shown in fig (3) is 
such a function. 


4 Fig(3) W 
f= {(1, a2, by 


(1 -1) and Onto function (bijective function). If fis a 
function from A onto B such that second elements of no 
two of its ordered pairs are the same, then f is said to be 
(1 — 1) function from A onto B. 

Such a function is also called a (1 — 1) correspondence 
between A and B. It is also called a bijective function. Fig (4) 
Fig(4) shows a (1-1) correspondence between the sets f= «a, z)(b, x)(c yj} 
A and B. 
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(a, z), (b, x) and (c y) are the pairs of corresponding elements i.e., in this case When x=0,y=2, 1 
f^ (a, Z), (b, x), (c y) which is a bijective function or (1 - 1) correspondence between the 
2 | . 

sets A and B. When y=0,x= о = 0.6 nearly. So two points on the line 
Set - Builder Notation for a function: We know that  set-builder notation "is 
is more suitable for infinite sets. So is the case in respect of a function are A (0, 2) and B - (0.6, 0). Еа dis 
comprising infinite number of ordered pairs. Consider for instance, the function Joining A and B and producing АВ in both directions, we obtain ` Bl Ay on 

f* (1,1), (2,4), (3, 9), (4, 16),...} the line AB i.e., graph of the given function. Fig (1) 


Dom f= (1, 2, 3,4, ...}.апа Ran f= {1,4,9, 16, ...) 
This function may be written as: f= (( y) | y exi x € N} 


For the sake of brevity this function may be written as: i) The equation defining the function is y= ; x. | | 

f= function defined by the equation у= x, x € м | | ! | 

Or, to be still more brief: The function x?, x € м Corresponding to the values 0, + 1, +2, +3 ... of x, values a / ‚ 

In algebra and Calculus the domain of most functions is /& and if evident from the of y аге 0, 5, 2, 4.5, ... * L. 
context it is, generally, omitted. We plot the points (0, 0), (+1, .5), (+2, 2), (+3, 4.5), ... | pow a | 

Joining them by means of a smooth curve and extending O x 
2.10.1 Linear and Quadratic Functions it upwards we get the required graph. We notice that: Fig (2) 
i) The entire graph lies above the x-axis. 

The function {(x, у) | y = mx +c} is called a linear function, because its graph (geometric i) ^ Two equal and opposite values of x correspond to every value of y (but not vice 
representation) is a straight line. Detailed study of a straight line will be undertaken in the versa). 
next class. For the present it is sufficient to know that an equationof the form iii) As x increases (numerically) y increases and there is no end to their ncrease. 

у= mx + с ог ах by + с = 0 represents a straight line . This can be easily verified Thus the graph goes infinitely upwards. Such a curve is called a parabola. The 
by drawing graphs of a few linear equations with numerical coefficients. The function students will learn more about it in the next class. 
{(x, y)|y = ax? + bx + c) is called a quadratic function because it is defined by a quadratic 
(second degree) equation in x, y. 2.11 Inverse of a function 


ERAS n Give TOUEN SKETCH OF (ne Hnedons If a relation or a function is given in the tabular form i.e., as a set of ordered pairs, its 


| i: 1 inverse is obtained by interchanging the components of each ordered pair. The inverse of г 
) (| 3x*»-2 i) (e| y-zx ee j i 
2 and f are denoted r“ and f“ respectively. 
Solution: If ror fare given in set-builder notation the inverse of each is obtained by interchanging 
i) ^ The equation defining the function is 3x + y = 2 x a the bid; MEUM Tue inverse of a function may or may not be a function. 
СИЕ е inverse of the linear function 


We know that this equation, being linear, represents a straight line. Therefore, for tay |y= a id Me y | p ЕВИ ОиВ 
ЗШЕ | . M may say that the inverse of a line is a line. 
drawing its sketch or graph only two of its points are sufficient. 
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The line y = x is clearly self-inverse. The function defined by this equation i.e., the 
function {(x, y) | y = x} is called the identity function. 


Example 6: Find the inverse of 
i) {(1, 1}, (2,4), (3,9), (4, 16),... x € Z*}, 
i) {x y) у= 2х+3,х eR} ii) — {(x, y)| x? + у?=о?}. 
Tell which of these are functions. 


Solution: 

i) The inverse is: 
{(2,1), (4, 2), (9, 3), (16, 4 )...} . 
This is also a function. 


The function defined by the equation 
y- Vx x =0 
is called the square root function. 
The equation y? = x > y = +4/х 
Therefore, the equation y? = x (x ZO) may be regarded as defining the union of the 
functions defined by 
y= vx х>0 апау= -Xx x20. 
li) Тһе given function is a linear function. Its inverse is: 
(x, y) x= 2y + 3 
which is also a linear function. 
Points (0, 3) (-1.5, 0) lie on the given line апа points (3, 0), 
(0, –1.5) lie on its inverse. (Draw the graphs yourselves). 
The lines /, i’ are symmetric with respect to the line у = x. This quality of symmetry is 
true not only about a linear n function and its inverse but is also true about any function of 
a higher degree and its inverse (why?). 
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Exercise 2.6 


1. For A = (1, 2 3, 4}, find the following relations in A. State the 
domain and range of each relation. Also draw the graph of each. 
i) у) |у=х} i) (x yly*x-5 
i) {(x,y)|x+y< 5} iv) (х, y)|x + y > 5} 


2. Repeat Q-1 when A = £, the set of real numbers. Which of the real lines are functions. 
3. Which of the following diagrams represent functions and of which type? 


ЕНӘ | " Fig (2) 
E 3 
Fig (3) 


4. Find the inverse of each of the following relations. Tell whether each relation and its 
inverse is a function or not: - 
i) {(2,1), (3,2), (4,3), (5,4), (6,5)} li) | (1,3, (2,5), (3,7), (4,9), (5,11)? 
ii) (х,у) [у= 2х+3,х є Ж} №) {(x,y) | y= 40х,х20 } 
у) (ху) | ?+y?=9, |х| < 3,|y| < 3} 


Fig (4) 


2.12 Binary Operations 


In lower classes we have been studying different number systems investigating the 
properties of the operations performed on each system. Now we adopt the opposite course. 
We now study certain operations which may be useful in various particular cases. 

An operation which when performed on a single number yields another number of the 
same or a different system is called a unary operation. 

Examples of Unary operations are negation of a given number, extraction of square 
roots or cube roots of a number, squaring a number or raising it to a higher power. 
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We now consider binary operation, of much greater importance, operation which 
requires two numbers. We start by giving a formal definition of such an operation. 

A binary operation denoted as X (read as star) on a non-empty set G is a function which 
associates with each ordered pair (a, b), of elements of G, a unique element, denoted as a X 
b of G. 

In other words, a binary operation on a set С is a function from the set G X G to the set 
G. For convenience we often omit the word binary before operation. 

Also in place of saying x is an operation on G, we shall say С is closed with respect to ж. 
Example 1: Ordinary addition, multiplication are operations on N. i.e., N is closed with 
respect to ordinary addition and multiplication because 

Va,be N,a+be N^abeN 
(V stands for” for all" and ^ stands for" and") 


Example 2: Ordinary addition and multiplication are operations on Е, the set of all even 
natural numbers. It is worth noting that addition is not an operation on O, the set of old 
natural numbers. 


Example 3: With obvious modification of the meanings of the symbols, let E be any 

even natural number and O be any odd natural number, then 
ЕФ E- E(Sum of two even numbers is an even number). 
ЕФО= 0 

and O®O=E 


These results can be beautifully shown in the form of a table given above: 
This shows that the set (£, O} is closed under (ordinary) addition. 
The table may be read (horizontally). 
ЕФ E-E, EG O-0; 
ОФО - E, ОФЕ=0 


Ехатріе 4: The set (1 ,-1, i, -i} where і = 4-1 is closed 
w.r.t multiplication (but not w. r. t addition). This 
can be verified from the adjoining table. 
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Example 5: It can be easily verified that ordinary 
multiplication (but not addition) is an operation on the 
set (1,0,0?) where e? =1. The adjoining table may be used 
for the verification of this fact. 

(o is pronounced omega) 
Operations on Residue Classes Modulo n. 

Three consecutive natural numbers may be written in the form: 

3n, 3n +1, 3n + 2 When divided by 3 they give remainders 0, 1, 2 respectively. 

Any other number, when divided by 3, will leave one of the above numbers as the 
reminder. On account of their special importance (in theory of numbers) the remainders 
like the above are called residue classes Modulo 3. Similarly, we can define Residue 
classes Modulo 5 etc. An interesting fact about residue classes is that ordinary addition and 
multiplication are operations on such a class. 


Example 6: Give the table for addition of elements of the set of residue classes modulo 5. 


Solution: Clearly (0,1,2,3,4) is the set of residues that 
we have to consider. We add pairs of elements as in 
ordinary addition except that when the sum equals 
or exceeds 5, we divide it out by 5 and insert the 
remainder only in the table. Thus 4 + 3 = 7 but in 
place of 7 we insert 2(= 7—5) in the table and in place 
of 2+3 = 5, ме insert О(= 5—5). 


Solution: Clearly {0,1,2,3}is the set of residues that we have to 
consider. We add pairs of elements as in ordinary addition except 
that when the sum equals or exceeds 4, we divide it out by 4 and 
insert the remainder only in the table. Thus 3 + 2 = 5 but in place 
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of 5 we insert 1(= 5—4 ) inthe table and in place of 1+3=4, we insert 0(= 4—4). ii) | Associativity: x is said to be associative on S if 

ах (b жо) = (а X b) ж* с\у a,b,cEs. 
Example 8: Give the table for multiplication of elemnts of the set of residue classes modulo iii) Existence of an identity element: An element еє5 is called an identity element 
4. w.r.t Ж if 


Solution: Clearly (0,1,2,3) is the set of residues that we have to 
consider. We multiply pairs of elements as in ordinary 
multiplcation except that when the product equals or exceeds 4, 
we divide it out by 4 and insert the remainder only in the table. 
Thus 3X2=6 but in place of 6 we insert 2 (= 6—4 Jin the table and 


axe-exqg-a,vaes. 
iv) Existence of inverse of each element: For any element a € 5,3 an element a’ €S 
such that 
a xad =a X aže (the identity element) 
Note: (1) The Symbol 3 stands for ‘there exists’. 


in place of 2X2-4, we insert 0(= 4—4). (2) Some authors include closure property in the properties of an operation. Since 
this property Sis already includedin the definition of operationwe have considered 

Example 9: Give the table for multiplication of elements of the set of residue classes modulo it unnecessary to mention it in the above list. 

8. (3) Some authors define left identity and right identity and also left inverse and right 
inverse of each element of a set and prove uniqueness of each of them. The 

Solution: Table is given below: following theorem gives their point of view: - 


Theorem: 

i) In a set S having a binary operation ж a left identity and a right identity are the same. 

ii) In a set having an associative binary Operation left inverse of an element is equal to 
its right inverse. 

Proof: 


ii) Let e' be the left identity and e" be the right identity. Then 


еж е" = е (С> е" is a right identity) 
=e" (~ e'is a left identity) 
Hence e’=e” =e 
Therefore, e is the unique identity of S under x 
For any a e S, let а’, a" be its left and right inverses respectively then 
a'X(axa) =а Xe (. a" is right inverse of a) 
=@ (- eis the identity) 


2.12.1 Properties of Binary Operations Also (ажа) жа"= е ж а" (-da'isleftinverse of a) 
= а” 
Let S be a non-empty set and X a binary operation on it. Then X may possess опе or But a’ X (a жа") =(a’ a) ж а" X is associative as supposed) 
more of the following properties: - а= а" 
i) Commutativity: х is said to be commutative if Inverse of a is generally written as a. 


axXb-bxav abe 5. 
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Example 10: Let A =(1,2,3,...., 20}, the set of first 20 natural numbers. 
Ordinary addition is not a binary operation on A because the set is not closed w.r.t. addition. 
For instance, 10 + 25=25¢A 


Example 11: Addition and multiplication are commutative and associative operations on 
the sets 
N,Z Q, £, (usual notation), 
eg. 4X5=5x4, 2 +(3-+5) = (2+3) +5 etc. 


Example 12: Verify by a few examples that subtraction is not a binary operation on N but it 
is an operation on Z, the set of integers. 


Exercise 2.7 


1. Complete the table, indicating by a tick mark those properties which are satisfied by the 
specified set of numbers. 


2. What are the field axioms? In what respect does the field of real numbers differ from 
that of complex numbers? 
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3. Show that the adjoining table is that of 
multiplication of the elements of the set of 
residue classes modulo 5. 


4. Prepare a table of addition of the elements of the set of residue classes modulo 4. 
5. Which of the following binary operations shown in tables (a) and (b) is commutative? 


6. Supply the missing elements of the third row of the 
given table so that the operation * may be associative. 


7. What operation is represented by the adjoining table? 
Name the identity element of the relevant set, if it exists. 
Is the operation associative? Find the inverses of 0,1,2,3, 
if they exist. 


2.13 Groups 


We have considered, at some length, binary operations and their properties. We now 
use our knowledge to classify sets according to the properties of operations defined on 
them. 
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First we state a few preliminary definitions which will culminate in the definition of a 
group. 

Groupoid: A groupoid is a non-empty set on which a binary operation ж is defined. 

Some authors call the system (S, X) a groupoid. But, for the sake of brevity and 
convenience we shall call S a groupoid, it being understood that an operation X is defined 
on it. 

In other words, a closed set with respect to an operation ж is called a groupoid. 


Example 1: The set {Е ,O) where Е is any even number and O is any odd number, (as already 
seen) are closed w.r.t. addition. 
It is, therefore, a groupoid. 


Example 2: The set of Natural numbers is not closed under operation of subtraction e.g., 
For 4,5e€N,4-5--1eN 
Thus (М, – ) is not a groupoid under subtraction. 


Example 3: As seen earlier with the help of a table the set {1,-1,i,-i}, is closed w.r.t. . 
multiplication (but not w.r.t. addition). So it is also a groupoid w.r.t X. 
Semi-group: A non-empty set S is semi-group if; 
i) Itis closed with respect to an operation ж and 
i) The operation x is associative. 

As is obvious from its very name, a semi-group satisfies half of the conditions required 
for a group. 


Example 4: The set of natural numbers, N, together with the operation of addition is a semi- 
group. N is clearly closed w.r.t. addition (+). 

Alsova,bceN, at+(b+qQ=(at+b)+c 

Therefore, both the conditions for a semi-group are satisfied. 


Non-commutative or non-abelian set: A set A is non-commutative if commutative law 
does not hold for it. 

For example a set A is non-commutative or non-abilian set under ж when is defined as: 
VxyexXy-x. 

Clearly x Xy = x and y X x = y indicates that A is non-commutative or non-abilian set. 
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Example 5: Consider Z, the set of integers together with the operation of multiplication. 
Product of any two integers is an integer. 

Also product of integers is associative because va,bceZ . a.(b.c) = (a.b).c 

Therefore, (Z,.) is a semi-group. 


Example 6: Let P(S) be the power-set of S and let A,B,C, ... be the members of P. Since union 
of any two subsets of S is a subset of S, therefore P is closed with respect to U . Also the 
operation is associative. 

(e.g. AU (BU C)» (AU B)UC,which is true in general), 

Therefore, (Р(5),0) is a semi-group. 

Similarly (Р(5 ), П) is a semi-group. 


Example 7: Subtraction is non-commutative and non-associative on N. 


Solution: For 4, 5, 6, € N, we see that 
4-5 =—1 and 5-4 = 1 
Clearly 4-5 25-4 
Thus subtraction is non-commutative on N. 
Also 5-(4-1)2 5-(3)22 and (5-4)-1 = 1-170 
Clearly 5-(4-1) # (5-4 )-1 
Thus subtraction is non-associative on N. 


Example 8: For a set A of distinct elements, the binary operation * on A defined by 
xXy-2x VxycA 
is non commutative and assocaitve. 


Solution : Consider 

xXy-x andy * x=y 
Clearly XXY + ужх 
Thus X is non-commutative оп A. 


Monoid: A semi-group having an identity is called a monoid i.e., a monoid is a set S; 


i) which is closed w.r.t. some operation X. 
i) | the operation X is associative and 
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iii) it has an identity. 


Example 9: The power-set P(S) of a set Sis a monoid w.r.t. the operation U,because, as seen 
above, it is a semi-group and its identity is the empty-set Ф because if A is any subset of S, 
ФЈА= АШ =A 


Example 10: Тһе set of all non negative integers i.e., Z* U(0) 
i) is clearly closed w.r.t. addition, 
ii) addition is also associative, and 
iii) O is the identity of the set. 
(а+0=0+а=а VaeZz*U{0}) 
-.the given set is a monoid w.r.t. addition. 


Example 11: The set of natural numbers, N. w.r.t. & 
i) the product of any two natural numbers is a natural number; 
ii) Product of natural numbers is also associative i.e., 
vVva,b,ceN a.(b.c) = (a.b).c 
iii) 1 €N is the identity of the set. 
7. N is a monoid w.r.t. multiplication 


Definition of Group: A monoid having inverse of each of its elements under X is called a 
group under x . That is a group under X is a set С (say) if 

i) Gis closed w.r.t. some operation X 

ii) The operation of Ж is associative; 

iii) G has an identity element w.r.t. x and 

iv) Every element of G has an inverse in G w.r.t. X. 
If G satisfies the additional condition: 

v) Forevery ab€G 

a x b=b Xa 

then G is said to be an Abelian* or commutative group under X 
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Example 12: The set N w.r.t. + 
Condition (i) colsure: satisfied i.e. у а, реє №а+р є № 
(ii) Associativity: satisfied i.e., 
v ab. € N,at+(b+c=(a+b)+c 
(iii) ^ and (iv) not satisfied i.e., neither identity nor inverse of any element exists. 
-.N is only a semi-group. Neither monoid nor a group w.r.t. +. 


Example 13: N w.r.t & 
Condition: (i) Closure: satisfied 
уа, ре №, а, реє М 
(ii) ^ Associativity: satisfied 
V a,b,c€ N,  a.(b.c) = (a.b).c 
(iii) Identity element, yes, 1 is the identity element 
(iv) Inverse of any element of N does not exist in N, so N is a monoid but not a 
group under multiplication. 


Example 14: Consider S = {0,1,2} upon which operation @has been performed as shown in 
the following table. Show that S is an abelian group under Ө. 


Solution : 
i) Clearly S as shown under the operation is closed. 
li) | The operation is associative e.g 
0+(1+2)=0+0=0 
(0+1)+2=1+2=Oetc. 


iii) Identity element О exists. 
iv) Inverses of all elements exist, for example 
0+0=0,1+2=0,2+1=0 
> 0б01=0 1722, 2'21 
v) Also Ө is clearly commutative e.g.,1+2=0=2+1 
Hence the result, 


Example 15: Consider the set 5 = (1,-1,i —i). Set ир its multiplication table and show that the 
Set is an abelian group under multiplication 
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Solution : 
i) 5 is evidently closed w.r.t.&. 
ii) ^ Multiplication is also associative 
(Recall that multiplication of complex numbers is associative) 
iii) Identity element of S is 1. 
iv) Inverse of each element exists. 
Each of 1 and -1 is self inverse. 
i and - iare inverse of each other. 
v  eisalso commutative as in the case of C, the set of complex numbers. Hence given 
set is an Abelian group. 


Example : Let G be the set of all 2 X 2 non-singular real matrices, then under the usual 
multiplication of matrices, G is a non-abelian group. 
Condition (i) Closure: satisfied; i.e., product of any two 2 X 2 matrices is again a matrix of 
order 2 X 2. 

(ii) Associativity: satisfied 
For any matrices A, B and C conformable for multiplication. 

AX(BXC)=(AXB)XC. 

So, condition of associativity is satisfied for 2 X 2 matrices 


(iii) f i is an identity matrix. 


(iv) As G contains non-singular matrices only so, it contains inverse of each of its 
elements. 
(v) We know that AB + BA in general. Particularly for G, AB + BA. 
Thus G is a non-abilian or non-commutative gorup. 


Finite and Infinite Gorup: A gorup G is said to be a finite group if it contains finite number 
of elements. Otherwise G is an infinite group. 

The given examples of groups are clearly distinguishable whether finite or infinite. 
Cancellation laws: If a,b,c are elements of a group G, then 

i) ab=ac => р = с (Left cancellation Law) 

ii) ba=ca>b=c (Right cancellation Law) 
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Proof: (i) ар = ас >а (ab) - a (а с) 
=> (aa) -(a^a) (by associative law) 
— eb-ec (..a^a- е) 
=> р=с 
ii) Prove yourselves. 


2.14 Solution of linear equations 


a,b being elements of a group G, solve the following equations: 
i) ах = b, i) xa=b 


Solution : (i) Given: ах = b > a*(ax)- a b 
— (а ^а) х= a'b (by associativity) 


>ex=a'b 
= x-q'b whichis the desired solution. 


ii) Solve yourselves. 


2.15 Reversal law of inverses 


If a,b are elements of a group G, then show that 


(aby! = b'a” 
Proof: (ар) (Ба) = a(bb" )а" (Associative law ) 
= аеа` 
= ga ^ 
-e 


лар and b'a’ are inverse of each other. 
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Theorem: If (G, X ) is a group with e its identity, then e is unique. 


Proof: Suppose the contrary that identity is not unique. And let e' be another identity. 
e, e' being identities, we have 
e'xXe-eXxe'te' (e is an identity) (i) 
е же=е же'=е (e'isan identity) (ii) 
Comparing (i) and (ii) 
e'- e. 
Thus the identity of a group is always unique. 


Examples: 

i) (Z, +) has no identity other then 0 (zero). 
ii) | (/& — (0), X ) has no identity other than 1. 
iii) (C,+) has no identity other than О + Oi. 

iv) (C.)has no identity other than 1 + Oi. 


1 0 
v) (M,.)has no identity other than Ё { 
where М, is a set of 2 X 2 matrices. 
Theoram: If (G, X ) is a group and a €G, there is a unique inverse of a in С. 


Proof: Let (G, X ) be a group and a €G. 
Suppose that a’ and a” are two inverses of a in G. Then 
а= а Xe-q' X (a жа") (a"is an inverse of a w.r.t. Ж ) 
= (ажа) Xa" (Associative law іп С). 
=e X d" (a’ is an inverse of a). 
=q" (e is an identity of G). 
Thus inverse of a is unique in G. 


Examples 16: 


i) in group (Z, +), inverse of 1 is -1 and inverse of 2 is -2 and so on. 
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ii) in group (/& — (0), X ) inverse of 3 is i etc. 
Exercise 2.8 


Operation Ө performed on the two-member set G = {0,1 }is shown in the adjoining table. 
Answer the questions: - 


i) Name the identity element if it exists? 

i) What is the inverse of 1? 

iii) Is the set G, under the given operation a group? 
Abelian or non-Abelian? 

The operation ® as performed on the set {0,1,2,3} is shown 

inthe adjoining table, show that the set is an Abelian group? 

For each of the following sets, determine whether or not the 

set forms a group with respect to the indicated operation. 


Set Operation 
The set of rational numbers x 
The set of rational numbers t 
The set of positive rational numbers X 
The set of integers t 
The set of integers X 


Show that the adjoining table represents the sums of the elements 

of the set (E, O). What is the identity element of this set? Show that this 
set is an abelian group. 

Show that the set (1 ,5,97), when œ°=1, is an Abelian group w.r.t. ordinary multiplication. 
If G is a group under the operation and a, b є G, find the solutions of the equations: 
аж х = b, хжа= р 


Show that the set consisting of elements of the form a+ „ЗЬ (a,b being rational), is an 
abelian group w.r.t. addition. 
Determine whether,(P(S), X ) where ж stands for intersection is a semi-group, a monoid 


© 
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10. 


or neither. If it is a monoid, specify its identity. 
Complete the following table to obtain a semi-group under X 


Prove that all 2 X 2 non-singular matrices over the real field form a non-abelian group 
under multiplication. 
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3. Matrices and Determinants 


3.1 Introduction 


While solving linear systems of equations, a new notation was introduced to reduce 
the amount of writing. For this new notation the word matrix was first used by the English 
mathematician James Sylvester (1814 - 1897). Arthur Cayley (1821 - 1895) developed the 
theory of matrices and used them in the linear transformations. Now-a-days, matrices are 
used in high speed computers and also in 
other various disciplines. 

The concept of determinants was used by Chinese and Japanese but the Japanese 
mathematician Seki Kowa (1642 - 1708) and the German Mathematician Gottfried Wilhelm 
Leibniz (1646 - 1716) are credited for the invention of determinants. G. Cramer (1704 - 1752) 
applied the determinants successfully for solving the systems of linear equations. 

A rectangular array o f numbers enclosed by a pair o f brackets such as: 


(ii) 


2 +13 | 
Е А | (i) or 


BR WF N 
N 


is called a matrix. The horizontal lines of numbers are called rows and the vertical lines 
of numbers are called columns. The numbers used in rows or columns are said to be the 
entries or elements of the matrix. 

The matrix in (i) has two rows and three columns while the matrix in (ii) has 4 rows and 
three columns. Note that the number of elements of the matrix in (ii) is 4 х 3 = 12. Now we 
give a general definition of a matrix. 

Generally, a bracketed rectangular array of mxn elements 
a, (1= 1, 2,3, ...., т; j=1,2,3, ..., n), arranged in m rows and n columns such as: 


Qj An аз c 054 (iii) 
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is called an m by n matrix (written as m x n matrix). 
m x nis called the order of the matrix in (iii). We usually use capital letters such as A, B, 
C, X, Y, etc., to represent the matrices and small letters such as a, b, с... |, m, n..,a,,, a,,, а 
„ etc., to indicate the entries of the matrices. 
Let the matrix in (iii) be denoted by A. The ith row and the jth column of A are indicated 
in the following tabular representation of A. 


11* 712^ 713 


jth column 
ау A, а, aj a, 
а, 0» а,» a5; ал» 
а, Hay ау» as 45, 
A= : я : : : (iv) 
ith row > | 4 4; ag -- a; c ак 
a mı а 2 a n3 a mj “= а mn 
The elements of the ith гомо ҒАагеа, а, а, ..... аы. т 
while the elements of the jth column of A are a, а, a, ....а,...... nj 


We note that a, is the element of the ith row anavth „т of A. The double subscripts are 
useful to name ‘the elements of the matrices. For example, the element 7 is at a,, position in 


| 2 -1 3 
the matrix 
-5 4 7 


= [a mxn OF А = [a], for i = 1, 2, 3,...., m; j = 1, 2, 3,...., n, where а, is the element of the ith 
row and jth column of A. 


The elements (entries) of matrices need not always be numbers but in the study of 
matrices, we shall take the elements o f the matrices from ® or from C. 


э) 
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Row Matrix or Row vector: A matrix, which has only one row, i.e., а 1 x n matrix of the 
form [a Q, Qg s a, ] is said to be a row matrix or a row vector. 


Column Matrix or Column Vector: A matrix which has only one column i.e., an m x 1 


matrix ofthe form |а, | is said to be a column matrix or a column vector. 


For example[1 -1 3 4]is a row matrix having 4 columns and is a column matrix having 
3 rows. 


Rectangular Matrix : If m + n, then the matrix is called a rectangular matrix of order m x 
n, that is, the matrix in which the number of rows is not equal to the number of columns, is 
said to be a rectangular matrix. 


For example; Е аге rectangular matrices of orders 2 х 3 and 4 x 3 


| and 
-1 0 4 


Ф шо н м 
Low 
о л оъ © 


respectively. 


Square Matrix: If m =n, then the matrix of order m x nis said to be a square matrix of order 
n or m. i.e., the matrix which has the same number of rows and columns is called a square 
matrix. For example; 

1 1 2 


2 5 
[0], Е i and |2 -1 8| are square matrices of orders 1, 2 and 3 respectively. 
3 5 4 
Let A = [aj] be a square matrix o f order n, then the entries о, Q, Oyy ...., а,, form the 
principal diagonal for the matrix A and the entries а,, à,,, а, ...., 0,,,, a,, form the 


secondary diagonal for the 
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ы а, а, 44 


Qj e з Ay 
М 


matrix A. For example, ‚іп the matrix the entries of the principal diagonal 


йу 45 Ҹа 05 
Agi а аз 044 


are 3,0, 0,, а, and the entries of the secondary diagonal are а, Q, A, а. 
The principal diagonal of a square matrix is also called the leading diagonal or main 


diagonal of the matrix. 


Diagonal Matrix: Let A = [a] be a square matrix of order n. 

If a, = О for all i * j and at least one a, # 0 for i = j, that is, some elements of the 
principal diagonal of A may be zero but not all, then the matrix A is called a diagonal matrix. 
The matrices 


0000 
100 
0100 и 
[7] |0 2 0| and РЕС diagonal matrices. 
005 
0004 


Scalar Matrix: Let A = [a] be a square matrix of order n. 
If a, = О for all i + j and d, = k (some non-zero scalar) for all 7 = j, then the matrix A is 
called a scalar matrix of order n. For example; 


3000 
a 0 0 
7 0 0300 | | 
o 5119 9 and o o 3 o 2E scalar matrices of order 2, 3 and 4 respectively. 
‚|0 0 a 
00 0 3 


Unit Matrix or Identity Matrix : Let A = [a] be a square matrix of order n. If a, = 0 for all 
i + jand a, = 1 for all i = j, then the matrix A is called a unit matrix or identity matrix of order 
n. We denote such matrix by I, and it is of the form: 


5) 
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100-0 
010-0 
1,20 0 1 0 
00 0 1 


or о 
— о co 


1 
The identity matrix of order З is denoted by 1, that is, 7, =| 0 
0 


Null Matrix or Zero Matrix : A square or rectangular matrix whose each element is zero, is 
called a null or zero matrix. An m x n matrix with all its elements equal to zero, is denoted 
by О. Null matrices may be of any order. Here are some examples: 


0000 
0 0 oļfo o 
[o].[o o 0], | 0,0000 
0 0 oflo o 
0о||0 0 0 0 
O may be used to denote null matrix of any order if there is no confusion. 


Equal Matrices: Two matrices of the same order are said to be equal if their corresponding 
entries are equal. For example, A = la dmn and 

В = [b ] nxn are equal, i.e., A =B iffa =b fori=1,2,3,..u т, j= 1, 2, 3, ....., n. In other words, 
A and B represent the same matrix. 


3.1.1 Addition of Matrices 
Two matrices are conformable for addition if they are of the same order. 
The sum A + B of two m x n matrices A = [a] and B= [b] isthe m x n matrix C = [C] formed 


by adding the corresponding entries of A and B together. In symbols, we write as С= А + B, 
that is: [c] = [а, + b] 


where с, = a, + b,foriz 1,2,3,.., тапај= 1, 2, 3,....., n. 
Note that a, + b; is the (i, /)th element of A + B. 


2 
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Transpose of a Matrix: 


IfA is a matrix of order m x n then an n x m matrix obtained by interchanging the rows 
and columns ofA, is called the transpose of A. It is denoted by At. If [a] then the transpose 
of A is defined as: 

At = [a l xm Where a7 a, . for i= 1, 2,3, au N and j= 1, 2,3,....., m 


mxn 


b, Dis ba Diy 
=|b, b, b, b, |, Шеп 


For example, if B = LA = 
b, b b, Dy, 


B' = [b ],,4 Where b' = b, for i= 1, 2, 3, 4 andj - 1, 2, 3i.e., 
b'i Б", b'i 11 b, b, 
B! = b^, b^ b^ b, b, by 
b ET b E b 33 b, b, bs, 


b'4 Б'е b'g b, by, b, 
Note that the 2nd row of B has the same entries respectively as the 2nd column of B and 
the 3rd row of B' has the same entries respectively as the 3rd column of B etc. 


Example 1: 
1 0 <1 2 2 -1 3 1 
If A=|3 1 2 5| and B=|1 з -1 4 ,then show that 
0 -2 d 6 3 1i 2 4 


(А + B) =A'+ B 


Solution : 


1 0 -I 2 2 -1 3 1 1+2 0+(-1) -1+3 2+1 


A+B=|3 1 2 | 3- 1 4 |\@ I 43 24) | 4 
D-« 1 6||% 1 2 e 03 24i. 142 GEC 
Bp 5 3 
=|4 4 19 
à p 3-5 
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and (А + В) = 3 (1) 


Oo re Aa A 
| 
— 


3 


1 3 0 2 1 3 
0 1 -] 3 1 
A= and В' , SO 
-] 2 1 3 -1 2 
2 5 6 1 4 -l 
1 3 0 2 1 3 3 4 3 
0 1 —2 -] 3 |] -] 4 -l1 
A+B = + = (2) 
-] 2 1 3 -1 2 2 1 3 
2 5 6 1 4 -l 3 9 5 


From (1) and (2), we have (А + В): = At + B! 
3.1.2 Scalar Multiplication 


If A = [a] is m x n matrix and k is a scalar, then the product of К and A, denoted by KA, is 
the matrix formed by multiplying each entry of A by k, that is, 
kA = [ка 1 
Obviously, order of КА is m x n. 


[ГА = [a] eM, (the set of all m x n matrices over the real field X then ka, € %, for alli 
and j, which shows that kA e М, . It follows that the set М possesses the closure property 


mxn mxn 


with respect to scalar multiplication. If A, B € M and r,s are scalars, then we can prove that 
(SA) = (rs)A, (r + SA = rA + SA, r(A + В) = rA + rB. 


3.1.3 Subtraction of Matrices 


If A = [a] and B= [b] are matrices of order m x n, then we define subtraction of B 


from A as: 
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A-B=A+(-B) 
= [a] + [-b,] = [a,— b] for 1=1,2,3,..‚т‚]=1,2,3,..‚п 
Thus the matrix A — B is formed by subtracting each entry of B from the 
corresponding entry of A. 


3.1.4 Multiplication of two Matrices 


Two matrices A and B are said to be conformable for the product AB if the number 
of columns of A is equal to the number of rows of B. 

LetA- [a] be a 2x3 matrix and B = [b] be a 3x2 matrix. Then the product AB is defined 
to be the 2x2 matrix C whose element c, is the sum of products of the corresponding 
elements of the ith row of A with elements of jth column of B. The element c,, of C is shown 
in the figure (A), that is 


First column of B 


b. 
b,, 
2nd row of A 05 05 Ar; 
Fig.(A) 
C4, = 04D, + 0, b, + a, b... Thus 


|% а, а, аб, tab, tab аб, t aub, t aub, 
АВ = Da. b» 
а 4» а» anbi + ab, tab, Ay Dry tab, + aub, 


b, b, 
Similarly BA-|b, b, | 


a, 4 2 
ba 6, 


а n 0 


Б.а, ba, Б, tb, ba t5 
= „а, Da, Фла, Ра лаз baaz 


Ба, +Б,а Б.а, +р,а Баз +684 


O 
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AB and BA are defined and their orders are 2x2 and 3x3 respectively. 


Note 1. Both products AB and BA are defined but AB = BA 
2. If the product AB is defined, then the order of the product 
can be illustrated as given below: 


eLearn.Punjab 


Order of A mxn 
Order of B ( nxp ә 
Order of AB mxp 
2 -1 0 2 -2 3 

Example 2: If 42]1 2 -3 |апа B=|-1 -4 6|,then compute А28. 
1 2 -2 0 -5 5 


Solution : 


2 -1 Oo -1 0 
Æ=AA |-2 3|F2 3 
1 2 —|1 2 2 


4-1+0 -2-2+0 0+3+0 3 -4 3 
=|2+2-3 -14+4-6 0-6+6/=/1 -3 
2+2-2 -14+4-4 0-6+4 2 -1 -2 


3—4 3112 -2 3 
A B=|1 -3 0||-1 -4 6 
2 -1 -2]0 -5 5 


6+4+0 -6+16-15 9-24-15 10 -5 0 
=|24+3+0 -2+12+0 3-18+0 |=| 5 10 —15 
44+14+0 -44+4+10 6-6-10 5 10 -10 


version: 1.1 


3. Matrices and Determinants 


3.2 Determinant of a 2 х 2 matrix 


eLearn.Punjab 


We can associate with every square matrix A over ® or C, a number |A|, known as 


the determinant of the matrix A. 


The determinant of a matrix is denoted by enclosing its square array between vertical 
bars instead of brackets. The number of elements in any row or column is called the order 


of determinant. For example, 


if A -|° i then the determinant of A is i 
C C 


ad — bc, that is, 


| 2 -l 1 
For example, if at; i and B | 


А -f S = (23) – (-1)(4) =6 + 4» 10 


1 4 
2 8 


and 2l- = (1)(8) – (4)(2) = 8-8 =0 


b 
| Its value is defined to be the real number 


Hence the determinant of a matrix is the difference of the products of the entries in the 


two diagonals. 
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3.2.1 Singular and Non-Singular Matrices 


A square matrix A is singular if |А | = 0, otherwise it is a non singular matrix. In the above 


2. =] 
example, |B| = 0 = pte is a singular matrix and |A| = 10 #0 >A = is a 
2 8 4 3 


non-singular matrix. 


3.2.2 Adjoint of a 2 x 2 Matrix 


b 
| is denoted by adj A and is defined as: adj 


a 
The adjoint of the matrix A = d 


"t | d M 
= a 
3.2.3 Inverse of a 2 х 2 Matrix 


Let A be a non-singualr square matrix of order 2. If there exists a matrix B such that 


1 
AB = BA= 1, where i = f i , then B is called the 


multiplicative inverse of A and is usually denoted by A", that is, B = А" 


Thus A4! = АЛА = L 
ES 


И 


Example 3: For a non-singular matrix A, prove that А = —adjA 


p 
r 


a b q 
Solution : If A= | | and А = | | , Then: 
c d S 


АА" = L, that is, 


КИЕН 


version: 1.1 


eLearn.Punjab 


3. Matrices and Determinants 


Bs apt+br apt+bs| |l 0 
cp+dr cq+ds |01 
ap+br=1..40) = ap bs 0....(п) 
cp + dr = 0..Жш)= cq ds 1....(1у) 


=Ç 
From (iii), r = —P 


d 


Putting the value of rin (i), we have 


—c ad — bc d 
ap t b q” =1= 7 p=l>p= 


6 —с d ü 
and | r=—p=—. =— 
4 d ad—bc ad — bc 


Similarly, solving (ii) and (iv), we get 


—b 4229 
ad — be’ ad — bc 


q= 


Substituting these values in [^ | we have 
r S 


d —b 
42 ad —bc ad —bc 1 b M 
—c a ad —-bc|-c a 
ad —bc ad —bc 
Thus 47! zb МА 
4 
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3.3 Solution of simultaneous linear equations by using matrices 


5 3 
Example 4: Find A’ if ^ 1 and verify that AA“ = A'A 


Solution : |A| = | | 


| =5-3=2 


Since |А | 0, we сап find A”. 


Let the system of linear equations be 


(i) 


ах + x, =b, | 


ах  d5,X; =b, 


where @,,, a,x A, а, b, and b, are real numbers. 
yz = d The system (i) can be written in the matrix form as: 
A 
| | а, Ay |] | b, _ T 
= от АХ=В (11) 
1 3 а 08» j% b, 
ае = ку > Ь 
= wait РЁ T is where To а хе a-l 1 
— а, n X b, 
2 2 
1 8 If |A| #0, then A" exists so (ii) gives 
Now Nae 5 $e x А (АХ) = A'B (By pre-multiplying (ii) by A7) 
(13 її 5 or (A'AX- A'B (Matrix multiplication is associative) 
л: => X=A'B ("АЧА =1,) 
5 3 -15 15 => X=A'B 
—— M —— + — 
m 2. 9 2 to (i) 
Ti 1 3 5 0 1 ЖЕ НЕ Ay) м 
33 23 3 Xa |A| -а„ а 1 
i p ba, — anb, 
and A'.A= 2 2 5 i wo ш d E 
ck D x 14 а, — a,b, ab, — bay, 
2 2 A 
5 3 3 3 
B 22 22 1 0 (ii) i a) a, b, 
“(oh 5$ <3 5 0 1 ^ _ b, ay b, b, 
du аре Thus == апа x, 
2.75 i4 E 
From (i) and (ii), we have It follows from the above discussion that the system of linear equations such as (i) has 
AA! = АТА a unique solution if |A| #0. 
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Example 5: Solve the following systems of linear equations. 
| 3х—х,=1 |+ = 0. x, 2x, 4 
1) 11) 
X,+x,=3)+ = 2x, 4x, 12 
С | | ày-x,-1l|. 
Solution : (i) The matrix form of the system x is 
3 -lix |1 
1 11151 |3 
| 3 edi Xi 1 
or АХ= В....()мһеге А=== , X and B 
] 1 X, 3 
3 -1 
|4| = =3+1=4 
-] 1 
| 1 1 
and adj A -| | ече, 
Е 
А! 4l s "E. 
4[-13| | 1 


4 

(I) becomes X = 4^ !B , that is, 
i 
4 


Hi ip 


1 ,3 
_| 4 4| |l 
1 9| |2 
+— 
4 


Ajo Ble 


iiid ABI 


4 
= x] andx,-2 
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x +2 4 
(ii) The matrix form of the system Ж is 
2x, * 4x, =12 


and a= =4-4=0, so A? does not exist. 


2 
2 4 
Multiplying the first equation o f the above system by 2, we have 
2x, + 4x, = 8 but 2x, + 4x, = 12 
which is impossible. Thus the system has no solution. 


Exercise 3.1 
1. If A 4 i and B [ | then show that 
1 5 6 4 
i) 4A-3A=A ii) 3B — 3A = 3(B— A) 


2. |f 4- P | show that t=, 
—I 


3. Find xandy if 


. x43 1 Е 2 1 " x43 1 y 1 
D | 3 3-4 T3 2 a Jed 2x 


-1 2 3 0 3 2 
4. |f а б EZ | i j| find the following matrices 


i) 4A-3B=A ii) A+3(B-A) 


2 1 4 -2 
Find x and y If | н jj] t | 1 
] y 3 0 2 -l 1 6 1 


e 
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6. IfA=[a,],,,, find the following matrices; 
i) A(u4)-(Au)A i) (Atp)A=AAt+ uA d) AA-AH=(A-1)A 


7. IfA-[a and B= [b show that A(A-- B) = 24+ AB. 


оз "m 


1 
8. If A= 


a 


| i and A’ h | find the values of a and b. 
b 0 0 
1 -l ; [1-9] » 
9. If A= and A , find the values of a and b. 
a b 0 1 


1 -12 2 3 0 
10. If A 4 IET | | then show that (А + B) = А: + Be 
0 3 1 1 2 -1 


1 1 3 
11. Find? if 42/5 2 6 
20: =f <3 


12. Find the matrix X if}. 


| к. AIDE 5 И 5.2 2 1 
i) x| | | ii) | | | 
—2 11112 3 -2 1 5 10 
13. Find the matrix A if, 
5 -] 3 -7 


i) |0 0 |4=0 0 
3 1 7 2 


rcosó 0 -sinó| cos 0 sing 
14. Show that 0 r 0 0 1 0 enr. 


rsin 0 cos@ ||-rsing 0 rcosó 
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3.4 Field 


A set F is called a field if the operations of addition ‘+ ' and multiplication ‘.’ on F satisfy 
the following properties written in tabular form as: 
Closure 
i) For any a,b €F, | 
atbeF 


For any a,b e F, 
a.beF 


ii) For any a,b e F, 
а+р=р+а 


For any a,b є Е, 
a.b = Б.а 


CL 


Associativity 
iii) For any a,b,c є F, For any a,b,c є Е, 
(a+b)+c=a+(b+0) (a.b).c = a.(b.c) 
Existence of Identity 
iv) For any For any 
a e F, O e Fsuch that aeF,d1eFsuch that 
а+0о = 0 +а=а а.1 = 1.а= а 
Existence of Inverses 
v) For any у) ForanyaefF,a#0 
a c F,4-a e F such that 3 є Fsuch that 
a*(-a)-(-a)*a-0 aceti 
Distributivity a 
D, : a(b + c) = ab + ac 
D, : (b + оа = ba + ca 
All the above mentioned properties hold for Q, ®, and C. 


vi) For any a,b,c e Е, 


3.5 Properties of Matrix Addition , Scalar Multiplication and 
Matrix Multiplication. 


If A, B and Care nxn matrices and c and d are scalers, the following properties 


are true: 
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1. Commutative property w.r.t. addition: А + В = В + А 


2. Associative property w.r.t. addition: (A + B) + C- A + (B + C) 
3. Associative property of scalar multiplication: (со)А = c(dA) 
4. Existance of additive identity: A +O=O+A-—A (Ois null matrix) 
5. Existance of multiplicative identity: [A = Al = А (I is unit/identity 
matrix) 
6. Distributive property w.r.t scalar multiplication: 
(a) С(А + B-cA*cB (Б) (c*d)A-cA-*dA 
7. Associative property w.r.t. multiplication: A(BC) = (AB)C 
8. Left distributive property: A(B * C) - AB * AC 
9. Right distributive property: (А + B)C = AC + BC 
10. c(AB) = (cA)B = A(cB) 
201 -1 0 
Example 1: Find AB and BA if 4—-1 4 2 /and B=|2 3 1 
3 0 6 -2 3 
2.0 111-1 0 
Solution: 48-11 4 212 3 1 
3 0 61 -2 3 


2х1+0х2+1х1 2x(-1)+0x3+1x(-2) 2х0+0х(—1)+1х3 
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1x2+(-1)x1+0x3 1х0+(-1)х4+0х0 1x1l4+(-1)x2+0x6 
2x243xl-(-Dx3 2х0+3х4+(-0)х0 2x1+3x2+(-1)x6 
1x24(-2)x1-3x3 1х0+(-2)х4+3х0 1х1+(—2)х2+3х6 


Lp o 
=|4 12 2 (2) 
9 -8 15 


Thus from (1) and (2), AB + BA 


2 =. 3 0 
Example 2:1# =+1 0 4 = 2),then find AA‘ and (4). 
-3 5 2 -l 


Solution : Taking transpose of A, we have 


eLearn.Punjab 


=|1х1+4х2+2х1 1х(—1)+4х3+2х(—2) 
3x1+0x2+6x1 3x(-1)-0x346x(-2) 


з -4 3 
= Y 2 
9 -I5 18 
1 -1 0/12 0 1 
BA=|2 3 –1||1 4 2 
1 -2 303 0 6 


1x0+4x(-1l+2x3 
3x0+0x(-1)+6x3 


(1) 
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2 1 -3 
‚ ak 0 5 
А = , SO 
з 4 2 
0 -2 -l 
2 1 -3 
2 -1 3 0 
-] 0 5 
AA =+1 0 4 2 
3 2 
-3 5 2 -I 
-2 -l1 


4-1-9-0 2+0+12+0 -6-5+46+0 
Bore 1+0+16+4 -34+0+8+42 
—6-5+6+0 -3-0-842 9+25+4+1 
14 14 -5 
4 21 7 
-5 7 39 
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_ 2 -13 0 
"EN к 
As ae ge oy | (4) |1 0 4 2| whichisA, 
0 "m -3 5 2 -l 


That is, (А): = A. (Note that this rule holds for any matrix A.) 


Exercise 3.2 


If A = [a]; then show that 
i) LA=A ii) AL,=A 
Find the inverses of the following matrices. 


13 -1 .. 1-2 3 sc da i | 2 1 
1) К | 11) р 4 iil) Ё i iv) Р 3 


Solve the following system of linear equations. 


„2х - 3х, = 5 4x, +3х, = 5 iii 3х -5y-1 
i iii 
5x, +x, =4 3x,- x,-7 —2x + y=—3 
1 -1 2 2 1 -l 1 3 -2 
If 4-23 2 5|,B |1 3 4 |апаС=| 1 2 0 |, then find 
-1 0 4 el 2 1 3 4 -l 


i) A-B i) B-A iii) (A-B)-C iv) A-(B-C) 


If 4- zle- А апі С -2 2 then show that 
1 1 


—1 1 —1 


i) (AB)C = A(BC) i) (А+ В)С= АС + BC 


If A and B are square matrices of the same order, then explain why in general; 
i) (A+B)? # А2 + 2АВ + P i) (A- B} + A?-— 2AB + B? 


iii) (A+B (A-B ) А2 – В? 
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2 -1 3 0 
7. If4=1 0 4 2|then find AAt and AtA. 
-3 5 2 -l 


8. Solve the following matrix equations for X: 


i)  3X-2A-B ta i Е апа В ; Bi | 


-] 1 5 5 4 -l 

1 -l 2 3 -1 0 
i) 2X-3A-B tal EL | | 

—2 4 5 4 2 1 


9. Solve the following matrix equations for A: 


"E345 3B o £35 1: 


3.6 Determinants 
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The determinants of square matrices of order n23, can be written by following 


the same pattern as already discussed. For example, if n = 4 


a а а, di4 a 


. a 
, then the determinat of А = |4| = a 
33 434 ау 


ал ар аз ац ад 


Now our aim is to compute the determinants of various orders. 


But before describing 


a method for computation o f determinants of order n23, we introduce the following 


definitions. 
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3.6.1 Minor and Cofactor of an Element of a Matrix or its Determinant 


Minor of an Element: Let us consider a square matrix A of order 3 .Then the minor of 
an element a, denoted by :Mjis the determinant of the (3 – 1) x (3 – 1) matrix formed by 
deleting the ith row and the jth column of A(or|A]). 

For example, if 


Qj 2, а; 
А=|а, а, а,, |, then the matrix obtained by deleting the first row and the second 
Qj Ay 03 | 


а, Ф dg 


a, a "T | . . 
'! d (see adjoining figure) |а, 4, а, | and its determinant is the 


column of A is | 
ау аз; 
ау 4» а, 


minor of an, that is, 


а а» 


ау аз; 
Cofactor of an Element: The cofactor of an element a, denoted by A; is defined by Aj (-1) 
"XM, 
where M, is the minor of the element a, of A or |A]. 


а 9; а а» 


For example, A,, = (-1)'** M,, = (-1P 


а 3; а 3; 


3.6.2 Determinant of a Square Matrix of Order п>3: 


The determinant of a square matrix of order n is the sum of the products of each 
elem ent of row (or column) and its cofactor. 
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| à, а 43 a; а, | 
а», а» Ay; а,, а, 
аз, а; 03 а;; а;, 
If 42| : 1: : : |, then 
Qj 45 аз c Ay c ак 
any аһ? 4,3 a, Ann 


[A| =a,A,+aA,+aA,+..+@,A, fori=1, 2,3,...., п 


т ІП 


or A ed, A F0 A жа А + ta AS Tor]o 1,2, й 
Putting i = 1, we have 


|A| =a,,A,,+ 0,,A, +а,.А,. +.... + Q,,A,, which is called the expansion of |A|by the first 


12° 12 13' 13 
row. 
Qj а, а,» 
If Ais a matrix of order 3, that is, 4А=|а„ a, а, |, then: 
а а, 03 
|A| =@,A,,+4,A,+@A,+...+@,A, fori-1,2,3 (1) 
or |A] =a A jt a, A, t a, A, +... ta, A, forf=1, 2, З (2) 
For example, for i = 1, / = 1 and j = 2, we have 
|A] = аА + 05A, + G.A, (i) 
or [A] = OU Át OA, + Qs As, (ii) 
or [A] - аА + аА, Y 0,43, (ii) 
(iii) can be written as:|A| = a,,(-1) ^ M,, + a,,(-1)**? M,, + a,,(-1)**? M,, 
i.e. |A| =-a,,M,, + a,,M,, —a,,M,, (iv) 
Similarly (i) can be written as |A| =a,,M,,-a,,M,, — a,,M., (v) 


Putting the values of М, ,.М,,: and M,, in (iv). we obtain 


3 3 а 3; 


or |A| = а (0,2033 Е 05,0.) E а 209,033 Е 05,05.) i аз(9,,03, Е 0,,0,.) (vi) 


or |A| = 01105503, + 0150540, + 01305105; B Qa 055 а 034- 0140550, (vi) 
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The second scripts of positive terms are in circular order of 
anti-clockwise direction i.e., these are as 123, 231, 312 (adjoining figure) 
while the second scripts of negative terms are such as 132, 213, 321. 


3 
An alternative way to remember the expansion of the determinant |A| given in (vi)' is 
shown in the ba below. 
» 25 E <. 
Fig. 
] -2 3 
Example 1: Evaluate the determinant of 42|-2 3 1 
4 -3 2 
] 2 3 
Solution: /|4--2 3 1 
4 3 2 
Using the result (v) of the Art.3.6.2, that is, 
|А| = a,,M,,—a,,M,,+a,,M,,, we get, 
= ES 2? 1 К -2 3 
Е 4 21 |4 -3 
= 1[6 – 1(-3)] + 2[(-2).2 –1.4] + 3[(-2)(-3) -12] 
= (6 + 3) + 2(-4 - 4) + 3(6 -12) 
=9-16-18 = -25 
version: 1.1 
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1 -2 3 
Example 2: Find the cofactors A,,, Aj, andA, if A=|-2 3 1) and 
find |A]. 4 3 2 


Solution : We first find M М,, and M, 


12! 


3 1 3 

- =2-12=-10and м, |=1-6б=7 
4 2 Em i 

Thus A=)". s(C168)se8; Ау М, = 1(—10)=—10 

Аз, = C192 М, = (—1)(7 ) 27 
and |A| 2a,A,, + а„А„ + aA, = (-2)8 + 3-10) + (-3)(-7) 

=-16 -30+21=-25 

Note that a,,A,, + à, A,, + 3, Az) = 1(8) + (-2)(-10) + 4(-7) 


11 12 21 22 31 32 


=8+20-28=0 
and a, A,, + 0,,A,) + Q,,A,, = 3(8) + 1(-10) + 2(-7) 
= 04: 10-1450 


Similarly we can show that a,,A,, + a,,A,, + a,,A,, = О; 


a, A, +a, A+ a, AĈ = 0; and a, A, + a, A. + a, A = 0; 


11 21 12° 22 13° 23 11 31 12° 32 13' 33 


3.7 Properties of Determinants which Help in their Evaluation 


1. For a square matrix A, |A | =1А1 

2. If in a square matrix A, two rows or two columns are interchanged, the determinant of the 
resulting matrix is – |А |. 

3. If a square matrix A has two identical rows or two identical columns, then |A| = 0 

4. If all the entries of a row (or a column) of a square matrix A are zero, then |A| = 

5. |f the entries of a row (or a column) in a square matrix A are multiplied by a number k e 
R, then the determinant of the resulting matrix is k [А |. 

6. If each entry of a row (or a column) of a square matrix consists of two terms, then its 
determinant can be written as the sum of two determinants, i.e., if 

A, tb, Ay а, 
B=|a +b, Gy а, |, 


b then 
a, tD Ay а,» 
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aitb; а, dà |а, а, G3) | ap а, а b с 
IB eid D =й. йы] dados: йы] Dy, йы а a b c|-0, (it can be proved by expanding the determinant) 
а +Dy, а 4| |, 045 s| D а, а, X у Z 
7. If to each entry of a row (or a column) of a square matrix A is added a non-zero multiple 


Property 5: If any row (column) of a determinant is multiplied by a non-zero number k, the 


of the corresponding entry of another row (or column), then the determinant of the | ни | 
value of the new determinant becomes equal to k times the value of original determinant. 


resulting matrix is |А |. 


8. Ifa matrix is in triangular form, then the value of its determinant is the product of the For example, 
entries on its main diagonal. 
Now we prove the above mentioned properties of determinants. |А| = oe), multiplying first row by a non-zero number k, we get 
Proporty 1: If the rows and columns of a determinant are interchanged, then the value "a "m 
of the determinant does not change. For example. ka, ka a, a 
В B И = каа, B ka,,a,, =i (0,,05,— а.0,) =к |" E 
а, 9 а, Ay) 
^" аа, -aa =a a-a, a, =|" “| (rows and columns are interchanged) | . . | 
66 с Property 6: If any row (column) of a determinant consists of two terms, it can be written as 


; ae the sum of two determinants as given below: 
Property 2: The value of a determinant changes sign if any two rows (columns) are 


interchanged. For example, 
d,*b, а, As) |d A 43) |, а„ а; 


% 4) 6g gg a+b, а, а„|=|а„ а, а, |+}, a, aj4| (proof is left for the reader) 
11” 22 127 21 
а, An dab, а„ dab |a а„ а | 9 а» 
а а i 3 | : се _ 
and|" | =а,а, —a,,0,,7 —(а,,а„- a,,a,,) (columns are interchanged) Property 7: If any row (column) o f a determinant is multiplied by a non-zero number k and 
Gy Ox the result is added to the corresponding entries of another row (column), the value of the 


Property 3: If all the entries in any row (column) are zero, the value of the determinant is determinant does not change. For example, 


zero. For example, 


a, а, +ка , | 
w Mj fm "e "17k multiple of C, is added to C) 
0 Ay, Ay) |0 Ay +kay, 
аз а; 
0 а, a,|-0 аз s qm 8%). а "5| _ (expanding by С) It can be proved by expanding both the sides. Proof is left for the reader. 
E ш Qy ау Q а» а» Any 2 23 4 
32 33 
je 1 5 -l 
Property 4: If any two rows (columns) of a determinant are identical, the value of the Example 3:17 =. 4 у of evaluate |A| 
determinant is zero. For example, 1 -1 0 2 
version: 1.1 version: 1.1 
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| 2 2 3 4 
Solution : — 
|4|= 
—5 -3 | 
1 -1 0 
0 0 3 0 
0 4 5 -7 
Pls us т Ву R, + (-C2)R, R, + (-3)R, and R, + 5R, 
1 -1 0 2 


Expanding by first column, we have 
|A| =0.A,, + 0А, + 0.A,, + 1.4,, 


0 3 0 0 3 0 
s(-D"x|4 5 -7as(-Dl4 5 -7 
-8 1 10 -8 1 10 


= (-1) 3)[4 x 10 - (-7)(-8)] = 3(40 - 56) = – 48 


x atx b+c 
Example 4: Without expansion, show that |; b+x c+al=0 
x с+х a+b 


Solution : Multiplying each entry of C, by -1 and adding to the corresponding entry of C, i.e., 
by C, + (-1)C,, we get 


x atx b+c| x at+x+(-l)x b+c 
x b+x ctal=|x b+x+(-lx с+а 
x с+х atb) x c+x4+(-lx a+b 
x a b+c 1 a b-c|( by property 5 or 
=|x b с+а| =x\l b с+а|| taking x common 


x c a+b l c a+b from C, 


1 a+(b+c) b+c 
=x{l b+(c+a) ed, | 


1 c+(a+b) a+b 


adding the entries of C, to | 


corresponding entries of C, 
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] 1 b+c 
=x(a+b+c) 1 1 с+а|, (by property 5) 
1 1 a+b 


=x(a+ b + c).0(-- C, and C, are identical or by property 3) 


к x 0 1 1 
0 1 -1 -l 
Example 5: Solve the equation =0 
1 -2 3 4 
—2 x 1 -l 


Solution: By С, + С, and С, + C, we have 


xX 1 1 
Expanding by R,, we get | 1 1 2 |=0 (— (-1)?2=1) 
-2 х+1 x-1 
x 1 1 
Ву R,+2R,,weget 1 1 2. [50 
0 x+3 х+3 


x 1 1 
or (x-3)1 1 2)=0 (by taking x + З common from R,) 
01 1 
x 1 1 
> х+3=0 or 1 1 2|20 
0 1 1 
= x=-3 or x-0 (v R and R, are identical if x = 0) 


Thus the solution set is {—3, 0). 


G) 
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3.8 Adjoint and Inverse of a Square Matrix of Order п>3 


ау Ay а, A, A, А, 
If A=|a,, а, а,, |, then the matrix of co-factors of A=| А, A, А, |, 
а, а, а, А, Ay А, 
А, А, EN 
апа adj A=| 4, A, А, |, 
A, A, A,, 
Inverse of a Square Matrix of Order n=3: Let A be a non singular 


square matrix of order n. If there exists a matrix В such that 
АВ = ВА = 1 „ then В is called the multiplicative inverse of A and is denoted by A". It is obvious 
that the order of A! is n x n. 
Thus АА" =I and A'A- І. 

If A is a non singular matrix, then 


aas 


A 
4 


adjA 
1 0 2 
Example 6: Find A if 4=|0 2 1 
1 -1 1 


Solution: We first find the cofactors of the elements of A. 


2 1 0 1 
А, = (-D" = 1.(2 + 1) =3, A, ES (—1)'° = (-1)(-)) =1 
—] 1 1 1 
4l 2 ,|0 2 
A; =D") 1|-1@-э--, А =), |- coe 2-2 
1 2 1 0 
4, =) -ld-2)--L 4,= CD] ° =(-1)(-1-0)=1 


А, а (D 


iet (1-0) 2-1 
y 17 C00-0- 


0 2 342 
s j^10-92-4 — A2 CD 


o 
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з+з |1 0 
А =D" „|=1.0-0)=2 
Ay Ag. А, 3 1 -2 
Thus [Aj] =] 421 4 43 2 kl 
А, AÁ, А, -4 -1 2 
3 2-4 
and adjA=[4;],,=| 1 -1 -1| (v A =A, fori, j=1, 2, 3) 
—2 1 2 
since |A|= аА " аА, + 0,A\3 
= 1(3) + 0(1) + 2(-2) 
=3+0-4=-41, 
3 2 -4] [-3 2 4 
SO eee ee 1 -1 -14-1 1 1 
|A -1 
2 1 2 2 -l -2 
-1 2 г. 
Example 7: If 4=| 1 4 апа P 1 then verify that 
2 -1 
(AB) = B'At 
Е 2 AA 3427 T5: 1 


А 1 3 
Solution: so 48-| 1 4 -| И Р 1-8 3+4 |=|-7 7 |, 


2. el 245. 6—1 4 5 
а 4 
1 75 


1 —2||—1 1 2 -1 1 2 1 -2 
and B'A = vA = апа В' = 
3 112 4 -I 2 4 -l 3 1 


_[-1-4 1-8 2+2) |-5 -7 4 
“2349 344 6-1] ыг 7 3 


Thus (AB) = B' At 
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Exercise 3.3 


Evaluate the following determinants. 


5 -2 -4 5 2 -3 1 2 -3 
l. i) |3 -1 -3 ii) 3 -1 1| m) -1 
-2 1 2 -2 1 -2 -2 5 6 
atl a-l а 1 2-2 20 a а 
Iv) | a atl a-l) у) |-1 1 -3 vi) |b 2b b 
a-l a atl 2 4 -l cC x 2с 


2. Without expansion show that 


6 7 8 2 3 -l 1 2 3 
i) B 4 520-4) 1 1 0| O ii 4 5 6 o 
2 3 4 2 -3 5 7 8 
3. Show that 


а, 4, 43+0;| а, Ay dg |а, Ay Ay 


2 3 0 2 1 0 acl a a 

ii) 3 9 6-91 1 2| ii) |a а b al Aba |} 
2 15 1 2 5 1 a a atl 
1 1 1 1 1 1 b+c a a 

iv) |x у zl=|x y +} v |» ca b 4abc 
y zx ху| |x? y 2? c c a+b 


a rcosó 1 -—sinó 
vi) a b Ola Pb vii) 0 1 Q9 r 
b rsinó 0 соѕф 
a b+c a+b 
viii) |b c+a Ь+с|=а +b? c —3abe 
c a+b c+a 
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ata b C 
i) |a b+aA с |A'(atb*tc- A) 
a b CT Á 


1 1 | 
x) la b cl=(a – b)yb - cX(c - a) 
ab с? 


Ь+с а а? 
xi |с+а b Ь|=(а+Ыы+с)(а – byb — с)(с — а) 


а+Ь c c 
1 2 -3 5 -2 5 
4. If If A=| 0 2 0 Jand B=| 3 1 4 |,then find; 
—2 -2 1 —2 1 -2 
) | A, AzA, and |A| ii) B,,, B,,, B,, and|B| 
5. Without expansion verify that 
1 a e 
a В+у 1 1 2 3x А 
i) |B у+а 1=0 1)=2 3 є 0 i) р —| 0 
y а+ В 1 3 5 9х - 
1 c 2 
ab 


a-b b-c c-a 
iv) |-c c-a a-b|=0 

c-a a-b b-c 

bc ca ab 
1 


v) b 
b 


a ә |н 
a о |e 
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vi) inl m т|=1 m m 
m n m| 1 m n 
2a 2b 2c 

vil) a+b 2b b+c 
a+c b+c 2c 
7 2 6 7 2 7 T 2 

viii) 6 3 2=|6 3 5-46 3 
-3 5 Ц 3 5 -3 3 5 


6. Find values of x if 


3 1 x 1 x-1 


i) +1 3 4-230 i) | нх 1=2| 0 iii) 


-1 
-3 
4 


3 


x 10 2 -2 x 


7. Evaluate the following determinants: 


ix) 


x 


3 4 7 2 3 
_ [0 5 33. 4 0 2 
1) 11) 
i2 55 5 Nm 
+t 2-6 Boom 9 
TEE 
ix i1 
8. Showthat| ^ =(x  3)x - 1) 
Fb x 
(11% ж 


9. Find |AA‘| and |WA| if 


appa, 
pica ws 


о RF N ч 


UJ — = A 


Ww М 


oN WwW № 
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10. 
11. 


12. 


13. 


14. 


15. 


16. 


17. 


If A is a square matrix of order 3, then show that |КА |= /? |A|. 
Find the value of A if A and B singular. 


1 2 0 
4 2 3 
8 2 5 1 
A=|7 3 6, B= 
3 2 0 Il 
2 3 1 
2 4 -1 3 


Which of the following matrices are singular and which of them are 
non singular? 


1 1 2 =! 
1 0 3 2 3 -l 
)s31-ji|r 1 of wy |] ^ 3 7 
1 — 11 111 
2 3 1 2 
02 4 2 =3 5 
3 -1 3 4 
2 1 0 
Find the inverse of 4=|1 1 0OjandshowthatA' A= I, 
2 cM 5 


Verify that (AB)! = B'A" if 


| E 1 » 7 . Ё 3 Р i 
i) A=|= B li) A ‚В 
-] 0 4 — 2 2 2 1 


Verify that (А8): = B' At and if 


1 1 
1 -1 2 

A= and B |3 2 
0 3 1 

0 -1 


If =|; Е verify that (4')=(4'y" 


If A and B are non-singular matrices, then show that 


i) (АВ) = ВТА. i) (A'y'=A 
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3.9 Elementary Row and Column Operations on a Matrix 


Usually a given system of linear equations is reduced to a simple equivalent system by 
applying in turn a finite number of elementary operations which are stated as below: 
1. Interchanging two equations. 
2. Multiplying an equation by a non-zero number. 
3. Adding a multiple of one equation to another equation. 


Corresponding to these three elementary operations, the following elementary row 
Operations are applied to matrices to obtain equivalent matrices. 
i) Interchanging two rows 
ii) Multiplying a row by a non-zero number 
iii) Adding a multiple of one row to another row. 


Notations that are used to represent row operations for I to III are given below: 
Interchanging R, and ЕЁ is expressed as RR. 
k times А, is denoted by kR, > А” 
Adding k times R, to R, is expressed as R, + КА > R’, 
(R’is the new row obtained after applying the row operation). 

For equivalent matrices A and B, we write A R.B. 

If ARB then BRA. Also if ARB and BRC, then AR C. Now we state the elementary column 
operations and notations that are used for them. 
i) Interchanging two columns С, = C, 
ii) Multiplying a column by a non-zero number KC, > C. 
iii) Adding a multiple of one column to another column C, + КС > С, 

Consider the system of linear equations; 

x+y+2z=1 
2х- у = 82 =12 > which can be written in matrix forms as 


3x +5y+4z= 3 
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1 1 2 |х 1 1 2 3 
2 -1 8ļy|=|12| Of [x у z]1 -1 5|=[1 12 -3] 
з 5 Alle -3 2 8 4 
thatis, AX=B (i) Х'А' = В (ii) 
1 1 2 x 1 
where A= 1 85X |у| and B |12 
3 5 4 Z -3 


A is called the matrix of coefficients. 
Appending a column of constants on the left of A, we get the augmented matrix of the 
given system, that is, 


1 1 2: 1 
2 -l 8: 12 (Appended column is separated by a dotted line segment) 
35 4: -3 


Now we explain the application of elementary operations on the system-of linear equations 
and the application of elementary row operations on the augmented matrix of the system 
writing them side by side. 


х+у+22=1 1 1 2 1 
2х+-у+ёх=Е2 2 18: 12 
3x+5y+4z= 3 3 5 4: -3 


Adding -2 times the first equation tothe (Ву R,+(—2)R, >R’, and 
second and -3 times the first equation to А, + (-3)R, — R’,, we get) 
the third, we get 


xty+2z=1 1 1 2 : 1 
зуи = 10 RO 3 4 : 10 
yc Des 6 оо а 
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Interchanging the second and third equations, we have (By А, ^R, we get) 


— 
| 
— 
сл 
— 
| 
ә 
N 


By C, + (-2)C, > С, and 


x+y+2z=1 112: 1 ё 
2y-2z= 6 RO 2 2 : —6 a ы Ga Bu bee CERE G+ (-3)С, > С; 
—3y+4z=10 0 3 4 : 10 1 12 -3 1 10 -6 
Ее | 1 | 10 0 1 0 0 
Multiplying the second equation by s we get By 28 — R.,, we get. L 2 23 1 1 = | 
С\2 -2 4| ByG oC Q2 -1 4ву-С,әС, 
х+у+22=1 | 1 2 $ 1 e . 
y-z=-3 RIO 1 -1: -3 1 -6 10 1 -3 10 
3y+4z=10 0 3 4 : 10 
Adding 3 times the second equation to ByR,+3R,—R’,, we obtain, the third, we obtain, | : К 
| C|2 -1 1 {ВуС,+3С,->С', 
х+у+22=1 112 : 1 
: -z-2-3 RIO 1-1: 3 e 
— z-l 001: 1 
. ee 1 0 0 
The given system is сове triangular form which is so called because on the left Thus [x y а]|1 1 o|e[ 3 1 
the coefficients (of the terms) within the dotted triangle are zero. TE 
Putting z = 1 iny - z = -3 , ме have y- 1=-3 >y=-2 
Substiliting z = 1, y = -2 in the first equation, we get 
хауа eee ог [x+y+2z y-z 2]=[1 -3 1] 
Thus the solution set o f the given system is {(1, —2,1)}. 
Appending a row of constants below the matrix A‘, we obtain the xtyt2z-l 
> y-z=-3 
1 2 3 zem] 
augmented matrix for the matrix equation (ii), that is ; : ў Upper Triangular Matrix: А square matrix А = [a,] is called upper triangular if all elements 
below the principal diagonal are zero, that is, 
bo a a, = О for all i? j 
" | | | Lower Triangular Matrix: A square matrix A = [a,] is said to be lower triangular if all elements 
ow we apply elementary column operations to this augmented matrix. above the principal diagonal are zero, that is, 


a, = О for alli <j 
version: 1.1 version: 1.1 
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Triangular Matrix: A square matrix A is named as triangular whether it is upper triangular 
or lower triangular. For example, the matrices 


are triangular matrices of order 3 and 4 


чә 
о — NY © 


0 
0 
3 
3 


— oc oc 


respectively. The first matrix is upper triangular while the second is lower triangular. 


Symmetric Matrix: A square matrices A = [a,], ., is called symmetric if A' = A. 
From Æ = А, it follows that Iss - [0,], , 


which implies that a’, = а, for i, j = 1, 2, 3, ....... ‚П. 
but by the definition of transpose, a’, = a, for i, j = 1, 2, 3, ....... ‚П. 
Thus а, = a, for i, ј = 1, 2, 3, ....... ‚П. 


and we conclude that a square matrix A = [a], ,, is symmetric if a, = а. 
For example, the matrices 


are symmetric. 


{ү l1. 

‚| b d 

B fian 
p J 


NN о UC 


C 


-1 -2 3 


Skew Symmetric Matrix : A square matrix A = [a;], , „ is called skew symmetric or anti- 
symmetric if At = —A. 

From A! = -A, it follows that [a^] ={ог,]=1,2,3,....... ,n 

which implies that a^, = -a, for i, j = 1, 2, 3, ....... ,n 

but by the definition of transpose a’, = а, for i, {= 1, 2, 3... n 

Thus -a,- a, or a, = –а, 


Alternatively we can say that a square matrix A = [a, 


jdn 
if a; = -a,. 


is anti-symmetric 
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For diagonal elements j = i, so 


а, = —a, Or 2а,= 0 > а, = Оїогі= 1, 2, 3, ....... ‚п 
0 -4 | 
Рог example ifB=| 4 0 -3|then 
-] 3 0 
0 4 -l 0 -4 | 
B'z-4 0 3 |-(-)| 4 0 -3|--B 
1 -3 0 -1 3 0 


Thus the matrix B is skew-symmetric. 
LetA- [a] be an n x m matrix with complex entries, Then the n x m matrix [a] where а, is the 


complex conjugate of a, for all i, j, is called conjugate of A and is denoted byA . For example, if 


йе c == З= =] 3+ i 
А= == |,then A = SE 
2i 1+ 2i Lu —2i 1-і 


Hermitian Matrix: A square matrix A = [a,],,, with complex entries, is called hermitian if (4) 
- A. 

From, (4) =A it follows that [а] = [a], which implies that a, = a, for i, j= 1,2 ,3,...,n but 
by the definition of transpose, a, = a, for i, j = 1, 2,3,......, n. 


Thus a,7 а, for i, ј = 1, 2, З,......‚ and we can say that a square matrix 
А = [aj], is hermitian if a, = a; for i, j= 1, 2, 3, .... n. 
For diagnal elements, j = į so а, = a, which implies that a, is real for i = 1, 2, 3, ..., п 


1 1-i 
For example, if A = | | then 
1+1 2 


= 1 1+ї =i 1 1-1 
l-i 2 1+1 2 


Thus A is hermitian. 
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Skew Hermitian Matrix: A square matrix A = Е. with complex entries, is called skew- 
hermitian or anti-hermitian if (4) = A. 

From (4) = A, it follows that EAM = [а 1, 

which implies that a; = –а, for i, j- 1, 2, 3, ..., n. 

but by the definition of transpose, 2, = a, for i, j=1, 2, 3,...., п. 

Thus -a,7 a; ога, = -ax fori J=1; 2; 3, an; fh 
and we can conclude that a square matrix A = [a,],,, is anti-hermitian if a, = -áj 

For diagonal elements j = i, so a, = -a;i > a, + —ai = 0 

which holds if a, = 0 ога, = id where 4 is real 

because0 + 0 = Оог 14 + 14 = 14 — 14 = 0 


0 2 43i 
For example, if A = , then 
—23-31 0 


"NEN 8 0 2-8] _ 
= (4) "bes 0 Е 0 | Í 


Thus A is skew-hermitian. 


3.10 Echelon and Reduced Echelon Forms of Matrices 


In any non-zero row of a matrix, the first non-zero entry is called the /eading entry of 
that row. The zeros before the leading entry of a row are named as the /eading zero entries 
of the row. 

Echelon Form of a Matrix: An m x n matrix A is called in (row) echelon form if 

i) In each successive non-zero row, the number of zeros before the leading entry is greater 
than the number of such zeros in the preceding row, 

i) | Every non-zero row in A precedes every zero row (if any), 

iii) Тһе first non-zero entry (or leading entry) in each row is 1. 
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0 1 -2 4 1 2 -3 4 
Thematrices|0 0 1 2/and/0 0 1 2| arein echelon form 
00 0 0 00 0 | 
001 2 O 1 2 
but the matrices|0 1 3 -—1|апа|0 0 -1| are notin echelon form. 
00 0 0 00 4 


Reduced Echelon Form of a Matrix: An m x n matrix A is said to be in reduced (row) 
echelon form if it is in (row) echelon form and if the first non-zero entry (or leading entry) in 
К, lies in C, then all other entries of C, are zero. 


01 0 4 12 0 0 

The matrices |0 0 1 2| and |0 O 1 OI! arein (row) reduced 
00 0 0 00 0 1 

echelon form. 


Example 1: Reduce the following matrix to (row) echelon and reduced (row) echelon form, 


2 3 -1 9 
1-12 -3 
3 1 3 2 
2.3 -1 9 | E 3&3 
Solution: ]-12 -3 R23 -1 9| ByR OR, 
3 1 3 2 3 1 3 2 
1 eb 2 -3 By RA-DR 9d її 2 3 | 
RIO 5 —5 15 : | ^ RO 1 -1 3 |Ву-А, ә Р", 
and R,+(—3)R, > R’; 5 
0 4 -3 11 0 4 -3 11 
1-12 -3 10 1 0 
R0 1 -1 3 |ByR,+(-4R,>R', К|0 1 -1 3 |ByR +1.R,—>R' 
0 0 -1-1 0 1 -l 
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AR By R.*( - D)R R' 
RO10 2 y R.t(-1) з К | 
~ and А,+ І.А, > R', 
001 - 
1 -1 2 3 100 | 
Тћиѕ 0 1 -1 3 |апа|0 1 0 2 | are(row) echelon and reduced (row) echelon forms 
0 0 1 —-— 0.0 1 -l 


of the given matrix respectively. 
Let A be a non-singular matrix. If the application of elementary row operations оп A:/ in 
succession reduces A to I, then the resulting matrix is 7:4". 
2 
Similarly if the application of elementary column operations on · in succession reduces 
I 
A to I, then the resulting matrix is ^ 


A I 
Thus Au R ГА апд C 
I A! 
2 5 -l 
Example 2: Find the inverse of the matrixA=|3 4 2 
1 2 -2 


2 5 -1 
Solution: |4|=|3 4 2 |= 2(-8 - 4) – 5(-6 - 2) -1 (6 - 4) = -24 + 40 - 2 
1 2 -2 


=40-26=14 As |A| #0, so A is non-singular. 


2 5 -l 100 
Appending 1, on the left of the matrix A, we have |3 4 2 0 10 
1 2 -2 0 0 1 
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Interchanging R, and R, we get.. 


i2 220 0 1] TL2 2.2.0 0 1 
Ву №, +(-3)R, > А, 

342 101 01д0 2 8 :0 1 -3 
i and R, + (-2)R, > R', 

25 -1: 100] 01 3:10 -2 


122: 0 0 1]|[10 6:0 0 -2 
By R, +(-1)R, > А 
oa eto e 2 от weg ct Зр 
2 2 | 2 2 [аад +(-2)R, O R, 
05 3 x б Vlog gag d ot 
2 2 
By —R, —› К',, we have 
; 6 4 
іссе i al Pees ow d 
By R +(-6)R, > R' 
бї 426 cR Sligo руз Ж 5 =! УК, *(-6)R, | 
2 24" 7 14 2| andR,*4R,  R', 
7 14 2 7 14 2 
— 2 4 
7 7 
Thus the inverse of A is с de 
7 14 2 
1 1 1] 
7 14 2 
Appending I, below the matrices A, we have 
2 5 -1 
3 4 2 
1 2 -2 
1 0 0 
0 1 0 
0 0 1 
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Interchanging C, and C,, we get 


2 5 -l -1 5 2 1 5 

3 4 2 2 4 3 -2 4 3 

1 2 -2 —2 2 1 2 d 

"TT C —TT С е Ву (-1)C, ^ С, 
1 0 0 0 0 1 0 0 

0 1 0 0 1 0 0 1 

0 0 1 1 0 0 -] 0 


1 0 0 
1 0 0 2 1 7 
-2 14 7 

A 
2 -8 -3 7 1 

TERT C ORT By UE 

0 0 1 0 0 1 
0 10 a als G 
-1 5 2 14 

-] = 2 

14 


By C, + (2)C, > С, and C, + (-7)C, = C’, we have 


1 0 0 0 0 
0 1 0 010 

6 4, 0 01 | 
[wa edes 
о о 1195 7 ! , 

1 1 1 4 3 | апа С, (Fase: 
та 29% i 2 

25 alli 1 1 

7.14 2117 4 2 


version: 1.1 


3. Matrices and Determinants 


6 4 | 
7 T 
Thus the inverse of A is a СА _1 
7 14 2 
Lb E E 
7 14 2 
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Rank of a Matrix: Let A be a non-zero matrix. If ris the number of non-zero rows when it is 
reduced to the reduced echelon form, then r is called the (row) rank of the matrix A. 


| -1 2 
Example 3: Find the rank ofthe matrix |2 0 7 
3 1 12 

| 2 2 3 D € 


Solution:|2 0 7 -7|К0 2 3 ч 
3 1 12 -1I 0 4 6 -2 


ї{ сї 2 4 ї e $e 3 
ro » 2 Lala sg 4 X 
б: uev i 2 
0 4 6 -2 000 0 
p cn 
> 2 
3 1 | 
Во 1 = —z|ByR * LR Э R' 
000 0 


-5|ByR, * CR 9 R' 


As the number of non-zero rows is 2 when the given matrix is reduced to the reduced 


echelon form, therefore, the rank of the given matrix is 2. 
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Exercise 3.4 


1 -2 5 -3 1 -2 
1. IfA=|-2 3 -1l}andB=/1 0 -1|,then show that A + B is symmetric. 
5 -1 0 -2 -1 2 
2 0 
2. IfA=|3 2 -1| ,show that 
-1 3 2 


i) A + A! is symmetric ii) А-А: іѕ skew-symmetric. 
3. If Ais any square matrix of order 3, show that 

i) A + A! is symmetric and ii) А-А: is skew-symmetric. 
4. Ifthe matrices A and B are symmetric and AB = BA, show that AB is symmetric. 
5. Show that AAt and A'A are symmetric for any matrix of order 2 x 3. 


EN 
6. IfA= | Е ,show that 
—I 


i) А+ (4) is hermitian ii) A— (4) is skew-hermitian. 
7. IfAis symmetric or skew-symmetric, show that A? is symmetric. 
1 
8. IfA- |1«i |, find 4(4). 
i 


9. Find the inverses of the following matrices. Also find their inverses by using row and 
column operations. 


1 2 3 1 2 -I — 2 
i) |0 2 0 li) }O -1 3 i) |2 1 0 
=2 -—2 2 1 0 2 0 -1 1 
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10. Find the rank of the following matrices 


MET „7 3 eb 3 0-1 
S 2 5 i Wo 2 2 
i) |2 6 5 1| ii) р iii) DI 
i 2 3, X 2 5 

a. 5 4-3 
8 а 2 ® » 4 3 


3.11 System of Linear Equations 


An equation of the form: 
ax + by=k (i) 
where a #0,5#0,k#0 
is called a non-homogeneous linear equation in two variables x and y. 
Two linear equations in the same two variables such as: 
ax+by=k, | (I) 
ax+b,y=k, 


is called a system of non-homogeneous linear equations in the two variables x and y if 
constant terms k,, k, are not both zero. 
If in the equation (i), k = O, that is, ax + by=0, then it is called a 

homogeneous linear equation in x and y. 

If in the system (I), k, = k, = 0, then it is said to be a system of homogenous linear 
equations in x and y. 

An equation of the form: 
ax + by+cz=k we. (ii) 
is called a non-homogeneous linear equation in three variables x, y and z ifa#0,b#0,c #0 
and k #0. Three linear equations in three variables such as: 


axt+byt+ez=k, 
dX bytez-k, (II) 


© 


a,x+b,y+c,z=k, 
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is called a system of non-homogeneous linear equations in the three variables x, y and z, if 
constant terms k, k, and k, are not all zero. 
If in the equations (ii) k = О that is, ax + by + cz = 0. 
then it is called ahomogeneous linear equation it x, y and z. 
If in the system (II), К, = k, = k, = 0, then it is said to be a system of homogeneous linear 
equations in x; y and z. 
A system of linear equations is said to be consistent if the system has a unique 
solution or it has infinitely many solutions. 
A system of linear equations is said to be inconsistent if the system has no solution. 
The system (II), consists of three equations in three variables so it is called 3 x 3 linear 


system but a system of the form: 
х-у+22 =6 
2х+у+32=4 


is named as 2 х 3 linear system. 
Now we solve the following three 3 x 3 linear systems to determine the criterion for a system 
to be consistent or for a system to be inconsistent. 


2х+5у-2 =5 x+y+2z=1 
Зх+4у + 22=11 ma 2x-y+7z=11 (2) 
х+2у-22= 3 3x+5y+4z= 3 
x= y+ 2z7=1 
and 2x-6y+5z=7 ....(3) 


Зх+5у+42= 3 


The augmented matrix of the system (1) is 


25 -1: 5 
3 4 2 : 11 
122: -3 


We apply the elementary row operations to the above matrix to reduce it to the equivalent 


reduced (row) echelon form, that is, 
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25 -1: 5 122: -3 
3 4 2 : ПРАЗ 4 2 : 11| BY R R, 
122: -3 25 -1: 5 


ї > 23 o 12 2:33 
RIO 2 8 : 20\BYR,+(-3)R OR, RIO -2 8 : 20|BY R,4(-2)R >R! 
2 5 Ars 01 3:0 


1 , 
m >R, we get 


dE Ву R,+ (-2)R, > R' 
= > 
0 1 -4 : -10 RIO ea а | 
and R, + (—1), R, O R^, 
01 3 11 00 7 
10 6 : 17 0 0 = | 
. 1 By К+ (—6)К, —R' 
RIO 1 -4 : -10|BY 24535 R3 R|O 1 0 
~ 7 and R, + 4R,, А”, 
00 1 : 3 0.0 1 


Thus the solution is x = -1, у= 2andz = 3. 
The augmented matrix for the system (2) is 


1 1 2-2 1 
2-17: M 
3 5 4: -3 


Adding (—2)R, to А, and (-3)R, to R, we get 


I 1 2: 4 ] 1 2 : 1 
2-17: 11 Ro 33:9 
3. 54:3 0 2 2 : -6 
112 : 1 10 3 : 4 
| І BY R, +(-1)R, > R! 
RIO 1 -1 : -3|By -4R >R, RIO 1 -1 | 
~ | 3 E . and R +(-2)R —R 
02 2 : -6 00 0: 0 


(s) 
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The system (2) is reduced to equivalent system 


x+3z=4 
y-z=-3 
0z=0 


The equation 0z = 0 is satisfied by any value of z. 
From the first and second equations, we get 
x-2-32*4 .... (a) 
and Y=Z=S ы (b) 
As z is arbitrary, so we can find infinitely many values of x and y from equation (a) and (b) 
or the system (2), is satisfied by x = 4 – ЗЕ, y =t- 3 and z = t for any real value of t. 
Thus the system (2) has infinitely many solutions and it is consistent. 


1-1 2: 1 
The augmented matrix of the system (3)is|2 -6 5 : 7 
3 5 4: -3 


Adding (-2)A,, to А, and (-3)R,, to R, we have 


1 -12 1 1 -1 2 1 
2 -6 5 7 RIO -4 1 5 
3 5 4: -3 0 8 2: = 
7 1] 
1 -1 2 1 1 0 4 = 
By R +1.R, >R 
ded eee eae sae CH xS 
4 4 4 4 4 |and R, +(-8)R, > R; 
0 8 2: -6 00 0 : 4 
| 
Thus the system (3) is reduced to the equivalent system 
7 1 
х+—>== — 
4 4 
"Ug 4 
02=4 
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The third equation 0z = 4 has no solution, so the system as a whole has no solution. Thus the 
system is inconsistent. 

We see that in the case of the system (1), the (row) rank of the augmented matrix and the 
coefficient matrix of the system is the same, that is, 3 which is equal to the number of the 
variables in the system (1). 

Thus a linear system is consistent and has a unique solution if the 
(row) rank of the coefficient matrix is the same as that of the augmented matrix of the 
system. 

In the case of the system ( 2), the (row) rank of the coefficient matrix is the same as that 
of the augmented matrix of the system but it is 2 which is less than the number of variables 
in the system (2). 

Thus a system is consistent and has infinitely many solutions if the (row) ranks of the 
coefficient matrix and the augmented matrix of the system are equal but the rank is less 
than the number of variables in the system. 

In the case of the system (3), we see that the (row) rank of the coefficient matrix is not 
equal to the (row) rank of the augmented matrix of the system. 

Thus we conclude that a system is inconsistent if the (row) ranks of the coefficient matrix 
and the augmented matrix of the system are different. 


3.11.1 Homogeneous Linear Equations 


Each equation of the system of following linear equations: 


ах +а„»х,+а„х mU . ausus (i) 
aX dX, X mU ........ (ii) 
aX + aX +X, 20 ....... (iii) 


is always satisfied by x, = 0, x, = 0 and x, = 0, so such a system is always consistent. The 
solution (0, 0, 0) of the above homogeneous equations (i), (ii), and (iii) is called the trivial 
solution. Any other solution of equations (i), (ii) and (iii) other than the trivial solution is 
called a non-trivial 

solution. The above system can be written as 


0 
AX =O, where O =| 0 
0 


(=) 
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If |A| #0, then A is non-singular and A“ exists, that is, 
A'(AX) =A'O = О 


Xx 0 
or (A'A)X=O>X=0,i.4., х, |=|0 
x 0 


3 


In this case the system of homogeneous equations possesses only the trivial solution. 
Now we consider the case when the system has a non-trivial solution. 

Multiplying the equations (i), (ii) and (iii) by A,,, A,, and A,, respectively and adding the 
resulting equations (where A,,, A, and A,, are cofactors of the corresponding elements of A), 
we have 
(QA. + az A Ы Q5, Аз,)х, + (a,,A,, + a,,A,, Ы 04, À4.)x, + (аА, * 05, A, + 04, Аз,)х» = 0, that is, 
|А |х, = 0. Similarly, we can get |A|x, = 0 and |A|x,=0 

For a non-trivial solution, at least one of x,, x, and х, іѕ different from zero. Let x, #0, then 
from |A|x, = 0, we have |A| =0. 
For example, the system 


x, X, X, E (1) 
x,-x,+3x,  =0 (II) 
x, + 3x, —- x, -0 (Ш) 


has a non-trivial solution because 


1 1 1|h o 0 
|4|= 1 -1 3|21 -2 2[- 


5 2 
1 3 - aW. 2 9 


E 
2 -2 
Solving the first two equations of the system, we have 
2X, +4x,= 0 (adding (I) and (П)) 
— ^ 
and 2x,-2x,= 0 (subtracting (IT) from (1)) 
= =x, 
Putting x, =—2x, and x, = x, in (III), we see that (—2x,) + 3(x,) – x,= 0, which shows that the 
equation (1), (II) and (III) are satisfied by 
x, =-2t,x,=tandx,=t for any real value of t. 
Thus the system consisting of (I), (II) and (III) has infinitely many solutions. But the system 
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X, +X, +x, =0 
X,—X,+3x, «0; has only the trivial solution, 
X +3x, —2x, =0 


because in this case 


Solving the first two equations of the above system, we get x, =—2x, and x, = x,. Putting 
x, = —2x, and x, =x, in the expression. 
X, + 3x, – 2x,, we have — 2x, + 3(x,) - 2x, = – xy that is, 
the third equation is not satisfied by putting x, = -2x, and x, = x, but it is satisfied only if x, = 
0. Thus the above system has only the trivial solution. 


3.11.2 Non-Homogeneous Linear Equations 


Now we will solve the systems of non-homogeneous linear equations with help of the 
following methods. 


i) Using matrices, that is, АХ = В > X = А1В. 
ii) Using echelon and reduced echelon forms 
iii) Using Cramer's rule. 


X,—-2x,+x, -= 4 
Example 1: Use matrices to solve the system 2x, – 3х, +2х;-= 6 


2X, +2x, +x; =5 
Solution: The matrix form of the given system is 
1 -2 1][х] [—4 


2 -3 24, |=| 6 
2 2 lj|x 5 
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or АХ = В (i) 
1 21 X, -4 
where 4=|2 3=2 |,Х |х„=апаВ 6 
> д. 1] x, 5 
1 —2 1| jl -2 1 
As |4-2 -3 2|20 1 0| BYR, (BR R 
2 2 1| 2 2 1 
1 1 
=(—1) -(1-2)2-1, that is, 
с", 1-0-2) 
|A| #0, so the inverse of A exists and (i) can be written as 


Х= АВ (ii) 
Now we find adj A. 


MEM. A= GA, 24. 164, 4 
Since [4 a= 4 -l -6 » А "M |» | e» | Ga i 
1 0 1 n yag 2131.00 5822139 14133 
-7 4 -l 
So adj A=|2 -1 0 
10 -6 
| ! -7 4 -l 7 -4 1 
and кела 2 -„0[=| 2 1 0 
10 -6 1 -10 6 -l 
X —4 7 —4 1 | -4 —28 + 24+ 5 
Thus | x, =A')-6/=| -2 1 0 ||—6|=| 8-6+0 Aes 
X; 5 -10 6 —1|| 5 40 -36-5 
X, 1 
x, |=| 2 
X; -1 


Hence х= 1, х,=2 and х,=-1. 
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Example 2: Solve the system; 


x +3x,+2x, =3 
aX +5x, = se = 3p, 
3x, - 2x, +17x, = 42 


by reducing its augmented matrix to the echelon form and the reduced echelon form. 


Solution: The augmented matrix of the given system is 


3 -2 17 : 42 


We reduce the above matrix by applying elementary row operations, that is, 


a Mo 3 2 : 3 


By R, +(-4)R, > А 
-3|R|O0 -7 їл : -15 ыла ш. 


and №, +(-3)R, > R; 


1 3 2 : 3 
RO. 11 33 |By R, OR, 
Ü 7 er r5 
] 3 2 : 3 їз 2 : 3 
RO 1 -1 i 33 ву |2) o во 1 -1 : -3 | ByR,+7R, А 
0 -7 -l1 : —15 0 0 -18 : -36 
2: 
RIO 1 --» 23 в-а) к 
0 1:2 


The equivalent system in the (row) echelon form is 
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х +3х, +2х, =3 
а, 
х =2 
Substituting x, = 2 in the second equation gives: x, – 2 = -3 х, = -1 
Putting x, = -1 and x, = 2 іп the first equation, we have 


x,9435(91)92(293-— X43 "943-492. 
Thus the solution is x, = 2, х, = -1 and x, = 2 


132 4 3 
Now we reduce the matrix |0 1 -1 : -3|toreduced (row) echelon form, i.e., 
00-1: 2 
] 3 2 : 3 10 5 : 12 
01 -1 : -3/R/0 1 -1 : -3| ByR+(-3)R, OR 
00 1: 2 00 1: 2 
1 0 
blo. 3 By R, +(-5)R, > А 
Я rri? andR, +1.R, > К, 


The equivalent system in the reduced (row) echelon form is 


х,=2 
== 
x,= 2 


3 
which is the solution o f the given system. 


3.12 Cramer's Rule 


Consider the system of equations, 


ах + AX, + A,X, = b, 
ан + 4X, + 0X, = b, (1) 


ах + 05,X, + d4X, = b, 
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These are three linear equations in three variables x, x,, x, with coefficients and constant 
terms in the real field R. We write the above system of equations in matrix form 


as: AX- B (2) 
Xx; b, 

where A-|a, |... X = and è B |b, 
X3 b, 


We know that 
the matrix equation (2) can be written as: X = А18 (if A' exists) 


_ 1, 
We have already proved that 4" Ts A and 
A, A, А, 
adj A =| 4; |, "Ho A, Ay А = ce 4; А») 
Аз A, Аз 
x | A, A, Ay |А Ab, + А„Ь, + А,Ь, 
Thus X, |4l A, А» А, b, |4l AbD, Axb, А,Ь, 
X A, А Ay; |[ 6 АБ + А30, + Азр, 


А,Ь, + Ab, + A,,b; 


|A 
X, 
"e A,,b, + А,Б, + А,Ь, 
2 [4 
X 
АБ + А36, + Аз, 
|A 
b а, а, 
2 0» 05 
Hence x, БА + b,A,, +4, b, а аз» (ї) 


4 4 
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a, b а, 
dj b, а» 
" Ds +b, Ay +b A, |tz b, а» (ii) 
4 |A| 
а, a b 


БА; *bA.tbA, jd а b 


(iii 
4 |A 


3 


The method of solving the system with the help of results (i), (ii) and (iii) is often referred to 
as Cramer's Rule. 


3x, +X, — x, =—4 
Example 3: Use Crammer's rule to solve the system. x, + х, - 2x, = -4 
— + 2%, -x = 1 
3 1 -l 
Solution: Here |4-|1 1 -2|=3(-1+4)-1.(-1-2)-1.(2+1) 
—1 2 -I 


=9+3-3=9 
—4 1 -l 
—4 1 -2 
So ŒL а ж аш ыз ш шы. 
Ba 
9 9 
3 -4 -1 
1 -4 2 
-] 1 -l 3(4+2)+4(-1-2)-1(1-4) 
СОЕТ 


18-1748 19... 
9 9 
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3 1-4 
11-4 
a il bes) G24) 0280) 
s= g 9 
2743-12. 18 
QUI 


Hence x, = е =, 92 
Exercise 3.5 


1. Solve the following systems of linear equations by Cramer's rule. 


2x+2y+z=3 2x X +x =S 2 ae е8 
) 3x-2y-2z-1 li) 4x -2x,-3x,-8 Ш) x -2x,-2x,-6 
5х+у-32=2 3x, - 4x, –х, =3 4-252321 


2. Use matrices to solve the following systems: 


х-2у+2=-—1 2x + Хх, +3х, =3 х+у=2 
i) 3x+ y-2z-4 ii)  x-x,—2x,-0 ii)  2x-z-l 
y-z-l —3x, — x, +2х, = —4 2y -3z--1 


3. Solve the following systems by reducing their augmented matrices 
to the echelon form and the reduced echelon forms. 


x -2x,-2x:5- 1 х+2у+2=2 х +4х, +25, = 2 
) 25 +3x, +x, =1 > i) 2x+y+2z=-1 Ш) | 2x +x, -2x,=9 
5x, 4х, - 3x, =1 2x+3y-z=9 3x, +2x, 24, =12 


4. Solve the following systems of homogeneous linear equations. 


x+2y-2z=0 x +4x, +2x, =0 x - 2X, -x =0 
i) 2x+y+5z=0 li) 2x, +x, -—3x, =0 Hi) x, +x, +5x, =0 
5x+4y+8z=0 3x, + 2x, — 4x, =0 2x — x, +4x, =0 
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5. Find the value of 2 for which the following systems have non-trivial solutions. Also solve 
the system for the value of 4. 


x+y+z=0 x, +4х, + Ах, = 0 
i) 2x+y-Az=0 li) 2x +x, —3x, =0 
x*2y-2z2-0 3x, + Ax, - Ax, =0 


6. Find the value of 4 for which the following system does not possessa unique solution. 
Also solve the system for the value of 4. 


x, T 4x, + Ах, =2 


2x 3,7 2x, =11 
3x, + 2x, - 2x, 216 
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Animation 4.1: Completing the square 
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4. Quadratic Equations 


4.1 Introduction 


A quadratic equation in x is an equation that can be written in the form ax? + bx + c = 0; 
where a, b and c are real numbers and 
a * O0. 

Another name for a quadratic equation in x is 2nd Degree Polynomial in х. 

The following equations are the quadratic equations: 


i) x! - 7x + 10 = 0; a-1,b-2-7, c=10 
i)  62-x-1520; 0-6, b=1, c=-15 
Ш) 4x?+5x+3=0; а= 4, b=5, c=3 
iv) 3x/-x-0; a=3, b=-1, c=0 
V) x24 a=1, b=0, c=-4 


4.1.1 Solution of Quadratic Equations 


There are three basic techniques for solving a quadratic equation: 
i) by factorization. 
i) | by completing squares, extracting square roots. 
iii) by applying the quadratic formula. 
By Factorization: It involves factoring the polynomial ax? * bx * c. 
It makes use of the fact that if ab = 0, thena=0orb=0. 
For example, if (x 2) (x 4) = 0, then either x - 2-2 0 or х-4= 0. 


Example 1: Solve the equation x? - 7x + 10 = 0 by factorization. 


Solution: x!—7x*10 =0 
=» (x — 2)(х—-5) =0 
either x-2 =0 t 
Or х-5 =0 =7=5 


the given equation has two solutions: 2 and 5 
solution set = (2, 5} 


2 and 5 are roots of x - 7х + 10 = 0 


o9 
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By Completing Squares, then Extracting Square Roots: 

Sometimes, the quadratic polynomials are not easily factorable. 
For example, consider x? + 4x — 437 = 0. 

It is difficult to make factors of x? + 4x – 437. In such a case the factorization and hence 
the solution of quadratic equation can be found by the method of completing the 
square and extracting square roots. 


Example 2: Solve the equation x? + 4x – 437 = 0 by completing the squares. 
Solution : x? + 4x – 437 = 0 
2 4 
ES x aee 
4 2 
Add B = (2)? to both sides 


х? + 4x + (2)? = 437 + (2y 
=> (х+ 2)? = 441 
х+2= +4441 = +21 
х= +21 - 2 
ES х= 19 огх= – 23 
Hence solution set = (- 23, 19}. 


=> 
=> 


By Applying the Quadratic Formula: 

Again there are some quadratic polynomials which are not factorable at all using 
integral coefficients. In such a case we can always find the solution of a quadratic equation 
ax’+bx+c = 0 by applying a formula known as quadratic formula. This formula is applicable 
for every quadratic equation. 

Derivation of the Quadratic Formula 

Standard form of quadratic equation is 

ax? +bx+c=0,a#0 
Step 1. Divide the equation by a 


b c 
x°+—x+—=0 
a а 
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Step 2. Take constant term to the R.H.S. 
2 b ü 
App = 
a a 


2 


Step 3. To complete the square on the L.H.S. add (+) to both sides. 


-1+/361 _-1+19 


12 12 
1+19 1-19 
.е., х= or x= 
Я А 12 
nd ЖЕ ЖЕ Ж. 3 5 
dU a oen x=> Ог Hence soulation set «31 
b Y b '-4ac 
= Kun 2 Example 4: Solve the 8x? -14x - 15 = 0 by using the quadratic formula. 
2a 4a p y 5 9 
2 
= oe уе Solution: Comparing the given equation with ax? + bx + с = 0, we get, 
a 2 a=8, b=-14,c=-15 
2 хс Ё. NO -4ac By the quadratic formula, we have 
2a 2a 
_ -b+ Vb? – дас 20 yo BEND -4ac 
= 5d 2a 
Hence the solution of the quadratic equation ax? + bx + с = 0 is given by ы ga + (14)? — 4(8)(-15) 
р 2(8) 
е -р+ Ab? —4ac 
2a 
which is called Quadratic Formula. 


 l4£4676 144526 


16 16 
Example 3: Solve the equation 6x? + x- 15 = 0 by using the quadratic formula. 


14+ 26 3 
either x= >x= = 
16 2 
or => 
Solution: Comparing the given equation with ax? +bx + c = 0, we get, 
d=6,0 = Tee 19 Hence solution set ZB dl 
The solution is given by 1 
2 
pe Exercise 4.1 
2a 
_ rit yl’ - 4(6)715) Solve the following equations by factorization: 
2(6) 1. 3x*+4x+1=0 2. x*+7x+12=0 
3. 9x?-12x-5=0 4. x*-x=2 
version: 1.1 
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5. x(x + 7) = (2x -— 1)(х + 4) i ff 
Example 1: Solve the equation: x? – x^ – 6 = 0. 
x х+1 5 . _ 1 1 
х+1 x 2 Solution This given equation can be written as (x*) -x*-6-0 


7 І + 2 | : xz—1,-2,—5 i 
: —— = ——; —1,-2,- 4 _ 
xul x42 wu Let x! = у 


The given equation becomes 


m “sab; хе y-y-6 =0 
ax — X — a 
> (y-3)(y+2)=0 
Solve the following equations by completing the square: = у=з, uii y s 
1 = 
x x*23 xi =-2 
9. x?-2x-899 =0 10. x?+4x-1085=0 > x=(3) > x =(-2) 
11. х2+6х-– 567 =0 12. x’?-3x-648=0 T "I 
13. x*-x-1806 =0 14. 2x74+12x-110=0 Hence solution set is {16, 81}. 
Find roots of the following equations by using quadratic formula: Type I: Тһе equation of the form: (x + a)(x + Б)(х + O(x + d) =k 
wherea+b=c+d 
15. 5x*-13x+6=0 16. 42+ 7х-1=0 
17. 15х22 + 2ах – 02 =0 18. 16х2 + 8х +1 = 0 Example 2: Solve (х — 7)(x - 3)(х + 1)(x + 5) - 1680 = 0 
19. (х-а) (х-– р) + (х -– Б) (х- о + (х- о (х- а) = 0 
20. (a+b) + (0+ 20+ Ох+р+с= 0 Solution: (х – 7)(х – 3)(х + 1) + 5) – 1680 =0 
_ : | _ _ => = [(x- 7)(x + 5)][(х— 3) (x + 1)] – 1680 =0 (by grouping) 
4.2 Solution of Equations Reducible to the Quadratic Equation +  (d-2x-35)9-2x-3)- 1680 <0 
Putting x? - 2х = y, the above equation becomes 
(у – 35)(у – 3) – 1680 = 0 
= y’-38y+ 105 – 1680 = 0 
There аге certain types of equations, which do not look to be of degree 2, but they сап =  y^-38y-1575-0 
be reduced to the quadratic form. We shall discuss the solutions of such five types of the 
equations one by one. ay _ 38+ v1444 + 6300 a 38+ 7744 — (by quadratic formula) 
Type I: The equations of the form: ax?" + bx"+c=0; a#0 | 38+88 


Put x" = y and get the given equation reduced to quadratic equation in y. 2 
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> y=63 or у= -25. Example 4: Solve the equation: 4'* + 4'* = 10 
> х?—2х = 63 = х? – 2х =—25 
=> x*-2x – 63 = 0 => х2 – 2х + 25 = 0 Solution: Given that 

41+ + 41-х =10 

+ = 
э agen HO саю К — ^ A4 44* 210 
r -- £ 1 
> x--7orx-9 _2+\/—96 Let 4*=y —4 ЕЕ 
MES 


The given equation becomes 


_244J6i 406; 4 
2 4y + ——10 =0 
Y 
du = Ay-10y+4=0 
2 _ = 
Hence Solution set = {-7,9,1+ 2/6 i,1-2V6 i} > 2у?-5у+2 = 0 
| 5£425-4Q)Q) 5+4/9 5+3 
Type III: Exponential Equations: Equations, in which the variable occurs in exponent, are 2(2) ш $ 
called exponential equations. The method of solving such equations is explained by the i 
following examples. > у=2 or pe 
Example 3: Solve the equation: 2%- 3.2*? + 32 = 0 e A= 2 4* =A 
2 
22x = 21 
Solution: 22 3.27? + 32 -0 7 Ге 
> 22_3,22.25+32 = = Bi І n 
= 25-122:«32 =0 2 І о 
=> у?-12у+32 =0 (Putting 2*- y) 173 Е 
=> (у – 8)(у – 4) = 
> у= 8 ог y= 
— 2-8 Es ae Hence Solution set - Iz 
> 222 = 25 = 22 dis 
ы ys а йш Type ІУ: Reciprocal Equations: An equation, which remains unchanged when x is replaced 


by iscalledareciprocalequation.In such an equation the coefficients of the terms equidistant 
from the beginning and end are equal in magnitude. The method of solving such equations 
is explained through the following example: 

version: 1.1 version: 1.1 


э) 


Hence solution set = {2, 3}. 
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Example 5: Solve the equation 
xt- Зх + 4x7- 3x - 120; 


Solution: Given that: 
х^ 3x? + 4х2 Зх+ 1 = 0 


=> Qoae t eg 
x x 


= [ee eret Jen 
X X 


Let => 


(Dividing by x?) 


So, the equation (1) reduces to 
y -2-3y«4 =0 


=e y= L2" =0 
=> (у- 2)(у– 1) =0 
> y=2 or y=1 
> ка p => х+—=1 
x X 
=> x-2x*1 =0 o xy-xt*1-0 
=> (x-1y =0 > 
=> (х- 1) (х1) = 0 
> х= 1, 1 = 


Hence Solution set 


(1) 
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Solve the following equations: 
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Exercise 4.2 


x* 6х? *8-20 2. x?—1023x! 
х%— 9x3+ 8 =0 4. 8x6— 19х3– 27 =0 


2 1 


x5 +8=6x5 6. (x41) (x * 2)(x + 3)(х + 4) = 24 


(x — 5)(х — 7)(x + 6)(х + 4)- 504 = 0 

© (x- 1Yx- 2)x- 8)(х + 5) + 360 = 0 
10. (x+ 1)(2х + 3)(2x + 5)(x + 3) = 945 
Hint: (x + 1) (2x + 5)(2х + 3)(x + 3) = 945 
11. (2x-7)(x?- 9)(2x + 5) - 91 =0 
12. (x2+ 6x + 8)(х2+ 14x + 48) = 105 
13. (х2+ 6x – 27)(x*- 2x - 35 ) = 385 
14. 4.221 – 9,25+1= 0 
15. 25+ 2-6 20 = 0 
16. 4*-3.2*3+ 128 = 0 


1 

3 

5. 

7. (x -1)(x + 5)(x + 8)(x + 2) — 880 = 0 
8 

9 


17. 3%- 12.3:+ 81 = 0 18. 
11 

19. x2+x-4+—+ — =0 20. 
X X 

21. 244 - 39 - i32 - 3x4 2-0 22. 


23. 6x4— 35x37 + 625? – З5х+6= 0 24. 


ed pe 


2x4 + 339—4x? — Зх+2 = 0 


рсе 
x x 


Type V: Radical Equations: Equations involving radical expressions of the variable are 
called radical equations. To solve a radical equation, we first obtain an equation free from 
radicals. Every solution of radical equation is also a solution of the radical-free equation but 
the new equation have solutions that are not solutions of the original radical equation. 
Such extra solutions (roots) are called extraneous roots. The method of the 
solution of different types of radical equations is illustrated by means of the followings 


examples: 
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4. Quadratic Equations 


i) 


The Equations of the form: /(ax’+bx )+m\Vax’ + bx +c = 0 


Example 1: Solve the equation 


Зх +15%— Wx 45x 41=2 


Solution: Let үх? +5х+1 = у 


> 0+5х+1 = у? 
> 0+ 5х =у?- 1 
= Зх?+15х=3Зу?— 3 
The given equation becomes 3y?—- 3 - 2y = 2 


=> 3y—-2y-5 =0 
=> (Зу-5)(у+1)=0 
E 

7 YRS or y=-1 
> Xx-5x«l => > 4x-45x4l1 = -1 
= х +5х+1 E => x7+5xt+1=1 
=> 9х2+ 45х+9 = 25 => + 5х= 0 
=> 9х2 + 45х- 16 = 0 => xx+5)=0 
=> (3x+ 16 )(3х-1) = 0 Fa x=0 or x=-5 


On checking, it is found that 0 and - 5 do not satisfy the given equation. Therefore 0 


and —5 being extraneous roots cannot be included in solution set. 


ii) 


Hence solution set 


The Equation of the form: Jxt+a+Vx+b=Vx+ce 
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Example 2: Solve the equation: 


Solution: J/x «8 + x3 = 12x +13 


iii) 


Squaring both sides, we get 


x+84x%4342Vx4+8Vx4+3 =12х +13 
= 2Vx+8Vx4+3 =10x4+2 


=> f(x +8)(x+3) 25x41 
Squaring again, we have 

x^* 11x + 24 = 25? + 10x + 1 
=> 24х2-х- 23 = 0 
=> (24х + 23)(х– 1) = 0 


Оп checking we find that _ 23 is an extraneous root. Hence solution set = 


24 


The Equations of the form: 


Vax? + bx c + J| px? * qx ^ r = Vie? + mx 4n 
where ax? + bx* c, рх? + qx* rand b? + mx + n have a common factor. 


Example3: Solve the equation: үх? + 4x -21 + Nx? -x-6 = 6x? – 5x – 39 


Solution: Consider that: 


х + 4х-21 = (x*7)x-3) 
x'—-x-6 = (x-*2)x-3) 
6x? —- 5x -39 = (6x+ 13)(x-3) 

The given equation can be written as 


(х + ТУ(х —3) + x 2) — 3) = (6x +13)(х -3) 
= Vx=3| Vx+7 +Vx+2-Vox+13]=0 


Either ух—3 =OorVx+7 +/х+2 —-/6х +13 =0 


(=) 
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{1}. 
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4x-320 >x-3=0>x=3 A Jag — 75-30 =% 
Now solve the equation үх+7 + үх+2 – ү6х+13 =0 


=> 3x*- 7x- 30 = x 
=> Vxt7 4¢vVxt+2 =V6x4+13 => 2x*-7x-30 =0 
> x4+74+x4+242/(x+7)\(x+2) =6х+13 (Squaring both sides) > Qxt*5(x-6)-0 
> 2/7 x2) =4х+4 a gee 

2” 
=> үх +9х+14 =2х+2 Р 
= x2+9x+14= 4х2+8х+4 (Squaring both sides again) On checking, we find that — is an extraneous root. 
> 3x-x-10=0 Hence solution set = { 6 } 
=> (3х + 50х-2)=0 | 
Exercise 4.3 
5 
ES x=-—,2 
3 8 Solve the following equations: 
Thus possible roots are 3, 2, ——. 
А 1. 3x2 42x- 3x! +2x-1=3 2. x-—-1-x-Mh2x! -3x42 
On verification, it is found that -> is an extraneous root. Hence solution set = (2, 3} 
3 3. V2x+84+Vx+5=7 4. 43х+4=2+42х-4 
/ / "NN [2 _ ГЕ: _]— 
iv) The Equations of the form: Vax? + bx+c+ | px? +qx+r =mx+n P lalla ВЕЕ Bx ee ar а. 
where, (mx + n) is a factor of (ax? + bx + c) - (px? + qx + р) 7. ух? + 2x 3 Vx? + 7x -8 = /5(э? +3х-4) 
8. 42x! –5х-3 + 34/2х+1 = 2х? + 25х+12 
Example 4: Solve the equation: 43x? – 7x – 30 -42x? -7x -52 x-5 9.  43x!-5x424 J6x! -1ex - 5e 45x? -9x 44 


10. + 4)(х+1) = үх -2x-15 -3x 431 
Solution: Let 4/32 —7x 30 = а and 42x/-7x-5 = b pos о. : 
NOW a?— b? = ( 3x2 7x 30 ) (2x2 7x 5) 11. 3x —2x 4-9 -43x^—2x —4 =13 


G2 — 2 23-25 (i) 12. 5х2 +7х+2 – ү4х? + 7х+18 =х-4 


The given equation сап be written as: 


a-b-x-5 (i) 4.3 Three Cube Roots of Unity 
Са Co) ee) [From (i) and (ii)] | 
a—b x-5 Let x be a cube root of unity 
> a+b=x+5 (ii) х И 0 
2а = 2х [From (ii) and (iii)] — xz 
= а= х > x3-1=0 
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=> (x-1)(x?+x+1)=0 
Either x-1=O>x=1 
or x*+x+1=0 


-1£41-4 — -14y-3 


2 2 


MEC EP 


2 


Thus the three cube roots of unity are: 


EENT " NC. 


1, па 


2 2 


*By complex root we mean, а root containing non-zero imaginary part. 
4.3.1 Properties of Cube Roots of Unity 


i) Each complex cube root of unity is square of the other 


Proof: (a) = ад i | _ Cl? +03? +2(—)632) 


4 
21-3-2431 -2-2V3% 
4 4 
= {== 
4 
_ -1—\3ї 
2 
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2 


ib E : = 


4 
—1-342V3i 2424 i 
4 4 
= red 
4 
_ 08431 
2 


Hence each complex cube root of unity is square of the other. 


ii) ©The Sum of all the three cube roots of unity is zeroi.e. 1 +о+ о = 0 
Proof: We know that cube roots of unity are 


(es xag dei 
2 2 
Sum of all the three cube roots = ee x zs 
Коры = 
2 2 
. ERE -1- 43i 
if O == 


, then о? 
2 


Hence sum of cube roots of unity =1+@+@ =0 


? 
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iii) The product of all the three cube roots of unity is unity i.e., 0 =1 Example 2: Prove that: = (–1+ 4-3)! 4 (-1-4/-3)! =-16 


та os Solution: ү. нѕ-=(-1+4/—3)* +(-1-4/-3)* 


Proof: Let w а 
2 2 ; 4 
ED i3 ) -1-4-3 
tar [ES [cn E 2 2 
2 2 
= (2@)* + 2o) Га -44-3 | 
(=)? - (430) B MOM а X= 
a ee =160 +160 
i =16(@ + o) 
3 6 2 | 2 
=> n =l =16| o". o 0°. a | 
_ 2 
Product of the complex cube roots of unity = o? =1. е v =@° = 
x x Ж ла 
2 @+@—= | 
= —]6-R.H.S 


For any лє 2, о" is equivalent to one of the cube roots of unity. 
With the help of the fact that о” =1, we can easily reduce the higher exponent of о to _ 
4.4 Four Fourth Roots of Unity 


its lower equivalent exponent. 


iv) 


Let x be the fourth root of unity 


eg. @ = 0.0 = lo -o 
а = 0.0 = 1.0 2e 1 
o = (wy = (% - х= = Qt 
o” = (ау) = (р sl "ew 
o" = (œF = () =! 
o' = о.о = (@).@ -(y.o = о x с. 
o= 0 = (@)'.@=0 => (x -I(x +1) =0 
0° = oto = (ют )”.шо= о 
wo? =(@y = Üi = xX -l=0>x  =1—х=+1 


Example 1: Prove that: œ + у?) = (x у)(х + оу)(х + o y) and x*adeücs aide 


Solution: RHS=(x+ yy oyy(x oy) 
= (x + у) + (ш o)yx + o y^] 
=(х+ у)(х -ху+у?)= ж + у" {а =1,a+@ =-1} 
=LAHS. 


Hence four fourth roots of unity are: 
*1.-1,-i-i. 
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4.4.1 Properties of four Fourth Roots of Unity 


We have found that the four fourth roots of unity are: 
+1,-1,+i,-i 
i) Sum of all the four fourth roots of unity is zero 
+1+(-l)+i+(-i)=0 


ii) The real fourth roots of unity are additive inverses of each other 
+1 and -1 are the real fourth roots of unity 


and +1 + (-1)=0=(-1)+1 
iii) Both the complex/imaginary fourth roots of unity are conjugate of each other 
i and — i are complex / imaginary fourth roots of unity, which 
are obviously conjugates of each other. 


iv) Product of all the fourth roots of unity is —1 
1x(-1)xix(-i)=-1 
Exercise 4.4 


1. Find the three cube roots of: 8, — 8, 27, —27, 64. 
2. Evaluate: 


i) (l+@-a’)° ii) o%+@”°+4+1 iii) (1-o-—o^ )1- o- o) 
3. Show that: 


D) x'-y-2(-yx-oyyx- oy) 
ii) X - y! +2” -3xyz = (х + y 2)(х oy + o z)(x- o y- oz) 
ii) — (12 )1-- o^)1-4 o^)- o)....2n factors =1 


Hint: 1+0 =1+ 9). о=1+о0= +0, @& 1 e.a EW o 
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4. lf wis aroot of x*+x+1=0, show that its other root is о? and prove that o? = 1. 


5. Prove that complex cube roots of -1 are ичн апа кын and hence prove that 

en) E 

t = 2; 
2 2 

6. Іғо is a cube root of unity, form an equation whose roots are 20 and 2a”. 
7. Find four fourth roots of 16, 81, 625. 
8. Solve the following equations: 

i) 2x* -3220 ii) 3y° -243y 20 


iii) x«+x°+x+1=0 iv) 5x —5x=0 


4.5 Polynomial Function: 
A polynomial in x is an expression of the form 


n n-l H 
a,x” +a, Xx" +...+а„х+а,, a, #9 (i) 


n 


where n is a non-negative integer and the coefficients а, „а, ,,....,a, and a, are real numbers. It 


can be considered as a Polynomial function of x. The highest power of x in polynomial in 
x are called the degree of the polynomial. So the expression (i), is a polynomial of degree n. 


The polynomials x^ – 2х 43, 3x? + 2x! - 5x +4 are of degree 2 and 3 respectively. 
Consider a polynomial; 3x? -10x^ +13х – 6. 


If we divide it by a linear factor x – 2 as shown below, we get a quotient x^ 4x € 5 and 
a remainder 4. 
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3x? 4х+ 5 


divisor > x-2 3x3 —10х2 +13x-6 < dividend 


Зх — 6x? 
— + 
— 4x? + 13x 
—4x? + 8x 
+ = 
5x — 6 
5x — 10 
— + 


4 < remainder 


Hence we can write: 3x? - 10x? -13x - 62 (x -2)(3x? - 4x 5) - 4 


4.6 Theorems: 


Remainder Theorem: If a polynomial f(x) of degree n21, nis non-negative integer is divided 
by x - a till по x-term exists in the remainder, then f(a) is the remainder. 


Proof: Suppose we divide a polynomial f(x) by x- a. Then there exists a unique quotient q(x) 
and a unique remainder R such that f(x) = (х – 0)(9х) + А (i) 
Substituting x = ain equation (i), we get 
f(a) = (a – a)q(a) + R 
=> (а) = В 
Hence remainder = f (a) 
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Example 1: Find the remainder when the polynomial x? + 4x? - 2x +5 is divided by x - 1. 


Solution: Let f(x) = х? + 4х2 – 2х + 5 апах-а=х- 1 а= 1 
Remainder = 41) (Ву remainder theorem) 
= (1)? +4(1)? - 2(1) + 5 
= 1+4-2+5 
=8 
Example 2: Find the numerical value of k if the polynomial x? + х? – 7x +6 has a remainder 
of — 4, when divided by x + 2. 


Solution: Let f(x) = x? + Кх? - 7x + 6and x- а= х + 2, ме have, a = –2 
Remainder = f(-2) (Ву remainder theorem) 
=(С + k(-2)? —7(-2) +6 


=-8+4k+14+6 
=4k+12 
Given that remainder =- 4 
4k+12=-4 
= АК=—16 
= =-4 


Factor Theorem: The polynomial x — a is a factor of the polynomial f(x) if and only if 
f(a) = 01.е.; (x-a)isafactorof f(x) if and only if x= a is a root of the polynomial equation 


f(x) = О. 


Proof: Suppose g(x) is the quotient and Ris the remainder when a polynomial f(x) is divided 
by x- a, then by Remainder Theorem 
f(x) = (x-a) gG) +R 
Since f(a) = 0 =R=0 
f(x) = (x-a) gŒ) 
(x—a) is a factor of f(x). 
Conversely, if (x—a) is a factor of f(x), then 
R= f(a) = 0 
which proves the theorem. 


version: 1.1 


9 


4. Quadratic Equations eLearn.Punjab 4. Quadratic Equations eLearn.Punjab 


Example 4: Use synthetic division to find the | quotient and the 
remainder when the polynomial х* -10x^ —2x+4 is divided by x + 3. 


Solution: Let f(x) = x* – 10x — 2x +4 
-x'40x-10x)-2x +4 
and x-a=x+3=x-(-3) => x--3 
Dividend x* — 10x2 — 2x +4 


Example 3: Show that (x – 2) is a factor of x' - 13x? +36. 


Solution: Let f(x) = x* -13x? +36 andx-a=x-2>a=2 
Now f(2) = (2) - 13(2)? + 36 
= 16-52 + 36 


"e ; 3|1 0 -10 2 4 +— first line 
= 0 = remainder 393 3 4«—— Second line 
=> (x- 2) іѕ a factor of x' 13x? +36 FIER U^ 
4 M I 33 4 I1 [II *—— — third line 
4.7 Synthetic Division A 
Remainder 
There is а nice shortcut method for long division of a - Quotient -X33—3x?- x1 
polynomial f(x) by a polynomial of the form x — a. This process of division is called Remainder =1 


Synthetic Division. 
To divide the polynomial px? + qx? + сх+а byx- a Example 5: If (x — 2) and (x + 2) are factors of x' - 13x? +36. Using synthetic division, find the 
other two factors. 


a Р 4 c dq *——— first line 


КАТА; = x* + Ох? — 13х2 — Ох + 36 
| | Неге x-a-x-2— х=2апдх-а=х+2=х—(—2)= х=-2 
P C] C] CO] +‘ third line C2) 
: | By synthetic Division: 
Coefficients of Nieman у 5у 
quotient 2 1 0 -13 0 36 

Out Line of the Method: | 2 4 -18 -36 
i) Write down the coefficients of the dividend f(x) from left to right in decreasing =5 | 2 «9 -18 | 6 

order of powers of х. Insert О for any missing terms. 2 0 18 t — Remainder 
ii) To the left of the first line, write a of the divisor (x-a). | 0 -9 | (jc 
iii) | Use the following patterns to write the second and third lines: 

Vertical pattern (4) Add terms -. Quotient = x? + 0x- 9 

Diagonal pattern (7) Multiply by a. T 
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= (х + 3)(х— 3) 
-. Other two factors are (х + 3) and (x - 3). 


Example 6: If х+ 1 and x- 2are factors of x? + рх + qx + 2 . By use of synthetic division find 
the values of p and q. 


Solution: Here x—a=x+l>a=-1 and x-a=x-2>a=2 
Let f(x) = х + рх? +qx4+2 


By Synthetic Division: 


-1 | 1 P q 2 
-р+1-9+р -1 


Remainder 


Sincex+1 and x - 2 are the factors of f(x) 


p-q*1-0 (i) 
and p+q+3=0 (ii) 
Adding (i) & (ii) we get 20+ 4-0 =>p=-2 
from (i) -2-q+1=0 >q=-1 


Example 7: Ву the use of synthetic division, solve the equation 
х^ —5x°+4=0 if —1 and 2 are its roots. 


ojh s 


0 
4 
1 , MEE 
-4 Remainder 
Гл зї” 


Solution:  /(х)=х%—0х?—5х°+0х +4 
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Depressed Equation: 
x+x-2=0 
=> (x + 2)(x-1)=0 —x--20r x=1 
Hence Solution set = {—2, —1, 1, 2). 


Exercise 4.5 


Use the remainder theorem to find the remainder when the first polynomial is divided by 
the second polynomial: 


1. x +3x+7,x+1 2. б-ж№+5х+4 , x-2 
3. 3x4+404+x-5 , x+1 4. х- 2% +3х+3 , x-3 


Use the factor theorem to determine if the first polynomial is a 
factor of the second polynomial. 


5. х-1,х?+4х—5 6. x-2, ?+х?—7х+1 
7. 0+2,20+ 02 40+7 8. x-a,x'-a^ where nis a positive 
integer 
9. x+a,x"+a" where nis an odd integer. 
10. When x*+2x°+kx* +3 is divided by x-2 the remainder is 1. Find the value of k. 


11. When the polynomialx? + 2x? + kx 4 is divided by x-2 the remainderis 14. Find the 
value of k. 


Use Synthetic division to show that x is the solution of the polynomial and use the 
result to factorize the polynomial completely. 


12. x -7x+6=0, x=2 13. x/-28x-4820,—-x-2 4 
14. 2x 47x -AY -27x-18, x=2- x= 3 


15. Use synthetic division to find the values of p and q if x - 1 and x-2 are the factors of 
the polynomial x? + рх? + qx 6. 
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16. Find the values of a and b if -2 and 2 are the roots of the polynomial x? – 4x? + ах +. Solution: Since с, 8 are the roots of ax? +bx+c=0 


4.8 Relations Between the Roots and the Coefficients of a л а+В= " and off =" 
Quadratic Equation | 
i) а +В? =(a+By-2af 
Let с, B аге the roots of ax*+bx+c=0,a#0 such that АС 


2 
e ВЕ 
-b+vb — ac a p- -Vac 7 ee 


2 3 3 к 
a il a а +p _(a@+f) -3apla + В) 
В a ap ap 
— -b+Vb?—4ac -Ь- 42 —4ac | | s ( B) -b° + 3abc 
i = — $< — = m. cu Eo 2 eee 
2a 2a EX ах c а? 
Cc C 
Е -b + үр? —4ac — b - b? – Дас и 2b b p 2 
2a 2a : — —b! * 3abc 
=e: 
- аа-а tro ас 
а a iii) (a-B) =(a+ By -4ap 
_ (by (ve -4acy -(- b j А (s) SE дс E -4ac 
4a a a a a a? 
_ b-b’ + 4ac 4ac c 
B Да? ~ 4d a Example 2: Find the condition that one root of ах? + bx -c-0,a + 0 is square of the other. 
Sum of the roots = S -2 = л. 


a coefficient of x Solution: As one root of ах? +bx+c=0 is square of the other, let the roots be с and a” 


tant t 
Product of the roots = P=—_=—" term 


pou Sum of roots a +a’ E (i) 
a coefficient of x? a 
The above results are helpful in expressing symmetric functions of the roots in terms Product of roots= a.a) =f о? = (ii) 
of the coefficients of the quadratic equations. ш i 


Example 1: If с, 8 are the roots of ax? - bx -c-0,a +0, find the values of 
2 p 
D. + ab S+Z Ш) (а-в) 
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Cubing both sides of (i), we get 


3 


b 
а? + a? - 3aa? (a + à?) mee 
a 


3 
=> а? +(а?)? +За(а+ађ= А 


"E: 42) ea -3- PE (From (i), (ii)) 
=>  daccac -3abe- Б 
4.9 Formation of an Equation Whose Roots are Given 


(x-a)x-)-20 hastheroots с and д 


=>  x-(a-*f)y-af-0 hasthe roots a and f. 
For S=Sum of the roots and P = Product of the roots. 


Example 3: If о, ДВ aretherootof ax°+bx+c=0 form the equation whose roots are double 
the roots of this equation. 


Solution: `` «and £ аге the root of ax*+bx+c=0 
atp-- 2 and apa 
a a 


The new roots are 2 с and 2f. 
Sum of new roots =2a@ +28 


=Ya +p) --— 


Product of new roots- 2a .2 В = 408 Bii 
Required equation is given by : 
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y? -(Sum of roots) y + Product of roots = 0 


= y +—y+— =0 > ay +2by+4c=0 


Exercise 4.6 


1. Ifa Даге {Пе root of 3x? - 2x + 4 = 0, find the values of 


P 1 1 wis a B or " 4 

i) Y 'g il) 8 + " lil) a —-p 

iv) af v) E 2 vi) a-f 
c p 


2. If а faretherootof x^- px- p-c= 0, prove that 
(1*a)1* 8)=1- с 
3. Find the condition that one root of x+ px+q =0 is 
i) double the other ii) square of the other 
iii) additive inverse of the other 
iv) multiplicative inverse of the other. 
4. Ifthe roots of the equation х2-рх+д9 = 0 differ by unity, prove that p? = 4q + 1. 


5. Find the condition that — 


in signs. 


+ 
x-a x-— 


= 5 may have roots equal in magnitude but opposite 


6. Ifthe roots of px? - qx ^ q =0 are a and fthen prove that [e Eun 
a P 


7. If с, Barethe roots of the equation ax*+ bx +c=0, form the equations whose roots 


are 
1 1 m 1 1] 
i a^, ПА iii) —,— 
1 1 1 1 
iv) af V A em vi) o-—,84— 
) ) "Xn ) В 3 
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C MES 
a p 


8. If «æ , fare the roots of the 5x -x-2 = 0, form the equation whose roots are 


vii) (a—y ,(a+ By viii) 


nrc 
а p 


9. If a=, B are the roots of the х? - Зх + 5 = 0, form the equation whose roots аге 


c ш 8 
l+a 1+ 8 


4.10 Nature of the roots of a quadratic equation 


We know that the roots of the quadratic equation ax? + bx + с = 0 are given by the 


-b € Ab? – 4ас 
2a 
We see that there are two possible values for x, as discriminated by the part of the 


formula £X»? —4ac . 


quadratic formula as: x= 


The nature of the roots of an equation depends on the value of the expression b? – 4ac, 
which is called its Discriminant. 


Case 1:  Ifb?—4ac-Othen the roots will be "i а So, the 

roots are real and repeated equal. . ad 
Саѕе 2:  Ifb?—A4ac«O then Vb? —4ac_ will be imaginary 

So, the roots are complex / imaginary and distinct / unequal 
Case3:  Ifb?—4ac» Othen үр? – 4ас will be real. 

So, the roots are real and distinct / unequal. 

However, If b? – 4ac is a perfect square then 45^ – 4ас will be rational, and so the 
roots are rational, otherwise irrational. 
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Example 1: Discuss the nature of the roots of the following equations: 


i) x*+2x+3 =0 ii) 2x^*bx-1 =0 
ii) | 2x2— 7x* 3-0 iv) 9х2– 12х+4= 0 


Solution: 


i) Comparing x?-* 2x + 3 = 0 with ax? +bx + c= 0, we have 
a=1,b=2,c=3 
Discriminant ( Disc) = b? – 4ac 
= (2)2– 4 (1)(3) =4-12 = -8 
= Disc <0 
The roots are complex / imaginary and distinct / unequal. 
i) Comparing 2x? + 5x - 1 = 0 with ax? +bx + c = 0, we have 
a=2,b=5,c=-1 
Disc = b? – 4ac 
= (5)? - 4(2) (-1) 
= 25 +8 = 33 
=> _ Disc > О but not a perfect square. 
The roots are irrational and unequal. 
iii) Comparing 2x*-7x+3 = 0 with ах? + bx + c= 0 we have 
a=2,b=-7,c=3 
Disc = b? – 4ac 
-(-7y- 4 (2) (3) 
= 49-24=25=52 
= Disc > 0 апа a perfect square. 
The roots are irrational and unequal. 
iv) Comparing 9x? – 12x +4 = 0 with ax*+ bx + c = 0,we have 
a =9,b=-12,c=4 
Disc = b? – 4ac 
= (-12y- 4 (9) (4) 
= 144-144=0 
=> Disc = 0 
The roots are real and equal. 
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Example 2: For what values of m will the following equation 


equal root? (m+1)x* +2(m+3)x+2m+3=0,m#-1 


Solution: Comparing the given equation with ах? + bx + c- 0 
a=m+1,b=2(m+3),c=2m+3 
Disc = b? – Aac 
= [2(m + 3)р — 4(т +1)(2т +3) 
= 4(m? + 6m - 9) - Am? + 5m +3) 
= 4m' 4m 24 
The roots of the given equation will be equal, if Disc. = O i.e., 
if -4т? + 4m - 24-0 
5> т -m-6=0 
= (m—3)(m+2)=0>m=3o0rm=-2 
Hence if m = З or m = -2, the roots of the given equation will be equal. 


Example 3:Show that the roots of the following equation are real 
(x -—a)(x —b) + (x -—b)(x-c)+(x-c)x-a)=0 
Also show that the roots will be equal only if a= b = c. 


Solution: (x—a)(x—b)+(x—b)(x-c)+(x-c)(x-a) =0 
=> x -ax—bx+ab+x - bx—-cx* be x! - cx ax ac «0 
=>  3x'-2(ac-bccy- abc bc ca-0 
Disc = b? – 4ac 
-[2(a * b - c) — 4(3)(аЬ + bc + ca) 
= 4(а? +b? + c) + 2ab + 2bc + 2ca – 3ab — 3bc – Зса) 
= 4(a? +b? +c? - ab - be — ca) 
= 2(2a? + 2b? + 2c? — 2ab — 2bc - 2ca) 
= 2а? +b -2ab - b? e c? - 2bc & c^ +a’ — 2ca] 
= 2[(a - Б)? + (b— cy +(c-a)’] 
- 2(Sum of three squares) 
Thus the discriminant cannot be negative. 
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Hence the roots are real. 
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The roots will be equal, if the discriminant = 0 
This is possible only ifa—b=0,b-c=0,c-a=Oi.e., ifa=b=c. 


Exercise 4.7 


1. Discuss the nature of the roots of the following equations: 
i) Ax? +6x+1=0 ii) x!-5x4620 
iii)  2x!-5x4120 iv) 25x! -30x+9=0 

2. Show that the roots of the following equations will be real: 


i) ЕСЕТ 
т 


li) (b— с)х? +(c—a)x+(a—b) =0;a,b,cEO 
3. Show that the roots of the following equations will be rational: 
) | (pt+q)x’ - px-q-0; i) рк -(p-q)x-q-0; 
4.  Forwhat values of m will the roots of the following equations be equal? 
i) (m - Dx? +2(m+3)x+m+8 -0 
ii) x? —2(1+3m)x+7(3+2m) -0 
ii) — (1m)? —2(1+3m)x+(1+8m) «0 


5. Show that the roots of x^ +(mx+c) =a’ will be equal, if с? =a°(1+ m^) 


6. Show that the roots of (mx + с)? = 4ax will be equal, if c =. #0 
m 


(mx cy 


2 
7.  Provethat =“ 5 
a 
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=1 will have equal roots, if c? = a?óm?* b; a*0,b + 0 


8. Show that the roots of the equation (a?— bc)x? + 2(b? – ca)x + c^— ab = О will be equal, if 


either a? + b? + с? = 3abc or b = 0. 


4.11 System of Two Equations Involving Two Variables 


We have, so far, been solving quadratic equations in one variable. Now we shall be 
solving the equations in two variables, when at least one of them is quadratic. To determine 


(=) 
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the value of two variables, we need a pair of equations.Such a pair of equations is called a 
system of simultaneous equations. 

No general rule for the solution of such equations can be laid down except that some 
how or the other, one of the variables is eliminated and the resulting equation іп one variable 
is solved. 


Case I: One Linear Equation and one Quadratic Equation 

If one of the equations is linear, we can find the value of one variable in terms of the 
other variable from linear equation. Substituting this value of one variable in the quadratic 
equation, we can solve it. The procedure is illustrated through the following examples: 


Example 1: Solve the system of equations: 
x+y=7andx-xyt+y=13 


Solution: х+у=7  —x-7-y (i) 
Substituting the value of x in the equation х?— xy + у? = 13 we have 
(7 – у) у(7 – у)+ у?= 13 


=>  49-14y* y - Ty - y! + у? =13 
> 3у°—21у+36=0 

> y-Ty«1220 

=> (у- 3) (у– 4) = 0 

= y=3 ОГу=4 


Putting y = 3, in (i), we get x=7-3=4 
Putting у = 4, in (i), we get =7-4=3 


Hence solution set = {(4, 3), (3, 4)}. 


version: 1.1 


eLearn.Punjab 


4. Quadratic Equations 


Example 2: Solve the following equations: 


x^ * y! e 4x «land x + (y - 1)! 210 


Solution: The given system of equations is 


x ty -4xzl (1) 
те (1) 
Subtraction gives, 
4x+2y+8=0 


=> 2x+y+4=0 
> yc-2x-4 (iii) 
Putting the value of y in equation (i), 

x! *(-2x -4Ay +4x=1> x! +4x° +16x +164 4x «1 
=> 5%? +20х+15 =0 = х +4х+3=0 
=> (х+3)(х+1)=0 = x--3o0r x--1 


Putting x = —3 in (iii), we get; y 2—2(—3)-4-26-4-2 
Putting x = -1 in (iii), we get; y 2—2(-1)-422-4-2—2 


Hence solution set = ((—3, 2)(-1, -2)). 
Exercise 4.8 


Solve the following systems of equations: 


2х-у=4; 2x'-4Axy-y!26 2. x+y=5. x +2y -17 
J 


3x+2y=7; 3x°=254+2y 4. yeya ы =й жб рай 
Y 


x 
sath aeg B. eripe Ж =й 

x y x y 
(x-3y + у? =5; 2x=y+6 
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8. (x43y-«(y-lyz5; x +y +2x=9 
9. x ++I =18; (х+2) + у =21 
10. x+y? +6x=1; x+y? +2(х+у)=3 
Case II: Both the Equations are Quadratic in two Variables 
The equations in this case are classified as: 
i) Both the equations contain only x? and y? terms. 
ii) One of the equations is homogeneous in x and y. 
iii) Both the equations are non-homogeneous. 


The methods of solving these types of equations are explained through the following 
examples: 


: x Xy" $25 
Example 1: Solve the equations: К : 
2x -3y =6 
Solution: Let х? =u and у? =v 


By this substitution the given equations become 


u+v=25 (i) 

2u+3v=66 (ii) 
Multiplying both sides of the equation (i) by 2, we have 

2u+2v=50 (iii) 
Subtraction of (iii) from (ii) gives, 

v=16 


Putting the value of v in (i), we have 
и+16=25 > u=9 


x =9 >x=# апа y’ =16 > y=+4 
Hence solution set = {(+3, +4)}. 


Example 2: Solve the equations: x^ -3xy + 2y? =0;2x? -3x+ y? = 24 
Solution: The given equations are: 


x! -3xy - 2y! =0 (1) 
2x! - 3x + у= 24 (ii) 
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Equation х? – 3ху+2у? = 0 is homogeneous in x and y 


=> (x—-yyx-2y)-20. (Factorizing) 
=> x-y=0 or  x-2y-0 
= NW mul = x=2y (iv) 


Putting the value of x in (ii), we get| Putting the value of x in (ii), we get 
2(2y)° —3(2y) + у? = 24 
=> 8y-6y+y =24 


2y! -Зу+ у= 24 
> y-y-8=0 


+ / 
= фы е D => 3y'-2y-8-20 
=> (3у+4)(у- 2) =0 
= 12433 EMT 
4773 yes 
when y= 14433 when ы 4 
2 3 
from (iii) "15598 from (iv) x22 i 8 
2 3 3 
when у Im when у=2, 
from (iv) х=2(2)=4 
- 33 


from (ій) x E 


2 


Hence following is the solution set. 


(SESE omoes ELE 


2 2 2 2 3° 3 


Example 3: Solve the equations: 


x-y? =5 
4х? —3xy =18 
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x? - y = 5 (i) 


Solution Given that К 
4x? —3xy =18 (1) 


We сап get а homogeneous equation іп x and y, if we get гіа of the constants. For the 


purpose, we multiply both sides of equation (i) by 18 and both sides of equation (ii) by 5 and 
get 


18x? -18y? =90 
20x’ –15ху =90 


Subtraction gives, 
2x! -15xy 418y? =0 


= (х—бу)(2х—3у)=0 
=> x-6y=0 or 2x-3y=0 


Combining each of these equations with any one of the given equations, we can solve 
them by the method used in the example 1. 


or 
x—-6yz0 2x -3yz0 
3 

=> x=6y > o > m 

x -y =5 from (i) > ?-у'=5 from (i) 

3 2 

(6y) - y^ =5 z | -y 25 
=> 35y-5 

2 1 2 2 
> y ES => Oy -4y* =20 


=> 5y*=20 
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= tet = y =4 
d > у=+2 
when pets when y=2 
JT д 
when у= -2 

when y= E (zr = к=5(-2)=-3 


Hence Solution set AE) "E ak 3, aaa] 


Exercise 4.9 


Solve the following systems of Equations: 


1. 2x! =6+3у? ; 3x! -5y =7 
2. 8x = у! х? +2у? =19 
3. 2x! -8-25y? ; x!-13-- 2y° 
4. х? -5xy - 6y! =0 ; x+y =45 
5. 12x! -25xy+12y?=0 ; Ax? +7y? =148 
6. 12x°-llxy+2y’=0 ; 2х? +7ху = 60 
7. x -y =16 А ху =15 

8. о х°+ху=9 ; x-y =2 

9. y? -7 =2xy : 2x! +3=xy 
10. x+y =5 3 ху=2 
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4.12 Problems on Quadratic Equations 


We shall now proceed to solve the problems which, when expressed symbolically, 
lead to quadratic equations in one or two variables. 

In order to solve such problems, we must: 

1) Suppose the unknown quantities to be x or y etc. 

2) Translate the problem into symbols and form the equations satisfying the given 

conditions. 

Translation into symbolic expression is the main feature of solving problems leading to 
equations. So, it is always helpful to proceed from concrete to abstract e.g. we may say that: 

i) 5 is greater than 3by2-75-3 ii) xis greater than 3 by x-3 

iii) 5is greater than y by 5-y iv) xis greater than y by x-y. 

The method of solving the problems will be illustrated through the following examples: 


Example 1: Divide 12 into two parts such that the sum of their squares is greater than twice 
their product by 4. 


Solution: Suppose one part = x 
The other part -12- x 


Sum of the squares of the parts = х? + (12- х)? 
twice the product of the parts = 2(x)(12- x) 


By the condition of the question, 


x^-«(12 — x)? -2x(12 - x) =4 
ES х? 4-144 - 24x + x! - 24x - 2x? =4 
=> 4x -48x4140-0 => x-12x435z0 


=> (x-5)@-7) =0 > x=5 ОГ х=7 
If one part is 5, then the other part = 12 – 5 = 7, 
and if one part is 7, then the other part - 12-775 
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Here both values of x are admissible. 
Hence required parts are 5 and 7. 


Example 2: A man distributed Rs.1000 equally among destitutes of his street. Had there been 
5 more destitutes each one would have received Rs. 10 less. Find the number of destitutes. 


Solution: Suppose number of destitutes = x 
Total sum = 1000 Rs. 


1000 


Each desitute gets = Rs. 
X 


For 5 тоге destitutes, the | number of  destitutes would have 
been х+5 


Each destitute would have got = ны, 
х+5 
This sum would have been Rs. 10 less than the share of each destitute in the previous 
case. 


1000 1000 


= 10 
x+5 x 


=> 1000 x= 1000 (x + 5) – 10(x + 5)(x) 

=> x*+5x-500=0 

=> (x+25)(x-20)=0 

> x--2borx-20 

The number of  destitutes cannot be negative. So, -25 is not 
admissible. 


Hence the number of destitutes is 20. 


Example 3: The length of a room is 3 meters greater than its breadth. If the 
area of the room is 180 square meters, find length and the breadth of the room. 
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Solution: Let the breadth of room = x meters 

and the length of room = x + 3 meters 
7. Area of the room = x (x + 3) square meters 

By the condition of the question 
x (x + 3) = 180 (i) 

=> x*+3x-180=0 (ii) 

=> («+ 15)(х-12) = 0 
x = 15 огх= 12 

As breadth cannot be negative so x = –15 is not admissible 
when x =12,wegetlength x+3=12+3=15 
breadth of the room = 12 meter and length of the room = 15 meter 


Example 4: A number consists of two digits whose productis 8. If the digits are interchanged, 
the resulting number will exceed the original one by 18. Find the number. 


Solution : Suppose tens digit = x 
and units digit = y 
The number = 10x + y 
By interchanging the digits, the new number = 10y + x 
Product of the digits = xy 


By the condition of question; 
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xy-8 (i) 
and 10 y+x=10x+y+18 (ii) 


Solving (i) and (ii) ;we get 
x=-4orx =2. 
when х= – 4, у= -2 and when x=2,y=4 
Rejecting negative values of the digits, 
Tens digit = 2 
and Units digit = 4 


Hence the required number = 24 


Exercise 4.10 


1. The product of one less than a certain positive number and two less than three times 
the number is 14. Find the number. 

2. The sum of a positive number and its square is 380. Find the 
number. 

3. Divide 40 into two parts such that the sum of their squares is 
greater than 2 times their product by 100. 


4. The sum of a positive number and its reciprocal is i Find the 


number. 
5.  Anumber exceeds its square root by 56. Find the number. 
6. Find two consecutive numbers, whose product is 132. 
(Hint: Suppose the numbers are x and x * 1). 


7. The difference between the cubes of two consecutive even 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


numbers is 296. Find them. 

(Hint: Let two consecutive even numbers be x and x * 2) 

A farmer bought some sheep for Rs. 9000. If he had paid Rs. 100 less for each, he 
would have got 3 sheep more for the same money. How many sheep did he buy, 
when the rate in each case is uniform? 

A man sold his stock of eggs for Rs. 240. If he had 2 dozen more, he would have got 
the same money by selling the whole for Rs. 0.50 per dozen cheaper. How many 
dozen eggs did he sell? 

A cyclist travelled 48 km at a uniform speed. Had he travelled 2 
km/hour slower, he would have taken 2 hours more to perform 
the journey. How long did he take to cover 48 km? 

The area of а rectangular field is 297 square meters. Наа 
it been З meters longer and опе meter shorter, the area 
would have been 3 square meters тоге. Еіпа its length апа breadth. 
The length of a rectangular piece of paper exceeds its 
breadth by 5 cm. If a strip 0.5 cm wide be cut all around the piece of paper, the area of 
the remaining part would be 500 square cms. Find its original dimensions. 

A number consists of two digits whose product is 18. If the digits are interchanged, the 
new number becomes 27 less than the original number. Find the number. 

A number consists of two digits whose product is 14. If the digits are interchanged, the 
resulting number will exceed the original number by 45. Find the number. 

The area of а right triangle is 210 square meters. If its 
hypoteneuse is 37 meters long. Find the length of the base апа 
the altitude. 

The area of a rectangle is 1680 square meters. |f its diagonal 
is 58 meters long, find the length and the breadth of the rectangle. 
To do a piece of work, A takes 10 days more than B. Together 
they finish the work in 12 days. How long would B take to finish it alone? 

Hint: If some one takes x days to finish a work. The one day's work will be —. 

To complete a job A and B take 4 days working P together. 
A alone takes twice as long as B alone to finish the 
same job. How long would each one alone take to do the job? 
An open box is to be made from a square piece of tin by cutting a piece 2 dm square 
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20. 


from each corner and then folding the sides of the remaining piece. If the capacity of 
the box is to be finish 128 c.dm, find the length of the side of the piece. 

A man invests Rs. 100,000 in two companies. His total profit is Rs. 
3080. If he receives Rs. 1980 from one company and at the rate 196 more from the 
other, find the amount of each investment. 
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5.1 Introduction 


We have learnt in the previous classes how to add two or more rational fractions into 
a single rational fraction. For example, 


) 1 + 2 Е 3x 
х-1 x+2 (x —1)(х + 2) 
2 
and ii) 2 1 3 — 5x +5x-3 


T—— + ——————— 
xtl (x+) x-2 (@4+D)@-2) 


In this chapter we shall learn how to reverse the order in (i) and (ii) that is to express 
a single rational function as a sum of two or more single rational functions which are called 
Partial Fractions. 

Expressing a rational function as a sum of partial fractions is called Partial Fraction 
Resolution. It is an extremely valuable tool in the study of calculus. 

An open sentence formed by using the sign of equality ‘=’ is called an equation. The 
equations can be divided into the following two kinds: 

Conditional equation: It is an equation in which two algebraic expressions are equal 
for particular value/s of the variable e.g., 


а) 2x= 3 is a conditional equation and it is true only if x = : 


р) x*+x-6=0isa conditional equation and it is true for x = 2, – 3 only. 


Identity: It is an equation which holds good for all values of the variable e.g., 
a) (a+ b) x ах + bx is an identity and its two sides are equal for all values of x. 
b) (x*3)(x*4)2 x? + 7x + 12 is also an identity which is true for all values of x. 
For convenience, the symbol “=” shall be used both for equation and identity. 
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5.2 Rational Fraction 


We know that 2. where р, 9 = 2 апа д + 0 is called a rational number. 
q 


Similarly, the quotient of two polynomials > where Q(x)z0, with no common 
X 


factors, is called a Rational Fraction. A rational fraction is of two types: 


5.2.1 Proper Rational Fraction 


P(x) 


X 


A rational fraction is called a Proper Rational Fraction if the degree of the 


polynomial P(x) in the numerator is less than the degree of the polynomial Q(x) in the 


| 3 2х—5 9x? 
denominator. For example, ——, 
X 


proper frations. 


are proper rational fractions or 


5.2.2 Improper Rational Fraction 


P(x) 


X 


A rational fraction is called an Improper Rational Fraction if the degree of the 


polynomial P(x) in the numerator is equal to or greater than the degree of the polynomial 


Q(x) in the denominator. 


X (x-2)xsD x'-3 x x 4x41 
2x—-3 (х-1)(х+4) 3x41 x +5 


For example, 


are improper rational fractions or improper fractions. 
Any improper rational fraction can be reduced by division to a mixed form, consisting 
of the sum of a polynomial and a proper rational fraction. 
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We now discuss the following cases of partial fractions resolution. 


2 
Ia is an improper rational fraction. By long division we obtain P(x) 


For example, | | | | 
x-2 Case 1: Resolution of OG) into partial fractions when Q(x) has only non-repeated 
X 


Зх? +1 13 
=3x+6+ : 

x-2 x-2 linear factors: 

The polynomial Q(x) may be written as: 


О(х) = (x-a, (x-a)... (x-a), where a,#0,# ....*a, 


2 
i.e., an improper rational fraction has a been reduced to the 


OG m 0 ++... + 4, is an identity. 
| | | x-a x-a х-а 
sum о Ға polynomial Зх + 6 and a proper rational fraction = | | | 


п 


Where, the coefficients A,, A, ..., A, arenumbers to be found. 


The method is explained by the following examples: 


When a rational fraction is separated into partial fractions, the result is an identity; i.e., 


itis true for all values of the variable. 70425. | | 

The evaluation of the coefficients of the partial fractions is based on the following Example 1: Resolve, Сазга) into Partial Fractions. 
mee rel 7х+25 A B 

“If two polynomials are equal for all values o f the variable, then the polynomials have Solution: Suppose (x 3) 4) Ert + m— 
same degree and the coefficients of like powers of the variable in both the polynomials 
must be equal". Multiplying both sides by (x * 3) (x * 4), we get 

For example, 7x + 25 = A(x + 4) + B(x + 3) 

If рх + дх2– ах+р = 2х2 – Зх? – Ах +5, Vx => 7х+ 25 = Ах + ДА + Вх + 3B 
{їћепр = 2,9 =-3,а= 4 апар = 5. => 7х+ 25 = (А + В)х + 4A + ЗВ 
This is an identity in x. 
5.3 Resolution of a Rational Fraction ““ into Partial Fractions So, equating the coefficients of like powers of x we have 
Qo) 7=A+B and  25- 4A+3B 
Following are the main points of resolving a rational fraction oD into partial fractions: Solving these equations, we get and [B - 3]. 
i) Тһе degree of p(x) must be less than that of Q(x). If not, divide and work with Hence the partial fractions are: ттт: L 
the remainder theorem. 

ii) Clear the given equation of fractions. Alternative Method: 

iii) Equate the coefficients of like terms (powers of x). 7x425 y B 

iv) Solve the resulting equations for the coefficients. Suppose (къб) TUA + zu 

= 7х+ 25 = А(х+ 4) + В(х + 3) 
version: 1.1 version: 1.1 
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As two sides of the identity are equal for all values of x, 


let us put x = -3, and х= -4in it. > =G= 20 
Putting x = -3, we get -21 + 25 = A(-3+4) | ‚ 2 3 4 
Hence partial fractions are: ——+ — 
= А=4 х-1 x-2 x-3 
Putting x = –4, we get -28 + 25 = B(-4 + 3) 
= B=3 
4 3 


Hence the partial fractions are: 7,3 "уул 


In the Example 2 


2 
Example 2: Resolve a into Partial Fractions. a) the denominator of A is x — 1, and the value of A has been found by putting 
(x-D(x —5х+6) x-1-20ie;x-1; 
Solution: The factor x? – 5x + 6 in the denominator can be factorized and its factors are x – 3 b) the denominator of B is x — 2, and the value of B has been found by putting 
and x- 2. х-2= Оі.е., х= 2; and 
C) the denominator of C is x — 3, and the value of С has been found by putting 
х? -10x +13 х? -10x +13 x-3=Oi.e.,x =3. 


(х=1(х*—5х+6) (x-IXx-2Yx-3) 
oy +x '—x-3 


Example 3: Resolve into Partial Fractions. 
х? - 10x +13 A В C x(2x + 3)(x - 1) 
Suppose —————__ = —« n 
(x-D(x-2Y6x-3) x-1 x-2 x-3 Solution: 
> x? — 10x + 13 = A(x- 2)(x - 3) + B(x — 1)(x - 3) + C(x - 1)(x — 2) "e 
which is an identity in x. p TE ean improper fraction so, transform it into mixed from. 
Putting x = 1 in the identity, we get x(2x + 3)(x - I) 
(12 - 10(1) + 13 = A(1 - 201 – 3) + B(1 - 1)(1— 3) C(1— 1Y(1 — 2) Denominator = x(2x-3yx- 1) 
= 1—10+ 13 =A (-1) (-2) + B(0) (- 2) + C(O) (-1) = 293+ 2 3x 
4= 2А 
Putting х = 2 in the identity, we get 
(2)2 — 10(2) + 13 = 402 - 3)  B2- 1)2- 3) + C(2 — 1)(0) a Dividing 2x? + x? — x - 3 by 2x? + x? - Зх, we have 
= 4—20+ 132 B(1)-1) Quotient = 1 and Remainder = 2x – 3 
> -3--B | 2x +x -x-3 | 2х—3 
] ] " . е — = tH 
Putting x = 3 in the identity, we get x(2x + 3(x - 1) x(2x + 3)(x - 1) 
(3)? - 10(3) + 13 = A(3 - 2)(0) + B(3 – 1) (0) + C(3 – 1)(3 - 2) 
= 9-30 + 13 = C(2) (1) 


version: 1.1 version: 1.1 
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2x-3 A B e х2 +а? 


Suppose + d — ЗР а 
i x(2x + 3)(х - 1) x 2х+3 x-1 (х? +b’)(x? + сх? + 4?) 


=> 2х—3= А(2х + 3)(х— 1) + B( x)(x- 1) *C( x )(2x + 3) 
which is an identity in x. 


Putting x = 0 in the identity, we get 


[Hint: Put x? = y to make factors of the denominator linear] 


Case 1: when Q(x) has repeated linear factors: 
If the polynomial has a factor (х – a)", > 2 and nis a *ve integer, then may be written 


| 3x | | 8 as the following identity: 
Putting 2x+3=0 х = E^ in the identity, we get |B ==. 


1 . P(x) = А, + А, + + А, 
Putting x- 1 =0 = х= 1 in the identity, we get © Qx) (x-a) (x-ay (x-a,)" 
where the coefficients A,, А.,.....‚ А, are numbers to be found. 


i i 1 8 1 The method is explained by the following examples: 
Hence partial fractions are: 1-- – ————— – 
x 5(2x+3) S5(x-1) 


2 
Example 1: Resolve, poumon into partial fractions. 
(x + 2) 


Exercise 5.1 


2 
ing i i е Solution: Suppose ——~— a СЕ E ДЕ : TE - 
Resolve the following into Partial Fractions: (x+2) х+2 (x42Y (х+2) 
1 1 2 x +1 = xX + х— 1 = А(х + 2)° + В(х + 2)+ С (ї) 
_ wel " (x4D(x-1) = х? + х—1 = А(х? + Ах + 4) + B(x +2) + C (ii) 


Putting x * 2-0 in (i), we get 


2x41 
(x — 1x + 2)(x +3) 


1 


(x —1)(2х —1)(3х —1) 


6x +5x -7 
2х?°—х—1 


(x —1)(х — 3)(х — 5) 
(х — 2)(х — 4)(х — б) 


3x —4x-5 
(х — 2)(х2 +7x +10) 


X 


(x - ax - bx - с) 


2x? +x —5x+3 
2x? +x —3x 


1 
(1 — ax)y(1 — bx)(1 — сх) 
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(2)? + (-2) – 1 = А(0) + B(0) + C 
= l=C¢ 


Equating the coefficients of x? and x in (ii), we get |4=1 
and 1=4A+B 


> 1=4+B > 


3 1 


Hence the partial fractions are: – oto 
х+2 (х+2) (x+2) 


into Partial Fractions. 


O 


Example 2: Resolve 


1 
(x D (x? –1) 
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Solution: Here denominator = (x + 1)? (x? - 1) 
= (х+ 1) (х+ 1) (х— 1) =(х+ 1) (x-1) 


| 1 _ 1 
et IPO? -12) (х+1)(х-1) 


A B С р 


S = 
aaa (х= D(x +1)? х= кї (eri (х +1)? 


= 1=А(х + 1)? + В(х +1) (х— 1) + C(x- 1)(х + 1) + D(x- 1) (ї) 

=> 1 =A(x? + Зх? + 3x+1)+ В(х + x? -—x-—1) + C(x- 1) + D(x- 1) 

=> 1=(At В)? «(ЗА + В + Ox+(3A — B + Dx«(A- B- C- D) (ii) 
Putting x-1=O0>x=1 in(i), we get, 


1 =A(2)? > |4 = — 


Putting x + 120 x--1in(i), we get, 


1 = D(-1 – 1) > |D= -1 
2 

Equating the coefficients of x? and x? in (ii), we get 
0-A«B = B--A = B=- 


and Oeste ote ae зый 
8 8 4 


Hence the partial fractions are: 


1 1 1 (d 
8 , 8 4 


2 | | 1 1 


х—1 x41 (etl? (хы 8x-D 8(х+1) 4(х+1)? 2(х+1) 
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Exercise 5.2 


Resolve the following into Partial Fractions: 


2x —3x+4 5x! -2x 43 4x 
(x — 1 ` (x 4 2p (x - 1 (x —1) 
9 1 х oo 
(x + 2? (x -1) (x -3Y (x +1) (х= 2)(х -1Y 
1 y^ x-1 


(x -D (x +1) (x -DP (x1) (x - 2)(х +1) 
2х +1 2x" 


(x + 3)(х —1)(х + 2y (х — 3)(х + 2) 


(x? —1)(х +1) 


Case III: when Q(x) contains non-repeated irreducible quadratic factor 

Definition: A quadratic, factor is irreducible if it cannot be written as the product of two 
linear factors with real coefficients. For example, x? + x + 1 and х? + 3 аге irreducible quadratic 
factors. 


If the polynomial Q(x) contains non-repeated irreducible quadratic factor then EU 
may be written as the identity having partial fractions of the form: Bg 
—4*+ 8 where A and В the numbers to be found. 
ax +bx+e 


The method is explained by the following examples: 


Example 1: Resolve MM into Partial Fractions. 
(х +1)(х +3) 
3x-11 _ Ax+B C 


Solution: Suppose 


G3) | (24D (x43) 


o 
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5 3x-11 = (Ax + B) (x * 3) + С(х2 + 1) (i) 
5 3х- 11 = (A +C )x? + (ЗА + В)х+(3В + C) (ii) 
Putting x+3=0 => x=-3 in (i), we get 


-9-11=Q9+1) > 
Equating the coefficients of x? and x in (ii), we get 
О=А+С —A--C = 
and 3=3A+B>B=3-3A =>B=3-6 => |B=-3 


2x -3 2 


Hence the partial fraction are: ——-— 
x +1 x+3 


4x? +8х 


Example 2: Resolve — into Partial Fractions. 
X 


2x? +9 
Solution: Here, denominator = x^ + 2х2 + 9 = (x? + 2x + 3) (x2 – 2x + 3). 


4x +8x — 4х? - 8x 
` +2 +9 (x +2x4+3)(x? -2x 43) 


Suppose 


4х? + 8x E Ax+B Сх+ р 
(x? + 2х+3)(х* —2х +3) x’ +2x+3 х'—2х+3 
=> 4x? + 8x= (Ах + B)(x- 2x + 3) + (Cx + D) (x? + 2x + 3) 
=> 4x? + 8х= (А+ С) х +(-2A+B+2C+ D? 
+ (ЗА - 2B + ЗС + 2D)x + ЗВ + 3D (Т) 
which is an identity in x. 
Equating the coefficients of x°, x?, x, x? in I, we have 


O=A+C (i) 
4=-2A+B+2C+D (ii) 
8 = 3A -2B + 3C + 2D (iii) 
0=3B+2D (iv) 


Solving (i), (ii), (iii) and (iv), we get 


[4-1 , |B-2] |С=-1] and 
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x+2 —x-2 
+ 


Hence the partial fractions аге: — ———— + —5———— 
X +2х+3 X23 


Exercise 5.3 


Resolve the following into Partial Fractions: 


1 9x —7 2 1 3 3x+7 
(х2 +1)(x +3) * Qe Dl) 0 (x? +.4)(x +3) 
4 х? +15 5 x 6 х? +1 
0 (x? 42x +5)(x-1) " (x? +4)(x +2) © ge] 
7 х +2х+2 1 9 x* 
o (8 +3)(х+1)(х—1) ^— (x-D'(à +2) "o dex 
x!-2x43 
10. b v оозу 
x +x +1 


Case IV: when Q(x) has repeated irreducible quadratic factors 

If the polynomial Q(x) contains a repeated irreducible quadratic factors 
(ax? + bx + с)", п > 2 and п is a +ve integer, then 2 may be written as the following 
identity: Q(x) 


P(x) Ax +В, Ах +В, Ах +В, 
—— = — it м —— ZZ 
Q(x) ax + Ьх + с (a,x? + bx + cy (ax! + bx +c)’ 


where A, B, А„ B,,.....A,, B, are numbers to be found. The method is explained through the 
following example: 


version: 1.1 
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Ax^ +3x° + 6x? +5x 2x* - 3x! - 4х 


into partial fractions. — : NN 
P (x -D(x) +x 41 (х? + 2y (x +1)? 


2 
Example 1: Resolve — == 
(x +1) (x-1) 


И 4x? Ax+B Cx+D E 
Solution: Let ———~——- -——— + ———4—— 
(x +1) (х—1) x-l (х -1) x-1 
=> 4х2 = (Ax + B)(x*+ 1)(x — 1) + (Cx + Р )(х— 1) + E (x2 + 1)? (i) 
=> 4° = (А + Р)х + (At В)+ (А-В + C+ 2E) 
+(-A + B- С + О)х + (-B-D+6) (ii) 
Putting x - 12-0 > x=1 in(i), we get 
Д= Е(1 +1) = 
Equating the coefficients o f x^, x3, х2, x, in (ii), w e get 
O=A+E => A--E => |A=-1 
O=A+B = В=А => 
4=A-B+C+2E 
=> C=4-A+B-2F=4+1-1-2 = |С=2 
О=-А+В-С+р 
=> D=A-B+C=-14+1+2=2 = |D=2 
-x-l1. 2x+2 


1 
+ — 
x +1 (+D? x-1 


Hence partial fractions are: 


Exercise 5.4 


Resolve into Partial Fractions. 
x -2x42 х? 


(2 +х+1у ` (х2 41 (x -1) 


2x-5 4 8x? 
(x? + 2 (x - 2) ` (х2 -1yü0- x) 


version: 1.1 version: 1.1 
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6. Sequences and Series 


6.1 Introduction 


Sequences also called Progressions, are used to represent ordered lists of numbers. As 
the members of a sequence are in a definite order, so a correspondence can be established 
by matching them one by one with the numbers 1, 2, 3, 4,..... For example, if the sequence 
is 1, 4, 7, 10, ...., nth member, then such a correspondence can be set up as shown in the 
diagram below: 


Position the member of the sequence 
1 —————> 1 


2—4 


n ————— ———— nth member 


Thus a sequence is a function whose domain is a subset of the set of natural numbers. A 
sequence is a special type of a function from a subset of N to Ror C. Sometimes, the domain 
of a sequence is taken to be a subset of the set (0, 1, 2, 3,...}, i.e., the set of non-negative 
integers. If all members of a sequence are real numbers, then it is called a real sequence. 

Sequences are usually named with letters a, b, c etc., and n is used instead of x as a 
variable. If a natural number n belongs to the domain of a sequence a, the corresponding 
element in its range is denoted by a,. For convenience, a special notation a, is adopted for 
a(n)and the symbol (a,) or a, a, a.,...., a, ,...is used to represent the sequence a. The elements 
in the range of the sequence {a} are called its terms; that is, a, is the first term, a, the 
second term and a, the nth term or the general term. 

For example, the terms of the sequence (n + (-1)") can be written by assigning to n, the 
values 1, 2, 3 ,... If we denote the sequence by {6 }, then 

b, -n*(-1) and ме have 
b,=1+(-1)=1-1=0 
b,=2+(-1?=24+1=3 


version: 1.1 


e 


eLearn.Punjab 6. Sequences and Series 


b,=3+(C1P=3-1=2 
b,=4+(-1)=44+1 = 5 ete. 
If the domain of a sequence is a finite set, then the sequence is called a finite sequence 
otherwise, an infinite sequence. 


Some examples of sequences are; 
i) 1, 4, 9,...,121 ii) 1,3, 5,7, 95:41 iil) 1, 2,4,... 


iv) 1,3, 7, 15,31) v 1,6, 20, 56,... vi) 1, 
The sequences (i) and (ii) are finite whereas the sequences (iii) to (vi) are infinite. 
6.2 Types of sequences 
If we are able to find a pattern from the given initial terms of a sequence, then we can 
deduce a rule or formula for the terms of the sequence: 
we can find any term of the given sequence giving corresponding value to n in the 


nth / general term a, of a sequence. 


Example 1: Write first two, 21st and 26th terms of the sequence whose general term is 
(-1 yn. 


Solution: Given that a, = (-1)"*'. For getting required terms, we put n = 1, 2, 21 and 26. 


EL 
FEP 
„= (—1 y" = 1 


= (-1 ye" = _1 


Q Q Q Q 
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Example 2: Find the sequence if a, - a, ,= n + 1 and a, =14 


Solution: Putting n = 2, 3, 4 in 
d —a,_,=n+1, we have 


Ud ез (i) 
a,-a,=4 (ii) 
d.-0.-5 (iii) 
From (iii), a,-a,—5 
=14-5=9 (а, = 14) 
From (ii), a,-a,—-4 
=9-4=5 (0,7 9) 
And from (i), a, =a,—3 
=5-3=2 


Thus the sequence is 2, 5, 9, 14, 20,... 


Exercise 6.1 


1. Write the first four terms of the following sequences, if 


i) a, =2n-3 ii) a, -(-1y' m iii) @ -( I*(2n 3) 
; n 1 
iv) а, -3n-5 у) gs vi) a, == 
2п+1 2° 
vi) a@a,-a,,=n+2,a,=2 viii) a,=na,,,a,=1 
IX)  ar-(n Dez,a, 1 X) a э 
: undis " а+(п—1)4 


2.  Findthe indicated terms of the following sequences; 
: * - 357 
i) 2,611,170, li) 1,3,12,60,...a, iii) be gg 


0) 41-3,5-79,.. V) 1,—3,5,—7,9,—11,..0, 


9 
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3. Find the next two terms of the following sequences; 
i) 7,9,12,16,... Ш 357159315. 
iii) —1,2,12,40,... iv) 1,-3,5,-7,9,-11... 


6.3 Arithmetic Progression (A.P) 


A sequence (a } is an Arithmetic Sequence or Arithmetic progression (A.P), if a, — a, ,is 


the same number for all n e Мапа п> 1. The difference a, - a, (п> 1) і.е., the difference of two 
consecutive terms of an А.Р., is called the common difference and is usually denoted by d. 


Rule for the nth term of an A.P.: 
We know that a, — a, ‚= d (n> 1), 
which implies a, = a, , * d (n > 1)...... (i) 
Putting n = 2, 3, 4,...in (i) we get 
a,=a,t+d=a,+(2-1)d 
a,=a,+d=(a,+d)+d 
=a,+2d=a,+ 3-1)d 
а, = а, + а = (а, + 20) + а 
= а + За = а, + (4-1)d 


Thus we conclude that 


where a, is the first term of the sequence. 
We have observed that 


а, = а, + 0а=а, + (1 – 1)а 

а, = а, +а= а, + (2 – 1)а 

а. ажа = a, +(3-1)d 

а, = а, += а, + (4 – 1)а 
Thus а, a, + d, a, + 2d,..., a, + (п – 1)d +... is a general arithmetic sequence, with а,, d as the 
first term апа common difference respectively. 
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Example 1: Find the general term and the eleventh term of the A.P. whose first term and the 
common difference are 2 and -3 respectively. Also write its first four terms. 


Solution: Неге, а, = 2, d = -3 
We know that a, = a, + (n – 1)d, 
so @,=2+(n-1)\-3)=2-3n+3 
or а. =5=3п (i) 
Thus the general term of the A.P. is 5 – 3n. 
Putting п = 11 in (i), we have 
а= 5 – 3(11) 
= 5 – 33 = –28 
We can find a, a, a, by putting n = 2, 3, 4 in (i), that is, 
a= 5=3(2) ==1 
a, = 5- 3(3) = —4 
a, = 5-3(4)=-7 
Hence the first four terms of the sequence are: 2, -1, -4, –7. 


Example 2: If the 5th term of an A.P. is 13 and 17th term is 49, find a, and a... 


Solution: Given a, = 13 and a,, = 49. 
Putting n = 5 ina, - a, + (n – 1)d , we have 
a. = a, + (5 - 1)а, 
а. = d, + 40 
ог 13 =а, +44 (1) 
Also а, = a, + (17 - 1)d 
or 49=a,+ 16d 
or 49=(a,+ Ad) + 12d 
or 49=13+12d (by (i)) 
=> 12d=36 >=d=3 
From (i), а, = 13 – 4d = 13 - 4 (3) = 1 
Thus а= 1 + (13 – 1)3 = 37 and 
а,=1+(0 – 1)3 = Зп – 2 
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Example 3: Find the number of terms in the A.P. if; a, = 3, d = 7 and a, =59. 


Solution: Using a, = a, + (n – 1)а, we have 
59=3+(n-1)X7 (=a =59,a,=3 and d= 7) 
or 56=(n-1)X7>(n-1)=8>n=9 
Thus the terms in the A.P. are 9. 


Example 4: If a, , = Зл – 11, find the nth term of the sequence. 


Solution: Putting n = 3, 4, 5 іпа, , = 3n - 11, we have 
а,=Зх3-11=-2 
a,=3X4-11=1 
а,=3х5-11=4 
Тһиѕа =а, + (п – 1)0= 2 + (0-1) X3 (а, = –2, and d = 3) 
= Зп – 5 


Exercise 6.2 


1. Write the first four terms of the following arithmetic sequences, if 

i) | a,=5 and other three consecutive terms are 23, 26, 29 

li) a,= 17 anda, = 37 iii) 3a,=7a,anda,,=33 

а. = 2п – 5, find the nth term of the sequence. 

If the 5th term of an A.P. is 16 and the 20th term is 46, what is its 12th term? 
Find the 13th term of the sequence x, 1, 2 - x, 3 - 2x,... 

Find the 18th term of the A.P. if its 6th term is 19 and the 9th term is 31. 
Which term of the А.Р. 5, 2, —1,... is -85? 

Which term of the A.P. —2, 4, 10,...is 148? 

How many terms are there in the A.P. in which a, =11,а = 68, d = 3? 

If the nth term of the A.P. is 3n – 1 , find the A.P. 

Determine whether (i) —19, (ii) 2 are the terms of the A.P. 17, 13, 9, ... or not. 
If 1, m, n are the pth, qth and rth terms of an A.P., show that 

i) 9 = 0) + т(г– р) + пр- 9) = 0 

li) p(m-n)*-q(n-1-*r(I-m)-20 


ао 


-— — 
= C 
. . 


@ 
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12. Find the nth term of the sequence, 


qq 


13. If L ы апа ы are in A.P., show that b= 206 . 
a b с а+с 

14. If LM ы апа 2 are in A.P, show that the common difference is S 
a b c 2ac 


6.4 Arithmetic Mean (A.M) 


A number is said to be the A.M. between the two numbers a and b if a, A, b are in A.P. 
If d is the common difference of this A.P., thenA- а = dand b-A-d. 

Thus A-a-b-A 

or 2A-a-*b 


In general ме can say that a, is the A.M. between a, , anda 


Example 1: Find three A.Ms between 42 and 342. 


i.e. 


п+1! 


Solution: Let A,, A,, A, be three A.Ms between 4/2 and 342. Then 
J2,A,,4,,4,,3V2 are in A.P. 
Here a, - 42, a, =3V2 
Using a, =a, + (п – 1)а4, we get 
а; = а +(5-1)d 


version: 1.1 


eLearn.Punjab 


or 342 - 42 +44 


= 342-42 =44 
4 2 2 
1 2+1 3 
1 1 2 J5 2 
ТУ ТЕЕ Ре eO 
2 2 2 
1 +1 5 
ШЕ sd dpa = al 
uis № 42 42 
Therefore, ЕЛЕ аге three A.Ms between 42 апа 342. 
J2 [2 


6.4.1 n Arithmetic Means Between two given numbers 
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The n numbers A,, A,, A,,..., A, are called n arithmetic means between a and b if a, A,, A 


1! 2! ges 


Ay. A, b are in A.P. 
Example 2: Find n A.Ms between a and b. 


Solution: Let 4,45, А,,....‚ А, be n arithmetic means between a and b. 
Then a,A,,A,,A,,.....4,,5 are in A.P. in which a, =a and a, = b, so 
b-a-((n-2)-Dd (where d is the common difference of the A.P.) 
=a+(n+l)d 


_b-a 
n+l 


> d 


Thus deduc. LUND 


п+1 n+l 
4 =а+2а =a 5-4). Gee 
n+l n+l 
д=а+34=а+3(2—4) e metit 
n+l п+1 


O 


| t 
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zem 
n+l n+l 


A,=a4nd=ao[ 


Exercise 6.3 


1. Find A.M. between 
i) 345 and 545 ii) x—3 and x+5 
iii)  l—x+x* and I1 x4 x? 
2.  If5,8 are two A.Ms between a and b, find a and b. 
3. Find 6 A.Ms. between 2 and 5. 


4. Find four A.Ms. between 42 and ха 


Ve 
5. Insert 7 A.Ms. between 4 and 8. 
6. Find three A.Ms between 3 and 11. 


+b 


7. Find nso that p RET may be the A.M. between a and b. 
а + 


8. Show that the sum of n A.Ms. between a and b is equal to n times their A.M. 
6.5 Series 


The sum of an indicated number of terms in a sequence is called a series. For example, 

the sum of the first seven terms of the sequence (m?) is the series, 
1+4+9 + 16 + 25 + 36+ 49. 

The above series is also named as the 7th partial sum of the sequence {12}. If the 
number of terms in a series is finite, then the series is called a finite series, while a series 
consisting of an unlimited number of terms is termed as an infinite series. 

Sum of first n terms of an arithmetic series: 
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For any sequence {а}, we have, 
2,70, T0,TU, tst. 
If {a }is an A.P., then S, can be written with usual notations as: 


S, =a, +(а +4) - (a, +24) * ....* (a, - 2d) * (a, - d) * a, (i) 


If we write the terms of the series in the reverse order, the sum of n terms remains the 
same, that is, 
S, =а, +(а, -d)* (a, -2d) t ...* (a, - 2d) * (a, - d) * a, (ii) 


n 


Adding (i) and (ii), we get 


2S =(a,+a,)+(a,+a,)+(a,+a,)+...+(a,+a,)+(a,+a,)+(a,+a,) 
= (a, + а„) + (а, + a,) * (a, + a,) * ....to n term 


-n(a, * a,) 
-5la +a, +(n-Dd] 
or 5, = [2a + (n-1)d] 


Example 1: Find the 19th term and the partial sum of 19 terms of the arithmetic series: 


m ч 
2 2 


Solution: Here a, =2 and d =a, - a, - 
Using a, =a,+(n—l)d, we have, 
3 
4, =2+ (19-17 


=2+18(9.)=2+27=29 


version: 1.1 


2 


6. Sequences and Series eLearn.Punjab 6. Sequences and Series eLearn.Punjab 


Using S,= F(a, +4,), we have, or n —7n-44-0 La ENTUM. =з 
19 19 589 7+15 
Sig = ——(2+ 29) = (31) 2—— = -]1L- 


EXE re Serin coUe Sn Medo SENES UPS MIT TE Js аво сеа But n cannot be negative in this case, so n = 11, that is, the sum of eleven terms amount to 


66. 
Solution: Given that a, = 19, that is, 


a, - 4d =19 (i) 
Using the other given condition, we have, 


Exercise 6.4 


1. Find the sum of all the integral multiples of 3 between 4 and 97. 


4 
= 2 
S, ea +(4-1)d] =a + 2. Sum the series 


or 4a,+6d=a,+8d+1 " 3 5 
due (ii) i) -3 + (—1)+1+3+5+....+ a ii) qp petas 

ООЗМО ОП 2a = 2a ine Nee ii) — 1.1141.4141,71+4....4 dy. i. coc л, 

a, + 2(3a, - 1) 219 2 
or Ta, 2214,23 v) (x — а) + (х+ а) +(х+3а)+... to n terms. 
From (i), we have, 1 1 1 

4d =19-а =19-3=16 v) = —=t+— + — +... to n terms. 

5 px Е ЕЕ 
= d =4 
Thus the series is 3 + 7 +11 +15 +19 +... . 1 1 1 
vii) ——+-—+—-—-+.. to n terms. 
1+/х 1-х 1-4 
Example 3: How many terms of the series -9 -6 — 3 + 0 +... amount to 66? | 
3. How many terms of the series 
г | — — —3)+... t 7 
Solution: Here a, --9and d -3 as —6-(-9)-3 and -3- (-6) =3. ) G a шешер 
Let 5, =66 i) =тас E amount to 114? 
: n 
Using S, = + (n—- Dd], we have, A Т ee 
n i) 34+5-74+9411-134+154+17-19+4... to 3n terms. 
66 = 512(-9) + (1 —1)3] 
ii) 1+4-—74+10+13-164+19+22-25+... to 3n terms. 
or 132 =n[3n-21|=> 44 2 n(n - 7) 
5. Find the sum of 20 terms of the series whose rth term is 3r +1. 
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6. If S =n(2n-1), then find the series. 

7. The ratio of the sums of n terms of two series in A.P. is 31+2:n+1. Find the ratio of 
their 8th terms. 

8. If S,,5;,S; are the sums of 2n,3n,5n terms of an A.P., show that S, = 5(5, — S,). 

9. Obtain the sum of all integers in the first 1000 integers which are neither divisible by 5 
nor by 2. 

10. 5, and 5, are the sums of the first eight and nine terms of an A.P., find S, if 
505, = 635, anda, 2 (Hint = S% S, a) 

11. The sum of 9 terms of an A.P. is 171 and its eighth term is 31. Find the series. 

12. The sum of S,andS, is 203 and = S,-S,=49, S,andS, being the 
sums of the first 7 and 9 terms of an A.P. respectively. Determine the series. 

13. S,andS, are the sums of the first 7 and 9 terms of an AP. 


respectively. If — and a, — 20, find the series. 
7 
14. The sum of three numbers in an A.P. is 24 and their product is 440. Find the numbers. 
15. Find four numbers in A.P. whose sum is 32 and the sum of whose squares is 276. 
16. Find the five numbers in А.Р. whose sum is 25 and the sum of 
whose squares is 135. 
17. The sum of the 6th and 8th terms of an A.P. is 40 and the product of 4th and 7th term 
is 220. Find the A.P. 


1 1 1 


, , аге іп А.Р. 
b+c cta a+b 


18. If a°,b? and c’ are in A.P., show that 
6.6 Word Problems on A.p. 


Example 1: Tickets for a certain show were printed bearing numbers from 1 to 100. Odd 
number tickets were sold by receiving paisas equal to thrice of the number on the ticket 
while even number tickets were issued by receiving paisas equal to twice of the number on 
the ticket. How much amount was received by the issuing agency? 


Solution: Let S, and S, be the amounts received for odd number and even number tickets 
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respectively. Then 
S,=3[1+34+5+....499] and S, =2[2+4+6+...+100] 


Thus S, +S, =3x (1 +99) «247 +100), [- There are 50 terms in each series] 


= 7500 + 5100 = 12600 
Hence the total amount received by the issuing agency = 12600 paisas = Rs.126 


Example 2: A man repays his loan of Rs.1120 by paying Rs.15 in the first installment and 
then increases the payment by Rs.10 every month. How long will it take to clear his loan? 


Solution: Itis given that the first installment (in Rs.) is 15 and the monthly increase in payment 
(in Rs.) is 10. 
Here a,=15 and d=10 


Let the time required (in months) to clear his loan be n. Then 
S, 21120, that is, 


1120- [2х15 + (n - 10] = 7[30.« (n - D10] 


i 
2 
= x108 (a - D] -5n(n +2) 
or 224=п(и+ 2) = m + 2п – 224= 0 


-2+4/4+896 -2 + 4/900 


2 2 
—2+30 
2 
=14,-16 
But n can not be negative, so n = 14, that is, the time required to clear his loan is 14 
months. 


Example 3: A manufacturer of radio sets produced 625 units in the 4th year and 700 units 
in the 7th year. Assuming that production uniformly increases by a fixed number every year, 


o 
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find 
i) | The production in the first year 
ii) | The total production in 8 years 
iii) The production in the 11th year. 


Solution: Let a, be the number of units produced in the first year and d be the uniform 
increase in production every year. Then the sequence of products in the successive years is 


dd Edd + 24@,... 


By the given conditions, we have 


a, —625 and a,  700,thatis, 
a, +34 = 625 (I) 
and a, * 6d = 700 (II) 


Subtracting (I) from (II), we get 
3d = 75 > d = 25 
i) From (I), a, + 3(25) 2625 => a, = 625 – 75 = 550 
Thus the production in the first year is 550 units. 
" 8 
ii) S, с 
= 411100 +175] = 4[1275] - 5100 


Thus the production in 8 years is 5100 units. 
iii) a,,=a,+(11-Dd 


=550 + 10x 25 =550 + 250 = 800 


Thus the production in the 11th year is 800 units. 
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Exercise 6.5 


. Aman deposits in a bank Rs. 10 in the first month; Rs. 15 in the second month; Rs. 20 in 


the third month and so on. Find how much he will have deposited in the bank by the 9th 
month. 


. 378 trees are planted in rows in the shape of an isosceles triangle, the numbers in 


successive rows decreasing by one from the base to the top. How many trees are there in 
the row which forms the base of the triangle? 


. A man borrows Rs. 1100 and agree to repay with a total interest of Rs. 230 in 14 


installments, each installment being less than the preceding by Rs. 10. What should be 
his first installment? 


. A clock strikes once when its hour hand is at one, twice when it is at two and so on. How 


many times does the clock strike in twelve hours ? 


. Astudent saves Rs.12 at the end of the first week and goes on increasing his saving Rs.4 


weekly. After how many weeks will he be able to save Rs.2100? 


. An object falling from rest, falls 9 meters during the first second, 27 meters during the 


next second, 45 meters during the third second and so on. 
i) How far will it fall during the fifth second? 
i) | How far will it fall up to the fifth second? 


. An investor earned Rs.6000 for year 1980 and Rs. 12000 for year 1990 on the same 


investment. If his earning have increased by the same amount each year, how much 
income he has received from the investment over the past eleven years? 


. The sum of interior angles of polygon having sides 3,4,5,...etc. form an A.P. Find the sum 


of the interior angles for a 16 sided polygon. 


. The prize money Rs. 60,000 will be distributed among the eight teams according to their 


positions determined in the match-series. The award increases by the same amount for 
each higher position. If the last place team is given Rs.4000, how much will be awarded to 
the first place team? 

An equilateral triangular base is filled by placing eight balls in the first row, 7 balls in 
the second row and so on with one ball in the last row. After this base layer, second layer 
is formed by placing 7 balls in its first row, 6 balls in its second row and so on with one 
ball in its last row. Continuing this process, a pyramid of balls is formed with one ball on 
top. How many balls are there in the pyramid? 


? 
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6.7 Geometric Progression (G.P) 


а, 


A sequence {0 } is a geometric sequence or geometric progression if is the same 


n-l 


non-zero number for all ne N and n»1. The quotient а, 


is usually denoted by r and is 


п-1 


called common ratio of the С.Р .It is Clear that r is the ratio of any term of the G.P., to 


its predecessor. The common ratio r= 7^. is defined only if a, , #0, i.e., no term of the 
a 


n-l 


geometric sequence is zero. 
Rule for nth term of a G.P.: Each term after the first term is an r multiple of its preceding 
term. Thus we have, 


= = 2-1 
a,=ar =ar 

= = = 2 . 3-1 
a, =ar -(ar)r-ar =ar 


— — 2 _ 3 __ 4-1 
a,—-a,-(ar)r-ar =ar 


а, car which is the general term of a G.P. 


Example 1: Find the 5th term of the G.P., 3,6,12,... 


Solution: Here a, =3, a, =6, a, =12, therefore, r = 2-87 
а 


Using a,=ar"' forn 5,we have, 


doa 233 582 548 


Example 2: Find a, if a, 2 and a, —— ofaG.P. 
27 72 


Solution: To find a, we have to find a, and r. 
Using a may (i) 


n 
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d =ar ear. os a о (ii) 
—64 E 

And a, =ar" =ar‘, SO= ат?  —— iii 

7 1 1 1 729 ( ) 
Was а.е воа 

а, 8/27 27 3 а, ar 

2 | 

> == 3 (taking only real value of r) 

Put p == in (ii), to obtain a, that is, 


Now putting & = Бапа r i in (i), we get, 


60-2), -cden (3) -ev(5] fo n 1 > 


Example 3: If the numbers 1, 4 and 3 are added to there consecutive terms of G.P., the 
resulting numbers are in A.P. Find the numbers if their sum is 13. 


Solution: Let a,ar,ar^ be three consecutive numbers of the G.P. Then 
at+ar+ar =13 >a(lt+rt+r’)=13 (i) 
and a-Lar-4,ar^ +3 are in A.P., according to the given condition. 


(a +1) + (ar? +3) 
2 


Thus ar+4= 


> 2ar+8=ar+at+4 
= a(r! —2r+1)=4 
=> a(r^ +r+1)-3ar «4 С ғ? —2r+1=(7? er1)-3r) 


= 13-3ar=4  (caü«r«r)-13) 
or  3ar-13-4 = ar =3 (ii) 
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Using "SN (i) becomes 
r 
3 2 
—(l+rt+r°)=13 
r 
or 3r°-10r+3=0 


„10+ v100 — 36 10+8 


6 6 


r=3 or vee 
3 
If r=3 then a=1 (using ar =3) 
; 1 Е 
and if кек a=9 (using ar =3) 


Thus the numbers are 1,3,9 or 9,3,1 


Exercise 6.6 


1. Find the 5th term of the С.Р.: 3,6,12,... 

2. Find the 11th term of the sequence, 1+i,2, =. 

3. Find the 12th term of 1-4 i,2i, 2 + 2i,.... i 

4. Find the 11th term of the sequence, 1+i,2,2(1—i) 

5. If an automobile depreciates in value 5% every year, at the end of 4 years what is the 


value of the automobile purchased for Rs.12,000? 
6. Which term of the sequence: 
7. Ifa, Б,с,а are in С.Р, prove that 
i) a—-b,b-c,c-darein С.Р. 
ii) а2 – №2, b? – с, e – Ф аге іп С.Р. 
ii) аг +22, b? + с2, c? + с аге іп С.Р. 
8. Show that the reciprocals of the terms of the geometric sequence a,, а, г, а, г... form 
another geometric sequence. 
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9. Find the nth term of the geometric sequence &®-< апа а, -4 


a, 
10. Find three, consecutive numbers іп С.Р whose sum is 26 and their product is 216. 
11. If the sum of the four consecutive terms of a С.Р is 80 and A.M of the second and the 
fourth of them is 30. Find the terms. 


12. |f as and 3 are in G.P. show that the common ratio is 4 
C 


a b C 


13. If the numbers 1,4 and 3 are subtracted from three consecutive terms of an A.P., the 
resulting numbers are in G.P. Find the numbers if their sum is 21. 

14. Ifthree consecutive numbers in A.P. are increased by 1, 4, 15 respectively, the resulting 
numbers are in G.P. Find the original numbers if their sum is 6. 


6.8 Geometric Means 


A number G is said to be a geometric mean (G.M.) between two numbers a and b if a, 
G, b are in G.P. Therefore, 


6.8.1 n Geometric Means Between two given numbers 


The n numbers G,G,,G,..,G, are called n geometric means between a and 
b if a,G,,G,,G;,,...,G,,b are in G.P. 


(n+2)-1 


Thus we have, b = ar where r is the common ratio, 


or ar" =b 


b 1/п+1 
=» r=|— 
a 


1/п+1 
Thus G, =ar= (2) 


a 
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2/п+1 À Е 
G, =ar" =a >. Using a, =ar ме have, 
i a, =з?" ie, a ar (i) 
Gaar (5) Now substituting the values of a, and a, in (i) we have 
=ar’ =а| — 
a 
Lae ge gf = (ii) 
2 4 


Taking square root of (ii), we get, 


р? = 
2 
2 1 2 1 Г .2 
So, we have, 2 =—_ or r!2-l-— (^ -1=7) 
2 2 2 
1 
= у= + er r ——i 
2 42 
1 1 py 1y 1 
when r=—=, them G, 2—— VAG, 2|——| 46, 21| — 
pis ay 09 БЕ 
пеп о Go) => E 535 af =L) LG ay d. 
Example 1: Find the geometric mean between 4 and 16. a EO ABL eS 2 "S 2 5 
i hen r=}, th в -2«-L- 248, 2x A= 16 of 4) 
Solution: Here a = 4, b = 16, therefore when = еп G = re LG = - ай Ж: RÀ 
G= ale x 44 16 when к=, then e-XzH 432 1,65 4-9 LG, 42) E 


Thus the geometric mean may be +8 or -8. Inserting each of two G.Ms. between 4 and 


16, we have two geometric sequences 4, 8, 16 and 4, -8, 16. In the first case r = 2 and in the bem E EEUU E 
second case r=-2. 


Example 2: Insert three G.Ms. between 2 and 3 Example 3: If a, b, cand d are іп С.Р. show thata + b, + с, c + d аге іп G.P. 
Solution: Let G,,G,,G, be three G.Ms between 2 and : . Therefore 2, GGG. are in G.P. Solution: Since a, b, c are in G.P therefore, 
1 ac- b (i) 
EISE MICI IS Also b, c, d are in G.P., so we have 
bd cu (ii) 
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Multiplying both sides, of (ii) by b, we get 


Ба = Бс? => acd -bc? (- ac = Б?) 
> ad bc (iii) 

Now ad+bc =bc+bc Г. ad Фс] 
е, ad+bc =2Ьс (iv) 


Adding (i), (ii), and (iv), we have 


act+bd+ad+bc =? +c’? +2bc 
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If the sequence {a,} is a geometric sequence, then 
S, =a,tartar +. а" (i) 
Multiplying both sides of (i) by 1—r we get 
(1-7)$, = (010-r) fac ar t ar) +... ar") 
=(l-r) fal rr ry 


=a{(I-r)\itrt+rt+...tr”} 
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n-l 


=a, (Le rrr) (rer +...+т”)} 


=a, (1-7") 


_ a,1-r") 
l-r 


or (at+b)c+(at+b)d =(b+c)y 
or (a+b) (c+d)=(b+cy 


=> at+b,b+c,c+d are in С.Р. 
or S 


n 


( D 


Exercise 6.7 
For convenience we use: 


1. Find G.M. between S Adr ) 


Е if | 1 
i) —2and 8 ii) —2i and 8i 1-r 
2. Insert two G.Ms. between and sS = a,(r” —1) " А | 
i) 1and8 ii)  2and 16 pes] 
3. Insert three G.Ms. between 
i) 1 and 16 ii) 2 and 32 2v 
4. Insert four real geometric means between 3 and 96. Example 1: Find the sum of n terms of the geometric series if а, =Z) : 


5. If both x and y are positive distinct real numbers, show that the geometric mean 


between x and y is less than their airthmetic mean. Solution: We can write ( x-| as: 


а" + р" Я - . n-l n-l 
6. For what value of n, — ——. is the positive geometric mean between a and b? x 8 4 £) B8 that is 
а +Ь 545 5 
7. The A.M. of two positive integral numbers exceeds their (positive) G.M. by 2 and their 4-92 
sum is 20, find the numbers. " 5 45 


The A.M. between two numbers is 5 and their (positive) С.М. is 4. Find the numbers. 


6.9 Sum of n terms of a Geometric Series к 
we have, а= = andr 
For any sequence {a,}, we have 3 


S, =a,+a,+4,+....+4, 
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6\(5 2}. zy 
=| -—|}=]/1-|=+]=C2)/1 | 5 
SF al G| 
Example 2: The growth of a certain plant is 5% of its length monthly. When will the plant be 
of 4.41 cm if its initial length is 4 cm? 


Solution: Let the initial length be / cm.Then at the end of one month, the plant will be of 


length н) 20. 
100 20 20 
21, 21 5 
The length of the plant at the end of second month =—/ + =—/ х —— 
20 20 100 
2 
E 
20 20) (20 
| _ Diet әү (ap 
So, the sequence of lengths at the end of successive months is, —/,| — | /,| — | J..... 
20 \ 20 20 
n-l n 
Here a, = a ix 2] = 2l l Sm а 2] 
20 20 20 20 20 
21 Y ге 
Thus ZEE x4 (с> initial length = 4 cm) 


n 2 
or сно which gives n = 2 
4 400 \ 20 
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6.10 The Infinite Geometric Series 


Consider the series 


atartar stay" +... 


cab] 


then S equ du еш = (rz 1) 


But we do not know how to add infinitely many terms of the series. 
If S, а limit as n э о then the series is said to be convergent. 
If S, increases indefinitely as n becomes very large then we say that S, does not exist 
and the series is said to be divergent. 


Case I: If |r|<1, 
then r^ can be made as small as we like by taking n sufficiently large, that is, 


7" —0 as п > 00 


when и 00 


Obviously 5, БЛ 


а 


а 


In other words we сап Say that the series converges to the sum that is, 


Case II: If |r|>1, 

then r" does not tend to zero when n o 

i.e., 5 does not tend to a limit and the series does not converge in this case 
so the series is divergent. 

For example, if we take a, 21, r -2, 

then the series, will be 
1+2+4+8+... 
and we have S, =1, = S, 23,8, 2 7,8, =15,....,8, = 2” —1,i.€., 5,5, 5,,....„5„ is a sequence of ever 

increasing numbers. 
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In other words we can say that S, increases indefinitely as n — o. Thus the series does 
not converge. 
Case III: If 7 21, then the series becomes 
a, +a +а +а +... 
апа S, = па. In this case S, does not tend to а limit when л о апа the series 
does пої converge. 
Case IV: If 7r = –1, then the series becomes 


d, jd, — 0; 4 d, d, +t.. 


S = а,—(—1)'а, 
й 2 
I.e, 5, =a, if nis positive odd integer. 
S, =0 if nis positive even integer. 
Thus S, does not tend to a definite number when n — œ. In such a case we say that the 
series is oscillatory. 


and 


Example 3: Find the sum of the infinite С.Р. 2,4/2,1,... 


Solution: Here a, = 2 


pao N21 and 
& RE 
2 1 
S —«—— —— (= ] 
-L V2 
J2 


_ 2/2 _ 242241 — 44242 
"Most yos e 


Example 4: Convert the recurring decimal 2.23 into an equivalent common fraction (vulgur 
fraction). 


Solution: 2.23 = 2.232323 ... 
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= 2 + {.23 + .0023 + .000023 *...) 


23 | 0023. 1 | 
= 2 x —— 
mg 23 100 
100 
"T 100 x .23 2 23 
99 99 
198423 221 
|^. 99 99 


Example 5: The sum of an infinite geometric series is half the sum of the squares of its 


terms. If the sum of its first two terms is 2, find the series. 


Solution: Let the series be 
atart+ar +... (i) 
Then the series whose terms are the squares of the terms of the above series is 


2 2,2 2.4 T 
а car +a r +... (ii) 


Let S, and S, be the sum of the series (i) and (ii) respectively. Then 


S = (iii) 


and S, Е 5 (iv) 
=F 


By the first given condition, we have. 


>q =2(1+”) (V) 
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From the other given condition, we get 
9 9 
a,+ar=—>a,(1+r)=— VI 
наге >a (01+) =5 (vi) 
Substituting a, =2(1 +r) in (vi), gives 


2(1+7r) 1+0=2 er 


sige. 
2 
1 5 
>pr=—,- 
2 2 
5 5 5 
For r=>5, |r| = 1, So ме cannot take r -—-. 
2 2 2 
if r=> then а=2+-—)=3 Г. ас 2(% r)] 


Hence the series is TENURE NE P 
2 4 8 


Example 6: If a21—-x - x? - x? +... |x| «1 


Ь=1+х+х +0 +... |x| <1 
show that 2ab = a + р. 


Solution: a= (s r=- x) 
Led) 
or e ЖЕ! (i) 
l+x a 
1 
and b==— 
= ( r х) 
1 " 
= l-x2— (ii) 


Adding (i) and (ii), we obtain 


2 -141 which implies that 
a 
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2ab=a+b 


Exercise 6.8 


Find the sum of first 15 terms of the geometric sequence 1, 
Sum to n terms, the series 
i) .2 +.22 +.222 +... ii) 
Sum to n terms the series 
i) 1+ (a - b) - (a - ab +?) (а? + a? b ab? +b’)+... 


i) r-ü-0Onmg-ü-ke-E)Ó-.. 


l 
gr 


W]e 


З+З33+333-+... 


Sum the series 2+(1-)4{ 7) +n 8 terms. 
1 


Find the sums of the following infinite geometric series: 


1 1 1 е 1 1 1 " 9 3 2 
—+—+—4... ii) " 
5 25 125 


iv) 24+1+0.5+.. v 4624/2 264/2 +1+... 


vi) 0.1 +0.05 + 0.025 +... 

Find vulgar fractions equivalent to the following recurring decimals. 

) 1.34 ii) 07 iii) 0.259 

iv) 1.53 v) 0.159 vi) 1.147 

Find the sum to infinity of the series; r+(1+k)r?+(1+k+k’)r +... rand k being proper 
fractions. 


If gt b ds. and if 0« x « 2, then prove that x= Ay 
2 4 8 1+у 
If аск Рр, jere then овар 27 
3 9 21 2 2(1+ у) 


А ball is dropped from a height of 27 meters апа it rebounds two-third of the distance 
it falls. If it continues to fall in the same way what distance will it travel before coming 
to rest? 

What distance will a ball travel before coming to rest if it is dropped from a height of 
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75 meters and after each fall it rebounds E of the distance it fell? 
12. If у=1+2х+4х° & 8x? +... 


i) Show that = 
2y 


i) ^ Find the interval in which the series is convergent. 


2 
13. veda acr 
2 4 


i) Show that x 2p 
Yy 
ii) Find the interval in which the serieis is convergent. 
14. The sum of an infinite geometric series is 9 and the sum of the squares of its terms is 


Z . Find the series. 


6.11 Word Problems on С.Р. 


Example 1: A man deposits in a bank Rs. 20 in the first year; Rs. 40 in the second year; 
Rs. 80 in the third year and so on. Find the amount he will have deposited in the bank by the 
seventh year. 


Solution: The deposits in the succcessive yesrs are 
20,40,80,... which is a geometric sequence with 
a,—20 and r 2 
The sum of the seven terms of the above sequence is the total amount deposited in 
the bank upto the seventh year, so we have to find S, that is, 


207-1) 20Q'-1) 


the required deposit in Rs.= "ET | 


= 20(128 - 1) = 20 X 127 


= 2540 
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Thus the amount deposited in the bank upto the seventh year is Rs. 2540. 


Example 2: A person invests Rs.2000/- at 4% interest compounded annually. What the total 
amount will he get after 5 years? 


Solution: Let the principal amtount be P. Then 
the interest for the first year = Рх та = Рх (.04) 


The total amount at the end of the first year Р+Рх(.04) = Р(1+.04) 
The interest for the second year =[2(1+0.4) х (.04)] and the total amount at the епа of 
second year =[P(1+0.4)]+[P(1+0.4)]x (0.4) 
= P(1+.04)(1+.04) = P(14-.04y 
Similarly the total amount at the end of third year =P(1+.04)’ 
Thus the sequence for total amounts at the end of successive years is 
P(1+.04), P(1+.04)’, P(1+.04)’,... 
The amount atthe end of the fifth year is the fifth term ofthe above gemoetric sequence, 
that is 


a, =[P(1+.04)](1+.04)"' (7 a, =ar" and a, = P(1+.04)) 
=P(1+.04)° 
As P = 2000, so the required total amount in rupees = 2000 x (1+.04)° 


= 2000 x (1.216653) = 2433.31 


Example 3: The population of a big town is 972405 at present and four years before it was 
800,000. Find its rate of increase if it increased geometrically. 


Solution: Let the rate of increase be r % annually. Then the sequence of population is 


2 
800,000,800, 000 1+ воо ооо» m и 
100 100 


and its fifth term = 972405. 
In this case we have, 
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| r | | "" | r ) perimeter 3 What will be the total perimeter of all the triangles formed in this way? 
a, =а|1 — "тай6-15 |1 — 2 
100 100 
6.12 Harmonic Progression (H.P) 


r 


5-1 
Thus 972405 8004000 [1 sx] =( а, 972405 and a, $800,000) 


100 A sequence of numbers is called a Harmonic Sequence or Harmonic Progression if the 
r Y _ 972405 | | г | | 111, | 
и; ЕТТ ~ 800.000 reciprocals of its terms are in arithmetic progression. The sequence bs is a harmonic 
4 | 4 4 sequence since their 
i.e. +5) еы = í us 42) >l Es = reciprocals 1,3,5,7 are in A.P. 
00 60000 Remember that the reciprocal of zero is not defined, so zero can not be the term of a 
r 21 1 harmonic sequence. 
10020. 20 The general form of a harmonic sequence is taken as: 
>r=5 
: f | 3 oer whose nth term is ——— 
a, а +4 а * 2d a, + (п—1)да 
Hence the rate of increase is 5%. 
) 111 
Exercise 6.9 Example 1: Find the nth and 8th terms of Н.Р; о" 
1. Aman deposits іп a bank Rs. 8 in the first year, Rs. 24 іп the second year Rs.72 in the third Solution: The reciprocals of the terms of the sequence, 
year and so on. Find the amount he will have deposited in the bank by the fifth year. 111 T 
2. A man borrows Rs. 32760 without interest and agrees to repay the loan in installments, gag ere As 


each installment being twice the preceding one. Find the amount of the last installment, 
if the amount of the first installment is Rs.8. 
3. The population of a certain village is 62500. What will be its population after 3 years if it 


The numbers 2,5,8,... are A.P., so 
a =2 and d =5-2 =3. 


increases geometrically at the rate of 4% annually? Putting these values in a, =a, +(n—I)d, we have 
4. The enrollment of a famous school doubled after every eight years from 1970 to 1994. If a, =2+(n-1)3 
the enrollment was 6000 in 1994, what was its enrollment in 1970? РБ | 
1 
5. А singular cholera bacteria produces two complete bacteria іп 2 hour. If we start with а Thus the nth term of the given sequence 1.1 
colony of a bacteria, how many bacteria will we have in n hours? d an) 


Су 


‚ Joining the mid points of the sides of an equilateral triangle, an equilateral triangle having 
half the perimeter of the original triangle is obtained. We form a sequence of nested 
equilateral triangles in the manner described above wi e original trianglechayinle7.7 


(=) 
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we get the 8th term of the given H.P. which is ES 


and substituting n =8 in І : 
3n-1 3x8-] 23 


Alternatively, a, of the A.P. =a, +(8-1)d 


+2 (73 23 
Thus the 8th term of the given H.P. ET 


Example 2: If the 4th term and 7th term of an H.P. are = and = respectively, find the 
sequence. 
Solution: Since the 4th term of the HP. == and its 7th гете. therefore the 4th and 7th 


terms of the corresponding A.P. are А and respectively. 


Now taking a,, the first term and d, the common difference of the corresponding A.P, 
we have, 


13 
VEL CAD (i) 
and a +6d == (ii) 


Subtracting (i) from (ii), gives 


From (i), we get 


ае pet 
2 Э 2 


Thus a, of the А.Р. а+4=2+2=2 


апа a,oftheA.P. а +24 =5+2(2) 
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Hence the required H.P. is —, ~ 


6.12.1 Harmonic Mean: A number H is said to be the harmonic mean (H.M) between two 
numbers a and b if a, H, b are in H.P. 


Let a, b be the two numbers and H be their H.M. Then VE are in A.P. 
a 
1 bt+a 
therefore, 1-а b. ab _atb 
H 2 2 2ab 


For example, H.M. between 3 and 7 is 


2x3x7 2x21 21 
3+7 10 5 


6.12.2 п Harmonic Means between two numbers 


H,H,,H,...,H, arecallednharmonicmeans(H.Ms) between aand bif a, H,,H,,H;,....H,,b 
are in Н.Р. If we want to insert n H.Ms. between a and b, we first find n A.Ms. 4,,A,,....,4, 


between H and 7 then take their reciprocals to get n H.Ms between a and b, that is, 
a 


SR 
A, A, 


v will, be the required n H.Ms. between a and b. 
1 


n 


Example 3: Find three harmonic means between 5 апа = 


Solution: Let 4,4,4 be three A.Ms. between 5 and 17, that is, 5, 4, 4,,4,,17 are in A.P. 


9 
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Using a, =a,+(n—-l)d, we get, 

17=5+(5-1)4 (- а; =17and a, = 5) 

44 =12 
= d=3 
Thus 4 =5+3=8,4,=5+2(3)=11 and 4, =5+3(3) = 14 
LM 


Ы , 


TIE are the required harmonic means. 


Hence 


o | = 


Example 4: Find n H.Ms between a and b 
Solution: Let 4,4,4,....4,, ben A.Ms between ES and Z. 
a 
Then LL are in A.P. 
a 


Using a, = a, + (n — )d , we get, 


Lol one 
b a 


oremus т а Ж. 
Ь а ab(n 1) 


Thus Ды йз ж a-b _b(n+1)+(a-b)_ nb+a 
a a ab(n+!) ab(n +1) ab(n +1) 


а=1+24=1+2| a-b 50205 (n-1)b+2a 

a a \ab(n+1) ab(n+1) ab(n+1) 

a =issd= ya a 036-5. gare 
ab(n +1) ab(n +1) ab(n +1) 


деи a-b _b(n+l)+n(a-b) b+na 
a a ab(n +1) ab(n +1) ab(n +1) 
Hence n H.Ms between a and b are: 


ab(n-l) ађ(п+1) ab(n +1) ab(n +1) 
nb+a '(п-1)Ь+2а (n-2)b43a Ь+па 
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6.13 Relations between Arithmetic, Geometric and Harmonic 
Means 


We know that for any two numbers a and b 


А = 


atb g Jab and Æ 0 
2 at+b 


We first find AxH that is, 


AxH atb 2ab ^ 
2 а+Ь 
= С? 


Thus А, б, Н аге in С.Р. For example, if 
a=-1andb=5, then 


NUN. G 2 :4-1x5 = 5i 


2 
п a 010. 5 
-1+5 4 2 


Ax H =2x>=-5 and G? = (+4/51) =5i? = —5 


A 


It follows that 4x H = G? апад, G, H are іп С.Р. 


Now we show that A» H for any two distinct positive real numbers. 


a+b  2ab 
> 
a+b 


or (a+b) >4ab 
or (a+b) -4ab»0— (a-by >0 


AH if 
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which is true because a - b is a real number and the square of a real number is always To prove (ii), we show that 
positive. A<G if 
Also A > Gif a, b are any two distinct positive real numbers. 
a+b 
< Маһ 


As Git 2 аар " 
2 Let a = -m and b = -n where m and n are positive real numbers. Then 


Or a+bzx2Vab »0 


sy ЧЫ a Ayo «emen 
Or _т+п Sg som 
which is true because Va x 4b are non zero real numbers and the squares of real 2 2 
numbers are always positive. = (Vm - Any »0 (See part(i)) 
Now we prove that which is true, that is, 
i) А> С> Hifa,b are any two distinct positive real numbers апа С = Jab. A«G 
ii) A«G « Hifa,b are any two distinct negative real numbers and G= - Jab. "e Ha can prove that 


T i fi h hat A » G, i.e., 
o prove (i) we first show that A > G, i.e Hence 4<G<H 


‚„а+Ь 
л ш Vab Exercise 6.10 
L 2 
Ee | (Va vb) Н a 1. Find the 9th term of the harmonic sequence 
which is true (write the missing steps as given above) 
Thus A>G (1) i) 111 ii) E 
Again б> Н, 357 53” 
| 2ab 2.  Findthe 12th term of the following harmonic sequences 
if Jab > 
iii p iii o i24 
or a+b>2Vab 255 8 3'9'6 
=> a+b—2Javb » 0 3. Insert five harmonic means between the following given 
Е «45:0 numbers, 
which is true since Ja — Vb is a real number. 9 23 1 1 
i) —and— i) —and— 
Thus G>H (2) 5 13 4 24 
From (1) and (2), we have 
A>G>H 
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Insert four harmonic means between the following given numbers. 


WE e йй aspi iil) 4 and 20 
3 23 3 11 


If the 7th and 10th terms of an H.P. are i and = respectively, find its 14th term. 
The first term of an H.P. is E and the fifth term is 7 Find its 9th term. 


If 5 is the harmonic mean between 2 and b, find b. 


If the numbers B 30 and 
К 2k+1 Ak -1 


are in harmonic sequence, find k. 


n4l n+ 


1 
Find n so that LL may be H.M. between a and b. 
а + 


If a^,b? and c? are in A.P. show thata+6,c+aand6+c areinH.P. 
The sum of the first and fifth term of the harmonic sequence is =, if the first term is 


7 find the sequence. 


If A, G and H are the arithmetic, geometric and harmonic means between a and b 
respectively, show that G? = AH. 

Find A, G, H and show that G? = AH. if 

i) а= 3b 6 ii)  a=2i,b= 4i il) a=9,b=4 

Find A, G, H and verify that A > G > H (G > 0), if 

8 


ЇЙ g E: 
5 


i) a=2,b =8 
5 


Find A, G, Н and verify that A < G < H (G < 0), if 
І е 2 
I) & = —2Ь 8 ii) е 


If the HM and А.М. between two numbers are 4 апа i 
respectively, find the numbers. 
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17. If the (positive) G.M. апа H.M. between two numbers are 4 and r, find the numbers. 
18. If the numbers T and x are subtracted from the three consecutive terms 


of a G.P., the resulting numbers are in H.P. Find the numbers if their product is E 


6.14 Sigma Notation (or Summation Notation) 


The Greek letter > (sigma) is used to denote sums of different types . For example the 


notation > a, is used to express the sum 


i=m 


tat 


Had то t * 4, and the sum expression 


m+1 
1+3 + 5+....to n terms. 

is written as У (2k -1), 

k=1 


where (2k -1) is the kth term of the sum and k is called the index of summation. ‘1’ and n 
are called the lower limit and the upper limit of summation respectively. The sum of the first 
n natural numbers, the sum of squares of the first n natural numbers and the sum of the 
cubes of the first n natural numbers are expressed in sigma notation as: 

1+2+3+...+п= Mk 

k=l 
р +22 +32 +. = УК 
k=1 


P+243 4+..40 = У 
k=l 


n 


We evaluate ук” —(&—1)"] for any positive integer m and shall use this result to find out 
К=1 
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formulas for three expressions stated above. 


УЕ” —(k-1)"] =" -0") +2" -1") +B" 2") +... 


k=1 


H(n - D" -(n-2)"] - [n" -(n-1)"]2n" 


n 


ie, > [(k"-(k-1?"]2n" 


к=] 
If т=1, 


then $ [(k'-(k-1)'J=n' 


k=1 


6.15 To Find the Formulae for the Sums 


NY: i) Ye ii) Ye 
k=1 k=1 k=l 
i) | Weknow that k’ -(k-1? =2k-1 (A) 


Taking summation on both sides of (A) from k = 1 to n, we have 


n 


у? -(k-1?]-MQk -1) 


k-k 


n 
lé. и DE ñ 
ket 


Or Уа = en 


k=1 


Thus Ук = а) 
kal 2 


i) ^ Consider the identity 
k’ -(k-1y = 32 -3k41 (B) 
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Taking summation of (B) on both sides from & «1 to n, we get 


n 


> [E -(-1y] -Y Ge —3k 41) 


k=} 


ie, m „ур -3Y ken 
k=t k 1 


Or зуе = п) -п+3ук 
-nin yn - 1) «32072. 


n(n + D| n-143 [- St Dn D 
2 2 


Thus Ye ee 
k=1 


iii) We know that (k-1)* =k* - 4€ + 60° -4k +1 and this identity can be written as: 


k* - (k -1 = АК - 6? +4k -1 
Taking summation on both sides of (C), from & =1 to n, we get, 


Уш —(k-1)*] -Y ap —- 6k? - 4k - 1) 


k-k 


ie. a ATP SR ER 
k1 k1 


k-E- 
or ase -pn +п +60 -45k 
k=l == k 1 k 1 


=n(n+1)(n? —n+1)+6x ngctp 


n(n +1)(2п +1) 4 
6 


=n(n+1)[n? -n41-4 2n 41-2] 


-n(n Dni + п)= п(п+1).п(п +1) 


nos [an+  [n(n4D[ 
Thus Duk ES — |9 | 
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Example 1: Find the sum of the series P +3° + 55 +...to n terms 


Solution: 7, -(2k-1y 
= 8k’ -12k? + 6k-1 
Let 5 denote the sum of n terms of the given series, then 


Sc 
k=l 


or 5, = У (8k? -12k? + 6k -1) 


-85k оу +6ўк-} 1 
el -p [16:009], fat), 
р 2 6 2 


= 2п'(п +1)? — 2п(п+1)(2п +1) + Зи(и+1) -n 

= 20° (n? +2п +1) – 2п(2п° + 3n +1) - п(3п +3) - n 
= 2n[(n° + 2n? + n) - 2n? + 3n +1)]+ n(8n +3 – 1) 
= 2и[п? - 2n - 1] - n(3n + 2) 

= n2? - 4n - 2 * 3n + 2] 

=n[2n* - n] 7 n.[n(25? - 1)] 

= пп? –1] 


("1+ (k- 2)2= 2k- 1) 


Example 2: Find the sum of n terms of series whose nth terms is n° elm a +1 
Solution: Given that 


T = i aed 
2 2 


п 


Thus Т, aka Ke krl 
2 2 
D rie 
and 5, =У (K +>k +—k+1) 
t 2 2 
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15. 


16. 


= у "ay LY key 
k=1 = 27 271 k 1 


2 2 
_ п (n+!) З Wat) 2п+1) 1 ntl) 
4 2 6 2 2 


= Gn +2л+1)+ Qn? +3л +1) +(n +1) 4] 
= (0 +2л° +п +2? +3п+1+п+1+4) 


= F(a +4n? +5п+6) 


Exercise 6.11 


Sum the following series upto n terms. 


1х1+2х4+3х7+... 2. 1х3+3х6+5х9+... 
1х4+2х7+3х10+... 4. 3х5+5х9+7х13 +... 

[43 45. 6. 2-5 +8? +... 

2х1 - 4x2?! 6x3 +... 8. 3x2! £5x3! 41x 4 +... 
2х4х7+3хбх10+4х8х13 +... 

1х4х6+4х7х10+7х10х14+... 

1+(1+ 2) +(1+2+3) +... 12. P+O +2?)+(1? +2? +3?) +... 
2+(2+5) + (2+5 +8) +... 14. Sum the series. 


i) 12-2? +3? – 4? +...+(2п – 1)? - ny 
i) 12-32652 72+...+(4и 3)? -(4n-1y 
io 42? +3 


iii) —+ +... to и terms 
1 2 3 


Find the sum to n terms of the series whose nth terms are given. 
i) 3п°+п+1 ii) п? +4п +1 

Given nth terms of the series, find the sum to 2n terms. 

i) Зи? +2п +1 ii) n +2п +3 
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Permutation Combination 
and Probability 


. Permutation Combination and Probability 


7.1 Introduction 


The factorial notation was introduced by Christian Kramp (1760 - 1826) in 1808. This 
notation will be frequently used in this chapter as well as in finding the Binomial Coefficients 
in later chapter. Let us have an introduction of factorial notation. 

Let n be a positive integer. Then the product n(n - 1)(n- 2).... 3.2. 1 is denoted by 
n! or In and read as n factorial. 


Thatis, |j!- n(n—T1)(n-2) ....3.2.1 


For Example, 
1!21 
2! = 2.1 =2 =2! =2.1! 
3! 2 3.2.1 -6 >3! 531 
4! = 4.3.2.1 = 24 = 4! = 4.3! 
5! = 5,4.3.2.1 2120 >5! = 5.4! 
and 6!= 6.5.4.3.2.1 = 720 =>6! = 6.5! 


! 
Example 1: Evaluate x 


! 
Solution: 8! _ 8.7.6.5.4.3.2.1 


6 65432] 
Example 2: Write 8.7.6.5 іп the factorial form 


! 
8765 = 8.7.6.5.4.3.2.1 z 8! 


4.3.2.1 4! 


Solution: 
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Example 3: Evaluate —— 


6!3! 


! ! 
9! 9.8.7)6! _ 2 


Solution: — 


6!3! 613.2.) — 


9! 987654321 
613! 654321321 


Exercise 7.1 


1. Evaluate each of the following: 
Fe m 8! 10! 
! ! nds = 
i) 4! ii) 6! lil) 7 iv) 71 
! | | | 
V. m wh vi) Šo yip E 
4!7! 313! 412! 21415! 
! | | 
ШЫ коооз E" E: xii) 41011 
21(9 — 2)! 151(15—15)! 0! 
2. Write each of the following in the factorial form: 


i) 6.5.4. i) 12.11.10 iii) 20.19.18.17 
| 10.9 8.7.6 52.51.50.49 
iv) —— v) —— yl) S 
2.1 3.2.1 4.3.2.1 
vil) n(n — 1 n — 2) viii) (n + 2)(п + 1)(n) iX) MU an) 


3.2.1 
х) n(n — 1)(п – 2)....(п — r+ 1) 


(2) 
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7.2 Permutation 


Suppose we like to find the number of different ways to name the 
triangle with vertices A, B and C. 

The various possible ways are obtained by constructing a tree 
diagram as follows: 


C—A 
Start B< 
А — С 


To determine the possible ways, we count the paths of the tree, beginning from the 

start to the end of each branch. So, we get 6 different names of triangle. 
ABC, ACB, BCA, BAC, CAB, CBA. 

Thus there are six possible ways to write the name of the triangle with vertices A, B and 
С. 
Explanation: In the figure, we can write any one of the three vertices A, B, C at first place. 
After writing at first place any one of the three vertices, two vertices are left. So, there are 
two choices to write at second place. After writing the vertices at two places, there is just one 
vertex left. So, we can write only one vertex at third place. 


Another Way of Explanation: 
Think of the three places as shown 
Since we can write any one of the three vertices at first place, so it is written in 3 different 


ways as shown. EN EN EN 


Now two vertices are left. So, corresponding to each way of writing at first place, there 


o 
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are two ways of writing at second place as shown. 
Now just one vertex is left. So, we can write at third place only one vertex in one way 
asshown.[ 3 | | 2 | 
The total number of possible ways (arrangements) is the product 3.2.1= 6. 
This example illustrates the fundamental principle of counting. 


Fundamental Principle of Counting: 
Suppose A and B are two events. The first event A can occur in 


p different ways. After A has occurred, B can occur in q different ways. 
The number of ways that the two events can occur is the product p.q. 


This principle can be extended to three or more events. For instance, the number of 
ways that three events A, B and C can occur is the product p.q.r. 

One important application of the Fundamental Principle of Counting is to determine 
the number of ways that n objects can be arranged in order. An ordering (arrangement) of 
n objects is called a permutation of the objects. 

A permutation of n different objects is an ordering (arrangement) of the objects 
such that one object is first, one is second, one is third and so on. 

According to Fundamental Principle of Counting: 

i) Three books can be arranged in a row taken all at a time = 3.2.1 = 3! ways 

i) Number of ways of writing the letters of the WORD taken all at a time 

= 4.3.2.1 = 4! 

Each arrangement is called a permutation. Now we have the following definition. 

A permutation of n different objects taken r (< n) at a time is an arrangement of 
the г objects. Generally it is denoted by "P. or P(n,r). 


n! 
(n-r) 
Proof: As there aren different objects to fill up r places. So, the first place can be filled in n ways. 
Since repetitions are not allowed, the second place can be filled in (n-1) ways, the third place 
is filled in (n-2) ways and so on. The rth place has n- (r- 1) = n-r-* 1 choices to be filled in. 
Therefore, by the fundamental principle of counting, r places can be filled by n different objects 
in n(n — 1)(n – 2).... (n — r + 1) ways 


Prove that: "p, = n(n-1)(n-2)...(n-r *1)- 
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р =n(n-1)(n—-2)....(n—-—r +1) 


| .n(n - l)(n - 2)....(n—r- D)(n rn —r- D) .... 3.2.1 
р (n—r)(n—r-}).... 3.2.1 


п! 
——Pz 


"o (n-ry 


which completes the proof. 


— п different objects can be arranged taken all at a time in n! ways. 


Example 1: How many different 4-digit numbers can be formed out of the digits 1, 2, 3, 4, 
5, 6, when no digit is repeated? 


Solution: The total number of digits = 6 
The digits forming each number = 4. 
So, the required number of 4-digit numbers is given by: 
Р 6161 654324 


P, = (6—4)! = 21 Lt apo 9e = 360 


Example 2: How many signals can be made with 4-different flags when any number of them 
are to be used at a time? 


Solution: The number of flags = 4 
Number of signals using 1 flag = *P = 4 
Number of signals using 2 flags = 'P,-4.3 -12 
Number of signals using З flags = *P, = 4.3.2 = 24 
Number of signals using 4 flags = *P, = 4.3.2.1 = 24 
Total Number of signals = 4 + 12 + 24 + 24 = 64. 


(5) 
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Example 3: In how many ways can a set of 4 different mathematics books and 5 different 
physics books be placed on a shelf with a space for 9 books, if all books on the same subject 
are kept together? 


Solution: 4 different Mathematics books can be arranged among themselves in 4! ways. 5 
different Physics books can be arranged among themselves in 5! ways.To every one way of 
arranging 4 mathematics books there are 5! ways of arranging 5 physics books. The books 
in the two subjects can be arranged subject-wise in 2! ways. 


So the number of ways of arranging the books as given by. 
A x51! x21 = 4X3X2x1x5XAX3x2x1x2x1 
- 5740 


Exercise 7.2 


1. Evaluate the following: 


i) "E ii) “р iii) "p iv) “р v) °Р, 
2. Find the value of л when: 
i) "BR =30 ii) “P =11.10.9 iii) *Br*Beon 


3. Prove from the first principle that: 
i) "p = x P ii) "Р, _ FUP, 
4. How many signals can be given by 5 flags of different colours, using 3 flags at a time? 
5. Ном many signals can be given by 6 flags of different colours when any number of 
flags can be used at a time? 
6. Howmany words can be formed from the letters of the following words using all letters 
when no letter is to be repeated: 
i) PLANE ii) OBJECT ii) © FASTING? 
7. How many 3-digit numbers can be formed by using each one of the digits 2, 3, 5, 7, 9 
only once? 
8. Find the numbers greater than 23000 that can be formed from the digits 1, 2, 3, 5, 6, 
without repeating any digit. 
HINT: The first two digits on L.H.S. will be 23 etc. 


@ 
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9. Find the number of 5-digit numbers that can be formed from the digits 1, 2, 4, 6, 8 
(when no digit is repeated), but 
i) the digits 2 and 8 are next to each other; 
i) | the digits 2 and 8 are not next to each other. 

10. How many 6-digit numbers can be formed, without repeating any digit from the digits 
0, 1, 2, 3, 4, 5? In how many of them will O be at the tens place? 

11. How many 5-digit multiples of 5 can be formed from the digits 2, 3, 5, 7,9, when no digit 
is repeated. 

12. In how many ways can 8 books including 2 on English be arranged on a shelf in such a 
way that the English books are never together? 

13. Find the number of arrangements of 3 books on English and 5 books on Urdu for 
placing them on a shelf such that the books on the same subject are together. 

14. In how many ways can 5 boys and 4 girls be seated on a bench so that the girls and the 
boys occupy alternate seats? 


7.2.1 Permutation of Things Not All Different 


Suppose we have to find the permutation of the letters of the word BITTER, using all 
the letters in it. We see that all the letters of the word BITTER are not different and it has 2 
Ts in it. Obviously, the interchanging of Ts in any permutation, say BITTER, will not form 
a new permutation. However, if the two Ts are replaced by T, and T,, we get the following 
two permutation of BITTER 
BIT,T,ER and BIT,T,ER 


Similarly, the replacement of the two Ts by T and T 
in any other permutation will give rise to 2 permutation. 


Now, BIT T, ER consists of 6 different letters which can be permuted among themselves 
in 6 ! different ways. Hence the number of permutation of the letters of the word BITTER 
taken all at a time 

(6! 65421 
s E E 

This example guides us to discover the method of finding the permutation of n things 

all of which are not different. Suppose that out of n things, n, are alike of one kind and n,are 
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alike of second kind and the rest of them are all different. Let x be the required number of 
permutation. Replacing n, alike things by n different things and п, alike things by n, different 
things, we shall get all the n things distinct from each other which can be permuted among 
themselves in n! ways. As n, different things can be permuted among themselves in (л)! 
ways and n, different things can be arranged among themselves іп (n,)! ways, so because of 
the replacement suggested above, x permutation would increase to x x (n;) ! X (п)! number 
of ways. 


хх (n,)!x (nj)! 2 (n)! 


Hence pe oo - ý | 


(n) (п„)! 


п.п, 


Example 1: In how many ways сап be letters of the word MISSISSIPPI be arranged when 
all the letters are to be used? 


Solution: Number of letters in MISSISSIPPI = 11 
In MISSISSIPPI, 
I is repeated 4 times 
S is repeated 4 times 
P is repeated 2 times 
M comes only once. 


| 11 
Required number of permutation = 
4,4,2,1 


SE DE 34650 ways 
(4) (4) QI (D) 


O 
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7.2.2 Circular Permutation 


So far we have been studying permutation of things which can be represented by 
the points on a straight line. We shall now study the permutation of things which can be 
represented by the points on a circle. The permutation of things which can be represented 
by the points on a circle are called Circular Permutation. 

The method of finding circular permutation is illustrated by the following examples. 


Example 2: In how many ways can 5 persons be seated at a round table. 


Solution: Let A, B, C, D, E be the 5 persons One of the ways of seating 
them round a table is shown in the adjoining figure. If each person 
moves one or two or more places to the left or the right, they will, no 
doubt, be occupying different seats, but their positions relative to each 
other will remain the same. 


So, when A occupies a certain seat, the remaining 4 persons will be permuting their seats 
among themselves in 4! ways. 
Hence the number of arrangements = 4! = 24 


Example 3: In how many ways can a necklace of 8 beads of different colours be made? 


Solution: The number of beads = 8 
The number of arrangements of 8 beads in the necklace will be like the seating of 8 
persons round a table. 
=> The number of such necklaces (fixing one of the beads) = 7! 
Now suppose the beads are a, б, с, d,e, fg, h and the necklace is as shown in Fig. (i) 
below: 
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Figure (i) Figure (ii) 


By flipping the necklace we get the necklace as shown in figure (ii). We observe that the 
two arrangements of the beads are actually the same. 


Hence the required number of necklaces = -1x (7)! = 2520 


Exercise 7.3 


1. How many arrangements of the letters of the following words, taken all 
together, can be made: 
i) PAKPATTAN li) PAKISTAN 


ii) MATHEMATICS iv) ASSASSINATION? 

2. How many permutation of the letters of the word PANAMA can be made, if P is to be 
the first letter in each arrangement? 

3. | How many arrangements of the letters of the word ATTACKED can be made, if each 
arrangement begins with C and ends with K? 

4. Ном many numbers greater than 1000,000 can be formed from the digits 0, 2, 2,2, 3, 
4,4? 

5. How many 6-digit numbers can be formed from the digits 2, 2, 3, 3, 4, 4? How many 
of them will lie between 400,000 and 430,000? 

6. 11 members of a club form 4 committees of 3, 4, 2, 2 members so that no member is 
a member of more than one committee. Find the number of committees. 

7. The D.C.Os of 11 districts meet to discuss the law and order situation in their 
districts. In how many ways can they be seated at a round table, when two particular 
D.C.Os insist on sitting together? 

8. The Governor of the Punjab calls a meeting of 12 officers. In how many ways can they 


be seated at a round table? 
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9. Fatima invites 14 people to a dinner. There are 9 males and 5 females who are seated 
at two different tables so that guests of one sex sit at one round table and the guests 
of the other sex at the second table. Find the number of ways in which all gests are 
seated. 

10. Findthe number of ways in which 5 men and 5 women can be seated at a round table 
in such a way that no two persons of the same sex sit together. 

11. In how many ways can 4 keys be arranged on a circular key ring? 

12. How many necklaces can be made from 6 beads of different colours? 


7.3 Combination 


While counting the number of possible permutation of a set of objects, the order is 
important. But there are situations where order is immaterial. For example 
i) _ ABC, ACB, BAC, BCA, CAB, CBA are the six names of the triangle whose vertices 
are A, B and C. We notice that inspite of the different arrangements of the vertices 
of the triangle, they represent one and the same triangle. 
ii) The 11 players of a cricket team can be arranged in 11! ways, but they are players 
of the same single team. So, we are interested іп the membership ofthe committee 
(group) and not in the way the members are listed (arranged). Therefore, a 
combination of n different objects taken r at a time is a set of r objects. 
The number of combinations of n different objects taken r at a time is denoted by "C, 


or C(n, r) or И and is given by 


Proof: There аге "C, combinations of n different objects taken r at a time. Each combination 
consists of r different objects which can be permuted among themselves in r! ways. So, each 
combination will give rise to r! permutation. Thus there will be "C, x r! permutation of n 


different objects taken r at a time. 
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А (n=r) "o r(n-r) 


Which completes the proof. 


7.3.1 Complementary Combination 


Prove that: ^C, = "С, 
Proof: If from n different objects, we select r objects then (n — r) objects are left. 
Corresponding to every combination of r objects, there is a combination of (n - r) 
objects and vice versa. 
Thus the number of combinations of n objects taken r at a time is equal to the number 
of combinations of n objects taken (n - r) at a time. 


"C, — "C, 


—r 


Я п! 
Other wise: "c, = ———— — ——- 
(n—r)\(n—-n+r)! 


= 2e- 02D. (6). (11) =66 


12-107 2 
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Example 1: If"C,="C,., find n. 


12! 


Solution: We know that "C = "С, 


M “С = "Св (i) 
But itis given that "С, = "С,, (ii) 
From (i) and (ii), we conclude that 
"Cg = "С, 
= п-8=12 
п = 20 


Example 2: Find the number of the diagonals of a 6-sided figure. 


Solution: А 6-sided figure has 6 vertices. Joining any two vertices we get a line segment. 


6! 
~ 214! 


Number of line segments °C, 


But these line segments include 6 sides of the figure 
Number of diagonals = 1 5 - 6 = 9 


Example 3: Prove that: "С + "С, = "С, 


Solution: LHS. = "C-e"C, 


odi Q bel 
ПЕЕ ranr 


n-i n-l 


- rr-1 n-r-l |r-Yn-r)n-r-1 


E п—1 ER 1 E п—1 n-rt+r 
| dJr-1n-r-i r n-rj [|r-ln-r-1| r(n—r) 
METER 
rr-Yn-rn-r-l |ra-r — 
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= R.H.S. 
Hence "C +С mnc 


r 


Exercise 7.4 


1. Evaluate the following: 
i) | "C, DEN on iii) "С 
2. Find the value of n, when 


exit iil) ac = °C 


) "Cs = "С, i) "CoS 2! 12 


3. Find the values of n and r, when 
) ^C =35 and "P,- 210 
]) 766.276 DUC. сы 14 

4. Ном many (a) diagonals and (b) triangles can be formed by joining the vertices of the 
polygon having: 
i) 5 sides i) 8 sides iii) 12 sides? 

5. Тһе members of a club are 12 boys and 8 girls. In how many ways can a committee of З 
boys and 2 girls be formed? 

6. Ном many committees of 5 members can be chosen from a group of 8 persons when 
each committee must include 2 particular persons? 

7. — In how many ways can a hockey team of 11 players be selected out of 15 players? How 
many of them will include a particular player? 

8.  Showthat 96 eC = 7С, 

9. There are 8 men and 10 women members of a club. How many committees of can be 
formed, having; 
i) 4women ii) atthemost4 women ііі) atleast 4 women? 

10. Prove that "C +С = "7С. 


7.4 Probability 


We live in an uncertain world where very many events cannot be predicted with 
complete certainty, e.g. 
i) In a cloudy weather, we cannot be sure whether it will or will not rain. However, 
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we can Say that there is 1 chance out of 2 that the rain will fall. 

ii) There are 6 theorems on circle out of which one theorem is asked in the Secondary 
School Examination. Evidently, there is 1 chance out of 6 that a particular theorem 
will be asked in the examination. 

In simple situations, we are guided by our experience or intuition. However, we cannot 
be sure about our predictions. Nevertheless, in more complex situations, we cannot depend 
upon guess work and we need more powerful tools for analyzing the situations and adopting 
the safer path for the achievement of our goals. 

Inordertoguideinsolvingcomplexproblemsofeverydaylife,twoFrench Mathematicians, 
BLAISE PASCAL (1623-62) and PIERRE DE FERMAT (1601 - 65), introduced probability 
theory. A very simple definition of probability is given below: 


Probability is the numerical evaluation of a chance that a particular event would 
occur. 


This definition is too vague to be of any practical use in estimating the chance of the 
occurrence of a particular event in a given situation. But before giving a comprehensive 
definition of probability we must understand some terms connected with probability. 

Sample Space and Events: The set S consisting of all possible outcomes of a 
given experiment is called the sample space. A particular outcome is called an event 
and usually denoted by Е. An event E is a subset of the sample space S. For example, 

i) In tossing a fair coin, the possible outcomes are a Head (H) or a Tail (7) and it is 

written as: 5 = (H, T) = n(S)=2. 

i) In rolling a die the possible outcomes are 1 dot, 2 dots, З dots, 4 dots, 5 dots or 6 

dots on the top. 

5 = {1,2,3,4,5,6}= n(S) =6 
To get an even number 2, 4 or 6 is such event and is written as: 
Е = {2,4,6} = n(E) = З 

Mutually Exclusive Events: If а sample space S = (1, 3, 5, 7, 9) апа an event A = (1, 3, 5) 
and another event B = {9}, then A and B are disjoint sets and they are said to be mutually 
exclusive events. In tossing a coin, the sample space S = (H, Т}. Now, if event A = (H } and 
event В = {Т}, then A and B are mutually exclusive events. 
Equally Likely Events: We know that if a fair coin is tossed, the chance of head appearing 
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on the top is the same as that of the tail. We say that these two events are equally likely. 
Similarly, if a die, which is a perfect unloaded cube is rolled, then the face containing 2 dots 
is as likely to be on the top as the face containing 5 dots. The same will be the case with any 
other pair of faces. In general, if two events A and B occur in an experiment, then A and B 
are said to be equally likely events if each one of them has equal number of chances 
of occurrence. 

The following definition of Probability was given by a French Mathematician, PS. Laplace 
(1749 - 1827) and it has been accepted as a standard definition by the mathematicians all 
over the world: 

If a random experiment produces m different but equally likely out-comes and n 
outcomes out of them are favourable to the occurrence of the event E, then the probability 
of the occurrence of the event F is denoted by P(E) such that 


Since the number of outcomes in an event is less than or equal to the number of 
outcomes in the sample space, the probability of an event must be a number between 0 and 
1. 

Thatis, 0 x P(E) <1 

i) If P{E) = 0, event E cannot occur and E is called an impossible event. 

ii) If P(E) = 1, event E is sure to occur and E is called a certain event. 


Example 1: Adie is rolled. What is the probability that the dots on the top are greater than 
4? 
Solution: S={1,2,3,4,5,6} = n(S) = 6 
The event E that the dots on the top are greater than 4 = {5, 6 } 
n(E) | 


> mE) = 2 - PETS =e 


1 
3 
Example 2: What is the probability that a slip of numbers divisible by 4 are picked from the 
slips bearing numbers 1, 2, 3, ......,10 
Solution: 5 = {1, 2,3 ,..., 10) = nS) = 10 
Let E be the event of picking slip with number divisible by 4. 


? 
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E-(48) = ПР) = 2 


py 21 
U mS) 10 5 


7.4.1 Probability that an Event does not Occur 


If a sample space S is such that n(S) = N and out of the N equally likely events an event 


E occurs R times, then, evidently, E does not occur N – А times. 


The non-occurrence of the event E is denoted as E . 


Now Р(Е) = 


апа Р(Е) === ———==-==1-= 


Exercise 7.5 


For the following experiments, find the probability in each case: 

Experiment: 

From a box containing orange-flavoured sweets, Bilal takes out one sweet without 
looking. 

Events Happening: 

i) the sweet is orange-flavoured 

ii) the sweet is lemon-flavoured. 

Experiment: 

Pakistan and India play a cricket match. The result is: 

Events Happening: i) Pakistan wins ii) ^ India does not lose. 


Experiment: 
There are 5 green and 3 red balls in a box, one ball is taken out. 
Events Happening: i) the ball is green i) the ball is red. 
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Experiment: 

A fair coin is tossed three times. It shows 

Events Happening: i) Onetail ii) atleast one head. 

Experiment: 

A die is rolled. The top shows 

Events Happening: i) 3 or 4 dots ii) оќ less than 5. 

Experiment: 

From a box containing slips numbered 1,2, 3, .., 5 one slip is picked up 


Events Happening: 

i) the number on the slip is a prime number 

i) | the number on the slip is a multiple of 3. 

Experiment: 

Two die, one red and the other blue, are rolled simultaneously. The numbers of dots 
on the tops are added. The total of the two scores is: 

Events Happening: i) 5 ii) 7 iii) 11. 

Experiment: 

A bag contains 40 balls out of which 5 are green, 15 are black and the remaining are 
yellow. A ball is taken out of the bag. 

Events Happening: 

i) The ball is black li) The ball is green iii) The ball is not green. 
Experiment: 

One chit out of 30 containing the names of 30 students of a class of 18 boys and 12 
girls is taken out at random, for nomination as the monitor of the class. 

Events Happening: 

i) the monitor is a boy ii) the monitor is a girl. 

Experiment: 

A coin is tossed four times. The tops show 

Events Happening: 

i) all heads li) 2 heads and 2 tails. 
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7.4.2 Estimating Probability and Tally Marks Solution: Let E be the event that rain falls on a particular day of a July. 
(E) ПОЕ ИКСИ 
We know that РЕ)= с, ‚ Where Е is the event and S is the sample space. The fraction i 31x10 
n 
showing the probability is very often such that it is better to find its approximate value. The _215 03 (approx). 
following examples illustrate the necessity of approximation. 310 
Number of days of raining in 20 days of July = 20 х 0.7 = 14 
Example 1: The table given below shows the result of rolling a die 100 times. Find the ^ The number of days fit for picnic2 20-14-76 


probability in which odd numbers occur. 


Tally Marks 


Exercise 7.6 


ФЕ Ц. ДЕЦЕ ЦЕ 25 1. А fair coin is tossed 30 times, the result of which is tabulated below. Study the table 
-H ШЕП 13 and answer the questions given below the table: 
AH- SHE III 14 
| Tally Marks 
H III Head AWE ME III 14 
Hh AL ЛЫ Tail J HL HL I 16 
i) How many times does ‘head’ appear? 
керы | qul 2 tlas 47 1 ii) Ном many times does ‘tail’ appear? 
Solution: Required probability = ——————- — =- (арргох.) y ppear: 
100 100 2 iii) Estimate the probability of the appearance of head? 


iv) Estimate the probability of the appearance of tail? 
2.  Adieistossed 100 times. The result is tabulated below. Study the table and answer the 
questions given below the table: 


Tally Marks 


AML Ul 14 
ЕЩЕ ЕІ 17 


Example 2: The number of rainy days in Murree during the month of July for the past ten А-А-А d 
years are: 20, 20, 22, 22, 23, 21, 24, 20, 22, 21 A 1I is 
Estimate the probability of the rain falling on a particular day of July. Hence find the A Ht in 
number of days in which picnic programme can be made by a group of students who wish | | WEN ue 
to spend 20 days in Murree. i) How many times do 3 dots appear? 
i) | How many times do 5 dots appear? 
iii) How many times does an even number of dots appear? 
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How many times does a prime number of dots appear? 


Find the probability of each one of the above cases. 


iv) 
v) 
The eggs supplied by a poultry farm during a week broke during transit as follows: 


3. 
l, | 
1%, 2%, Pus p 1%, 2%, 1% 


Find the probability of the eggs that broke in a day. Calculate the number of eggs that 
will be broken in transiting the following number of eggs: 
i) 7,000 li) 8,400 iii) 10,500 
7.4.3 Addition of Probabilities 
We have learnt in chapter 1, that if A and B are two sets, then the shaded parts in the 


following diagram represent AU B. 


If A and B If A and B 
are overlapping — 


The above diagrams help us in understanding the formulas about the sum of two 


probabilities. 


We know that: 
P(E) is the probability of the occurrence of an event Е. 


If A and B are two events, then 
P(A) = the probability of the occurrence of event A; 
P(B) = the probability of the occurrence of event B; 
P(AUB) = the probability of the occurrence of AUB. 
P(A П В) = the probability of the occurrence of An B; 
The formulas for the addition of probabilities are: 
i) Р(АОВ) = P(A) + P(B), when A and B are disjoint 


@) 
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i) X P(AUB) = P(A) + P(B) - P(A n B) 


when A and B are overlapping or BCA. 
Let us now learn the application of these formulas in solving problems involving the 


addition of two probabilities. 


Example 1: There are 20 chits marked 1, 2, 3,....,20 in a bag. Find the probability of picking 
a chit, the number written on which is a multiple of 4 or a multiple of 7. 


Solution: Неге $-1(1,2,3,.., 20) = n(S) = 20 
Let A be the event of getting multiples of 4. 
А = {4,8, 12, 16,20} = n(A) =5 


5 1 
2. P(A) =—=— 
(4) 20 4 
Let B be the event of getting multiples of 7 
B = {7,14} = П(В) = 2 
2 | 
<. P(B) == — 
(8) 20 10 


As A and B are disjoint sets 
] 7 


+—=— 


1 
P(AUB)= p( A) + р(В)=— 
(AU B)=p(A) + p(B) Е ТАСТ 
Example 2: Adie is thrown. Find the probability that the dots on the top аге prime numbers 
or odd numbers. 


Solution: Неге 5 = {1, 2, 3,4, 5, 6 } => n(S) =6 
Let А = Set of prime numbers = {2,3,5} = n(A) = З 
Let В = Set of odd numbers = {1,3,5} => п(В) = З 


ANB = 2,3,5) {1,3,5} = 13,5) A n(40 B) =2 


3 1 3 2 
Now P(A)= —-—, P(B) == , Р(Ас\В —— 
(4) E (B) с ( ) : 
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Since A and B are overlapping sets. 
P(AUB) = P(A)+ P(B)-P(ANB) 


1 1 
=—+ — 
2 3 


Exercise 7.7 


1. If sample space- (1, 2, 3, 9 ) , Event A = {2, 4, 6, 8} and Event B = (1, 3, 5}, find 
P(AU B) 

2. Aboxcontains 10 red, 30 white and 20 black marbles. A marble is drawn at random. Find 
the probability that it is either red or white. 

3.  Anatural number is chosen out of the first fifty natural numbers. What is the probability 
that the chosen number is a multiple of 3 or of 5? 

4. Acard is drawn from a deck of 52 playing cards. What is the probability that it is a 
diamond card or an ace? 

5.  Adieisthrown twice. What is the probability that the sum of the number of dots shown 
is 3 or 11? 

6. Two dice are thrown. What is the probability that the sum of the numbers of dots 
appearing on them is 4 or 6? 

7. Two dice are thrown simultaneously. If the event A is that the sum of the numbers of 
dots shown is an odd number and the event B is that the number of dots shown on at 
least one die is 3. Find Р(4 В) 

8. There are 10 girls and 20 boys in a class. Half of the boys and half of the girls have blue 
eyes. Find the probability that one student chosen as monitor is either a girl or has blue 
eyes. 


7.4.4 Multiplication of Probabilities 


We can multiply probabilities of dependent as well as independent events. But, in 
this section, we shall find the multiplication of independent events only. Before learning 
the formula of the multiplication of the probabilities of independent events, it is necessary 
to understand that what is meant by independent events. 

Two events A and B are said to be independent; if the occurrence of any one of 
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them does not influence the occurrence of the other event. In other words, regardless 
of whether event A has or has not occurred, if the probability of the event B remains the 
same, then A and B are independent events. 

Suppose a bag contains 12 balls. If 4 balls are drawn from it twice in such a way that: 

i) the balls of the first draw are not replaced before the second draw; 

ii) the balls of the first draw are replaced before the second draw. 

In the case (i), the second draw will be out of (12 — 4 = 8) balls which means that the 
out-comes of the second draw will depend upon the events of the first draw and the two 
events will not be independent. However, in case (ii), the number of balls in the bag will be 
the same for the second draw as has been the case at the time of first draw i.e. the first draw 
will not influence the probability of the event of second draw. So the two events in this case 
will be independent. 


Theorem: If A and B are two independent events, the probability that both of them 
occur is equal to the probability of the occurrence of A multiplied by the probability of 
the occurrence of B. Symbolically, it is denoted as: 


Р(Ас\В) = P(A). P(B) 
Proof: Let event A belong to the sample space S, such that 
m; 


and n(A)=m, => P(A) EP 
1 


nS) = n 


1 
Let event B belong to the sample space S, such that 


п(5,) = п, апа n(B)=m, = p(B) s 
2 
A and B are independent events 
Total number of combined outcomes of A and B = n,n, 


and total number of favourable outcomes = m,m, 


mm Ph = P(A). P(B) 
nM, n n, 


P(An В) 
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Example 1 The probabilities that a man and his wife will be alive in the next 20 years are 0.8 
and 0.75 respectively. Find the probability that both of them will be alive in the next 20 years. 


Solution: If P(A) is the probability that the man will be alive in 20 years and P(B) is the 
probability that his wife be alive in 20 years. 
The two events are independent: 


P(A)= 0.8 Р(В) = 0.75 
The probability that both тап and wife will be alive in 20 years 
is given by: 


P(AQB) = 0.8x0.75 = 0.6 
Example 2: Two dice are thrown. Е, is the event that the sum of their dots is an odd 


number and E, is the event that 1 is the dot on the top of the first die. Show that 
P(E, CE, = Р(Е,).Р(Е,) 


Solution: F, - ((1,2), (1 ,4), (1, 6), (2, 3), (2, 5), (3,4), (3,6), (4, 3) (4, 5) 
(5, 6), (2, 1), (4, 1), (6,1), (3, 2), (5, 2), (6, 3), (5, 4), (6, 5)} 


= n(E)-218 
E, = {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6) 


= n(E)-6 
(S) = 6x6 = 36 


P)-—— ane Pe) Э. 2 
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E, and E, are independent 


1 1 1 
P(E).P(E,) ED EET 
Now ЕЕ, = (1,2), (1,4), (1,6) 
=> n(EnE)-2 3 


P(E E) = = = 


Hence P(E, с Е,) = P(E).P(E,) 


Exercise 7.8 


The probability that a person A will be alive 15 years hence is Е and the probability that 
another person B will be alive 15 years hence is s . Find the probability that both will 
be alive 15 years hence. 

A die is rolled twice: Event Е, is the appearance of even number of dots and event Е, is 
the appearance of more than 4 dots. Prove that: P(E, © E,) = P(E).P(E,) 
Determine the probability of getting 2 heads in two successive tosses of a balanced 
coin. 
Two coins are tossed twice each. Find the probability that the head appears on the first 
toss and the same faces appear in the two tosses. 
Two cards are drawn from a deck of 52 playing cards. If one card is drawn and replaced 
before drawing the second card, find the probability that both the cards are aces. 
Two cards from a deck of 52 playing cards are drawn in such a way that the card is 
replaced after the first draw. Find the probabilities in the following cases: 
i) first card is king and the second is a queen. 
i) ^ both the cards are faced cards i.e. king, queen, jack. 
Two dice are thrown twice. What is probability that sum of the dots shown in the first 
throw is 7 and that of the second throw is 11 ? 
Find the probability that the sum of dots appearing in two successive throws of two 


dice is every time 7. 
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A fair die is thrown twice. Find the probability that a prime number of dots appear in 
the first throw and the number of dots in the second throw is less than 5. 

A bag contains 8 red, 5 white and 7 black balls, 3 balls are drawn from the bag. What 
is the probability that the first ball is red, the second ball is white and the third ball is 
black, when every time the ball is replaced? 


HINT: ЮЕ ЕЕ is the probability. 
20 / 20 A 20 
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Mathematical inductions 
and Binomial Theorem 


8. Mathematical Inductions and Binomial Theorem 


8.1 Introduction 


Francesco Mourolico (1494-1575) devised the method of induction and applied this 
device first to prove that the sum of the first n odd positive integers equals n*. He presented 
many properties of integers and proved some of these properties using the method of 
mathematical induction. 

We are aware of the fact that even one exception or case to a mathematical formula is 
enough to prove it to be false. Such a case or exception which fails the mathematical formula 
or statement is called a counter example. 

The validity of a formula or statement depending on a variable belonging to a certain 
set is established if it is true for each element of the set under consideration. 

For example, we consider the statement S(n) = n?— n + 41 is a prime number for every 
natural number n. The values of the expression n?- n + 41 for some first natural numbers 
are given in the table as shown below: 


|n | 1)2,3,4 5]|96 / 7 | 8 | 9 юм 


From the table, it appears that the statement S(n) has enough chance of being true. If 
we go on trying for the next natural numbers, we find n = 41as a counter example which fails 
the claim of the above statement. So we conclude that to derive a general formula without 
proof from some special cases is not a wise step. This example was discovered by Euler 
(1707-1783). 

Now we consider another example and try to formulate the result. Our task is to find 
the sum of the first n odd natural numbers. We write first few sums to see the pattern of 
sums. 


n (The number of terms) Sum 
] --——-——----—-----------------------------------------------------—-- 1= 1? 
PE 1+3= 4 = 2? 
Еа 1+3+5= 9=3? 
Д-----—--------------------------------------------——-- 1+3+5+7=16=4? 
5 -----------------—------------------------------- 1+3+5+7+9=25 = 5? 
6 --------------------------------------------- 1+3+5+7+9+11=36= 6? 
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The sequence of sums is (1)?, (2)2, (3), (4), ... 

We see that each sum is the square of the number of terms in the sum. So the following 
statement seems to be true. 

For each natural number n, 

1+3+5+....+ (20-1) = п?.... (i) (^ nth term=1+(n – 1)2) 

But it is not possible to verify the statement (i) for each positive integer n, because it 
involves infinitely many calculations which never end. 

The method of mathematical induction is used to avoid such situations.Usually it is 
used to prove the statements or formulae relating to the set {1,2,3,...} but in some cases, it 
is also used to prove the statements relating to the set (0 ,1,2 ,3,...). 


8.2 Principle of Mathematical Induction 


The principle of mathematical induction is stated as follows: 

If a proposition or statement S(n) for each positive integer n is such that 

1)  S(1)is true i.e., S(n) is true for n = 1 and 

2  S(k-*1)istrue whenever S(k) is true for any positive integer К, then S(n) is true for 
all positive integers. 


Example 1: Use mathematical induction to prove that 36649 ean 210 for every 
positive integer n. 


Solution: Let S(n) be the given statement, that is, 


э) 
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S(n): 3+6+9...+3п= 21010 (i) 


1. Мһепи = 1, 5(1) becomes 


3 


8(1):3= oT ye 


Thus S(1) is true i.e., condition (1) is satisfied. 
2. Let us assume that S(n) is true for any n = ke №, that is, 


31649... + ЗЕ = (A) 


3k(k +1) 
2 


The statement for n = k+ 1 becomes 


3k(k +1) (К +1) +1] 
2 
_ 3(k +1)(k +2) 
2 
Adding 3(k+ 1) on both the sides of (A) gives 


3+6+9.... +3 + 3(& +1) = 


(В) 


3k(k +1) 
2 


3+6+9+....+3k+3(k+1)= +3(k +1) 


=3(k + DÉ +1) 


—O3(k DK +2) 
ü 5 


Thus S(k + 1) is true if S(k) is true, so the condition (2) is satisfied. 
Since both the conditions are satisfied, therefore, S(n) is true for each positive integer 


Example 2: Use mathematical induction to prove that for any positive integer n, 


; п(п+1)(2п+1) 
р 6 


] 425 3433 4. ви 
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Solution: Let S(n) be the given statement, 


22 n(n+1)(2n +1) 


S(n: 1°+2°+3?°+...+п : 


1. Ёп = 1, S(1) becomes 


11+1)(2х1+1) 1x2x3 
6 


S(D:dy = я 


Thus S(1) is true, i.e., condition (1) is satisfied. 
2. Let us assume that S(k) is true for any k € №, that is, 


Pereya aq ООК (A) 
S(k +1): 2з +(e 1 = ЕЕ ЫИ Ен + 
E ME DOE в 


Adding (К+1)° to both the sides of equation (А), we have 


_ k(K + DK +1) 


Peers. te READ (k 1) 


" (КЁ +1)(k : 2)(2k + 3) 
6 


eLearn.Punjab 


Thus the condition (2) is satisfied. Since both the conditions are satisfied, therefore, by 


mathematical induction, the given statement holds for all positive integers. 


3 
Example 3: Show that — represents an integer VNEN. 


(5) 
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3 
Solution: Let o 


1. When n = 1, S(1) becomes 


2elez 


sae! 20 _3 


3 


2. Let us assume that S(n) is ture for any n = k є И, that is, 


S(k)= represents an integer. 


k? +2k 
3 


Now we want to show that S(k+l) is also an integer. For n=k+1, the statement becomes 


(k +1) + 2(k +1) 
3 
(KE 3E +3k+1+2k+2 (KE +20) + (BK? +3К +3) 
Е 3 3 
(К? + 2k) + (K^ +k +1) 
3 


S(k+1)= 


3 
DT E ++) 


k? +2k 


AS is an integer by assumption and we know that (k? + k + 1)is an integer as 
k € W. 
S(k + 1) being sum of integers is an integer, thus the condition (2) is satisfied. 


Since both the conditions are satisfied, therefore, we conclude by mathematical 


m «2n 


induction that represents an integer for all positive integral values of n. 


Example 4: Use mathematical induction to prove that 


whenever n is non-negative integer. 


n+l _ 
3+3.5+3.5°+....+3.5” = a 
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Solution: Let S(n) be the given statement, that is, 


The dot (.)between 


n+l 
35" -D two number, stands, 


S(n: 3+3.5+3.52 +....+ 3.5^ = ғ 


for multipication symbol. 


XS el) or 3 36-D 
4 4 


1. For n=0, S(0) becomes S(0):3.5° = 


Thus S(O) is true i.e., conditions (1) is satisfied. 


2. Let us assume that S(k) is true for апу k e W, that is, 


_36 7-1) (А) 


8033435435 3.6435" л 


Here S(k+1) becomes 


с Са МЕ 1) 


S(k +1):343.543.57 +....43.5' 43.5" = ; 


„зс 9] (B) 


Adding 3.5%! on both sides of (A), we get 


305“ = 1) 
e 
| 3(5"! 214 4.57) 
р 4 

| 3[5" (12 4) - 1] 
„шт 
Е 3(5*? _ 1) 
p 


3435495 4.435 4952 a5" 


This shows that S(k + 1) is true when S(k) is true. Since both the conditions are satisfied, 
therefore, by the principle of mathematical induction, S(n) in true for each n e W. 


@ 
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S(k +1): 143454....4 (2k +5)+ (2k +145) =(k +143) =(k+4}? (В) 
Adding (2k +1+5)=(2k+7) on both sides of equation (A) we get, 
1*3-45*...* (2k* 5) + (2k * 7) = (К+ 3)? + Qk + 7) 
к + 6к+9 + 26+ 7 
k^tskt16 
(k + 4)? 
Thus the condition (2) is satisfied. As both the conditions are satisfied, so we conclude 
that the equation is true for all integers n >- 2. 


For example, we consider the statement that 3^ is an even integer for any positive 
integer n. Let S(n) be the given statement. 

Assume that S(K) is true, that is, 3% in an even integer for n = К. When 3* is even, then 
3* + 3* + 3* is even which implies that 3* .3= 3**! is even. 

This shows that S(k + 1 ) will be true when S(k) is true. But 3! is not an even integer which 
reflects that the first condition does not hold. Thus our supposition is false. 


Example 6: Show that the inequality 4” > 3^ + 4 is true, for integral values of n=2. 


Solution: Let S(n) represents the given statement i.e., S(n): 4^ > 3" + 4 for integral values of 


n 22. 
Sometimes, we wish to prove formulae or statements which are true for all integers 1.  Forn-2,S(2) becomes 
n greater than or equal to some integer /, where i «1. In such cases, S(1) is replaced by S(i) S(2): 42 > 32 +4, ie, 16 > 13 which is true. 
and the condition (2) remains the same. To tackle such situations, we use the principle of Thus S(2) is true, i.e., the first condition is satisfied. 


extended mathematical induction which is stated as below: 2. Let the statement be true for any n = (22) €Z , that is 
_ _ Р : Ak 3e d (A) 
8.3 Principle of Extended Mathematical Induction Multiplying both sides of inequality (A) by 4, we get 
or 44*»4(3 + 4) 
Let i be an integer. If a formula or statement S(n) for п>; is such that or 41>(3+1)3*+16 
1)  S(i)istrue and Or 4 3 44 3* +12 
2)  S(k+1)is true whenever S(k) is true for any integer nz i. or  49»3*"'44 (3K +12 > 0) (B) 
Then S(n) is true for all integers nz i. The inequality (B), satisfies the condition (2). 
Since both the conditions are satisfied, therefore, by the principle of extended 
Example 5: Show that1+3+5+....(2n+ 5) = (n+ 3)*for integral values of n2-2. mathematical induction, the given inequality is true for all integers п> 2. 
Solution: Exercise 8.1 
1. Let S(n) be the given statement, then for n = -2 , S(-2) becomes, 2(-2)*52(-2*3y, 
i.e., 1 = (1? which is true. Use mathematical induction to prove the following formulae for every positive integer 
Thus S(-2) is true i.e., the condition (1) is satisfied n. 
2. Let the equation be true for any n= keZ , k >-2 , so that 1. 1454+9+4....4+(4n-3) 2 n2n- 1) 
14+3+5+....4+(2k+5)= (k+ 3) (A) 
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14-3454... Qn-D) sm 


14+44+7+4....4(3n-2)= 


n(3n —1) 
2 


ЗА. нот 


1 1 
ltte 
2 4 2” 


2+4+6+....+ 2и = и(п+1) 


24+6418+4...42%3" 23^ —] 


1x3 2454347. ex nt = РӘН + 
Ix24 2x3 35d tre) = OD 
Ix2 43x44 5x65. Qn -1ух2л= MED) 
т 1 1 

+ + eek = mt 
1x2 2x3 3x4 n(n 4-1) n+l 
1 1.4 1 " 

T t t = 
1x3 3x5 5x7 Qn-1Qnl 2n41 
Ed. І К 

+ + +o... $ cg =q— 
2x5 5x8 8х11 (3n-1)(3n+2) 2(3n+2) 
rer er eser 1), (r 1) 

=F 


a+(a+d)+(a+2d)+...+[a+(n-Dd]= [2a + (n-1)d] 


1J1+2|2+3|3+....+n|ļn=|n+1-1 


a, = а +(n-l1)d 


when,a,, a, +d,a, +24, ....form an A.P. 


when a,„ar,ar’,.. form a С.Р. 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 
26. 
27. 
28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
36. 
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12 +37 +5? +....4(2n-1) 


3 4 3 n+2 n+3 
+ +| |+... = 
OH 
Prove by mathematical induction that for all positive integral values of n 
i) п? + nis divisible by 2. i) 5° — 2” is divisible by 3. 


iii) 57—115 divisible by 4. iv) 8x 10" – 2 is divisible by 6. 
v) и? піѕ divisible by 6. 


1 1 1 jl а 
Еи = p 
3 3 3 2 3 


[—2*43*-4" 4 C -D a 


|— (7D. n(n +1) 
р 2 


P +3 +5? +....4(2n-1) = и 2и? -1] 
x+1 is a factor of x^" —1;(x £-1) 
x-y is а factor of x^ — y^; (x # y) 
x+y is a factor of x?r'* y?! (x #-y) 
Use mathematical induction to show that 
1*2-t2?^-*..-* 2" = 27 — 1 for all non-negative integers n. 
If A and B are square matrices and AB - BA, then show by mathematical induction that 
АВ" = B"A for any positive integer n. 
Prove by the Principle of mathematical induction that л? – 1 is divisible by 8 when n is 
an odd positive integer. 
Use the principle of mathematical induction to prove that Inx^ = n Inx for any integer 
n > Oif xis a positive number. Use the principle of extended mathematical induction 
to prove that: 
n! > 2^ — 1 for integral values of n= 4. 
m »n + З for integral values of n = 3. 
4^ > 3" + 2™ for integral values of n > 2. 
3^« n! for integral values of n» 6. 
n!» п? for integral values of n > 4. 
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37. 3+5+7 +... + (2п +5) = (п + 2)(п + 4) for integral values of nz-1. 
38. 1+пх < (1+ х)" forn >22 andx>-1 


8.4 Binomial Theorem 


An algebraic expression consisting of two terms such as a + x, x — 2y, ax + b etc., is called 
a binomial or a binomial expression. 

We know by actual multiplication that 

(a +x)? = а? + 2ах + х? (i) 

(a + x)? = a? + 3a?x + Зах? + x? (ii) 

The right sides of (i) and (ii) are called binomial expansions of the binomial a + x for the 
indices 2 and 3 respectively. 

In general, the rule or formula for expansion of a binomial raised to any positive integral 
power n is called the binomial theorem for positive integral index n.For any positive integer 


or briefly 


Л n 
(a + x)" =>, gU 
пеги 04 
where a and х are real numbers. 
The rule of expansion given above is called the binomial theorem and it also holds if a 
or x is complex. 


Now we prove the Binomial theorem for any positive integer n, using the principle of 
mathematical induction. 


Proof: Let S(n) be the statement given above as (A). 
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1. If n = 1, we obtain 


S(1): (a+ x} = e + (je =а+х 


Thus condition (1) is satisfied. 


2. Let us assume that the statement is true for any п = ke №, then 


k k k k k 
(a+x) = at + ü + a? x +....+ qh Cn] a "x 
0 1 2 r-l r 
k k 
teal, E NE (B) 


k 41 k 41 k+1 
S(k+) :(а+ к) = А Jer +f je Р ЕЕ 


k+1 k+1 k+l kl 
а"? хх! + ау ахх? + au (C) 
r-l r k k 1 


Multiplying both sides of equation (B) by (a*x), we have 


k k k k k-l k k-2..2 k k-r4l .r-l 
(a * x)(a 4 x)' (a4 x) 0 а + | а x+ Š Q' X t... - а x 
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n 


DeC) [у 
(49-8 4C JV — 


(Js A" нше 


2d E "T" e) " C "UN As all the terms of the expansion can be got from it by putting г = 0, 1,2..... n, so we call 
= а ах а x or 


0 1 2 it as the general term of the expansion. 
6 
" k+l a x uu k+l xh k+l y? Example 1: Expand (2-2) also find its general term. 
r k k+l 2 а 
А а 2Y (a (-2 à 
| | T Solution: | —-——| =| —+| — 
We find that if the statement is true of n = k, then it is also true for n = К +1. 2 a 2 Va 
Hence we conclude that the statement is true for all positive integral values of n. 

_(а\ү (6 (0( 2 
2 1\2 а 
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6 
ч м ол ио ae ar 
64 8 4 a a ad 


Т, the general term is given by 


Example 2: Evaluate (9.9) 


Solution: (9.9) = (10-.1)° 
= (10)? + 5 х (10)4 х (-. 1) + 10(10)? x (-. 1)? + 10(10)2 x (—. 1)? + 5(10)(–.1)* + (-.1)° 
= 100000 - (.5) (10000) + (10000X.01) + 1000(—.001) + 50 (.0001) –.00001 
= 100000 - 5000 +100 -1 + .005 — .00001 
= 100100.005 — 5001.00001 
= 95099.00499 


11 
Example 3: Find the specified term in the expansion of ЕЕЗ 
X 


the fifth term 
coefficient of term involving х! 


i) the term involving x? ii) 
ii) the sixth term from the end. iv) 
Solution: 


11 
i) Let T_ be the term involving x? in the expansion of 5-3.) , then 


X 
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үз ay үү „ 
Т. = E -— |= "ED aar 
ii MES | x) ox C) t 


As this term involves x? , so the exponent of x is 5, that is, 
11-2rz5 


Or —2r=5-ll>r=3 
Thus T, involves x° 


11\3!56 ..- 11.10.9 3° 
a "ese ut co 
165x243 , 40095 , 
Set = ————Х 
256 256 


i)  Puttingr-4in T 


r+1' 


11 11-8 a 
£-( | JE Qe 111098 3 


we get 7. 


4 Jair 4321 27 


_11x10x3 27 , 165x27 
© ] 1428 64 


3 
X 


iii) The 6th term from the end term will have (11 + 1) – 6 i.e., 6 terms before it, 
It will be (6 * 1) th term i.e.. the 7th term of the expansion. 


11 11—12 —1 
Thus T,-( lj E Que 1110.987 ы 
6 }2 54321 2 


_11х6х7 1 1 77 
1 3x32 x 16x 


? 
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iv) И is the coefficient of the term involving x" 


8.31 The Middle Term in the Expansion of (a * x)" 


In the expansion of (a * x)", the total number of terms is n * 1 
Case I: (n is even) 


If n is even then n+1 is odd, so ЕЗ th term will be the only one middle term іп the 


expansion. 


Case II: (n is odd) 


If n is odd then n + 1 is even so ep ana{ "=? th terms of the expansion will be the 
two middle terms. 


12 
Example 4: Find the following in the expansion of _ | ; 


E 
X 
i) the term independent of x. i) the middle term 


Solution: i) Let Т, be the term independent of x in the expansion of 


ол ү rar (12Yy?7 
Т = — — Da 
rH E IB (Z) r yeaa 
As the term is independent of x, so exponent of x, will be zero. 


Thatis, 12-3r=O>r=4., 
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12 
Therefore the required term 7; = | j pngna 


_12х11х10х9 ^4 o 


4x3x2xl 
_ 11х45 495 
> 16 


ii) In this case, n = 12 which is even, so 
12 ? 
аА. th term is the middle term іп the expansion, 
e., T; is the required term. 
12 12-6 6 
5-0) G 
6 A2 xX 


Lra I2x11x10x9x8x7 ер 
6 }2° х? | 6x5x4x3x2xl 


_12х11х7 924 


6 6 
X X 


8.3.2 Some Deductions from the binomial expansion of (a + x)". 


We know that 


n n n 
4 ewe I y (1) 
r n-1 n 
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(i) 


8. Mathematical Inductions and Binomial Theorem 


If we put a = 1, in (1), then we have; 


n n n n n n Thus Gee e-emt : СОВЕ 
TOEI | КІ ee ye ye y (II) 0) U 2) X3 n-l n 
0 1 2 r n-1 n 


ii) 


í 


iii) 


iv) 


E 


(l-x)" = 4 + je» * je» + sje» Tos М Jer E Je» 
| 4 + Ө Gp Tui (= M je ( 1)" | (ill 


If n is odd positive integer, then 


If n is even positive integer, then 


poa OD ор nm DO 72) (nr), d нх"! +" n n 
2! r! 0 + 2 


9 n! n(n-lD.n-r*Y(n-r)  n(n-1)...(n “ч 


r) rY(n—ry r\(n—r)! r! 


n n 
Putting a = 1 and replacing x by —x, in (1), we get. MEM 


Example 5: Show that: E + (^) + M usd (^) = п.2"-! 
1 2 3 п 


We сап find the sum of the binomial cofficients by putting 
а= 1апа х = 1 іп (1). 
Solution: 


e. e [4 те 
B (QJ UJ 2) Ud n Jem sene +... 9.1 
1 2 3 п 2! 3! 
or el E а essel ш” 
(Q0) UJ 2, 7 \л-1] An "nep SOD 


п—1 п—1 n=1 n 
=n. + + duse |+ 
Putting a = 1 and x = -1, in (i) we have ( 0 | | 1 | | 2 | { 


үсе Ln my im E елу” =n2"" 
екен ван a 
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Exercise 8.2 iv) y? in the expansion of (x- Jy) 
1. Using binomial theorem, expand the following: 7. Find the coefficient of; 
. 5 : x 2Y = x Y Жы 
i) (a+ 2b) li) 2-2) lii) E zJ i) | x^ in the expansion of |= EJ 
7 8 6 1 2п 
iv) (2-3) v) х Q2y vi) M Le ii) x" in the expansion of E -1) 
а 2y x x a xX 


10 
8. Find 6th term in the expansion of б X 
2. Calculate the following by means of binomial theorem: t 


i) (0.979 ii) (2.02) iii) (9.98) iV) (21» 9. Find the term independent of xin the following expansions. 
2 10 1 10 | 1 4 
3. Expand and simplify the following: i) [x-2) ii) (ve) iii) пч (1+2) 
4 4 5 5 
i) (a +v2x) +(a -v2x) ii) (23) « (2-43) 10. Determine the middle term in the following expansions: 


i) (e -2-0 iv) (кт) +02) pov "m үү" 
i 2-5) li) БЕЗ lii) 2-2) 
х 2 Zo 3x 2x 
4. Expand the following in ascending power of x: 


3n 
(егу ii) (1-x+ x) iii) (1-х—х°)* 11. Find (2n +1) th term from the end in the expansion of (х-э;) 


5. Ехрапа the following in descending powers of x: 
12. Show that the middle term of (1+ х)?” is = 


3 nl 
1 
i) (x?  x-1y ii) [x-1-2] 
: 13. Show that: GR) " er 


3 5 n-l 


n+l 
14. Show that: |” ps i i m ar ЖЕ д. 
0 2\1 312 443 п+1\л n+l 


6.  Findthe term involving: 
i) x^ in the expansion of (3 – 2x)’ 


13 
ii) x? in the expansion of |=-2) 
X 
2 9 
iii) | a^in the expansion of 12-а) 
X 
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8.4 The Binomial Theorem when the index n is a negative 
integer or a fraction. 


When n is a negative integer or a fraction, then 


n(n —1) » n(n —l)(n-2) "m 


(1 x) =1+пх+ T T 


Б n(n —l)(n-— Dem —r+l) "T 
r! 


provided [x|« 1. 


The series of the type 


п(п—1) 2 n(n-Dn-2) з Е 
3! 


1+ их + 


is called the binomial series. 


Example 1: Find the general term in the expansion of (1+ x) ^when|x| «1 


Solution: T = (-3)(-4)(-5)....(-3- r +1) y 
г+1 r! 
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(D S45. r2) К 
r! 


1934584082). 


Ex i7 


rior r2), 


ELEC 


„т +1) + 2) К 
| 2 


=(-1) 


8.5 Application of the Binomial Theorem 


Approximations: We have seen in the particular cases of the expansion of (1+х)” that 
the power of x go on increasing in each expansion. Since | x | « 1, so 


| xX i «| xX | for = 2,3,4... 
This fact shows that terms in each expansion go on decreasing numerically if | х | < 1. 


Thus some initial terms of the binomial series are enough for determining the approximate 
values of binomial expansions having indices as negative integers or fractions. 


9 
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Summation of infinite series: The binomial series are conveniently used for summation of 
infinite series..The series (whose sum is required) is compared with 


l+nx+t+ 


щп-1) 5»,nn-Dn-2) s, 
2! 


3! 


to find out the values of n and x. Then the sum is calculated by putting the values of n and x 
in(1 +x)". 


Example 2: Expand ( 1 — 2х)'? їо four terms and apply it to evaluate (.8)'? correct to three 
places of decimal. 


Solution: This expansion is valid only if | 2x |«1or2| x | «1 or | x | «— , that is 


"IE 3(3 E E i 


81 
Putting x =.1 in the above expansion we have 


day 40 


2 
tati et =e) du C ]y 
(1—2(.1)) a ) ^ ) T: ) 
ки NU ("40 001 =04) 
3 9 81 


= 1—.06666 —.00444 —.00049 21 .07159 .92841 
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Thus (8)? 4.928 


Alternative method: 


ORDS 
T _ uo 2,343 2.343 3 3 
(.8)" =(1-.2) EG CIE Te p J + 


Simplify onward by yourself. 


Example 3: Expand (8 – 5x)?^to four terms. 


2 2 2 
з „2 3 1 e 
Solution: (8 – 5х) °° -[-X) = 9 1-а) Í 


1 5 5.25 4, 40. 125 , 
=—|1+—х+—х—х +—x X +... 
12 9 64 81 8x64 


5 125 , 625 , 
+—x+ + 


и x+———x х + 
4 48 2304 20736 


-2/3 
The expansion of [1-25] is valid when «1 


9 


5 
=x 
8 
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5 g coefficient of x" =(—1)(-1)"'n+(-1l)"(n +1) 

or gd > |х |<= 
= (—1)"и + (1) (и +1) 

Example 4: Evaluate 5/30 correct to three places of decimal. 
= (-D'[n * (n € 1)] 


1 
Solution: 3/30 = (30)? =(27 +3) =( (2D) 
Example 6: If x is so small that its cube and higher power can be neglected, show that 


1/3 1/3 
= 21 +3) = оту": 2 
27 9 г. 1, 
2 


2 3 2 
=3 +2525) "e +... [23 ie3- (5) кы 
39 9\9 81\9 27 X27 1 l, 1 Зз. 
=|1——х——х°-+...||1—-—х+—Хх°+... 
2 8 2 8 


=3[1+.03704—.001372] = 3[1.035668] = 3.107004 


= iey + cpu: E 
Thus 30 23.107 dV 2 8 2 4 8 7 
Example 5: Find the coefficient of x^ in the expansion of T ieu $ 
2 2 8 4 8 
Solution: Ер 
(1+ x) ЕРТЕУ: 


оез И Ор о 


=(-x DIL + (2)x+ СЭ) г +. | 
2! Е Example 7: If m and n are nearly equal, show that 


= (=x + DIL + (—1)2х + (71? 338 +...4+(-1)’ x (r Dx" +...] 


5m —2n Ж т _ntm 
3n m+2n 3n 


= (2x 4 Il + (-D2x + (13x +... + (71) nx" + (7D (n 4- Dx" +...] 
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Solution: Put m =n + А (here h is so small that its square and higher powers сап be neglected) 


LHS ny E (ms) 


3n 3n 3n 
1/3 
ex 
3n 
5h 
ee) (neglecting square and higher powers of h) (i) 
m ntm 


3n TR 3 3n 
3n 
-1 
"eres (reat x 
3n 3n 3 3n 


Gr» acu ы 
emque p 
3 3n 3n 3 3n 


Е 4 2 А 
| -—+— ]+.../+-—+— 
9n Зп 3 3n 


1-22 (neglecting square and higher powers of h) (ii) 
n 


| 
г л 
W | — 


l 


From (i) and (ii), we have the result. 
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Example 8: Identify the series: 1+ —+—— +——— +... as a binomial expansion and find its sum 


3.6 3.6.9 
Solution: Let the given series be identical with. 


[+ ny 8D o LP DO o, (A) 


3! 


We know that (A) is expansion of (1+x)" for |x 1< 1 and n is not a positive integer. Now 


comparing the given series with (A) we get: 


uu (i) 


2! 3.6 


n(n-l 2 13 (ii) 


From (i) x= ES 
Зп 


Now substitution of x= in (ii) gives 
n 


n(n —1) OE n(n-l) 1 


= ОГ Q—— I 
2! 3п 6 2! 9m 6 


or  n-l-3n => Е 
2 


Putting n= E in (iii), we get 


G) 
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ү? ps or 2(n-1)=6n or n-1-3n2n--l 
Hence the sum of the given series =| 1 2 B (3)? 2 
? i Putti L in (iii) t 
utting n = —— in (iii), we ge 
EN gn 2 5 
2 3 
Example 9: For y= d - B E] i TE NUNC. 
2\9) 2249) 239 3 9 
show that 5y? + 10y- 4-0 2 
2 3 -1/2 -1/2 1/2 
Solution: y=3(8) as] ess] Е (А) Thus Ley=[1-3) -(2) ZH 
2\9) 42119 8.3! (9 9 9 5 
3 
Adding 1 to both sides of (A), we obtain кид 
2 3 ; 
1+у=1+ {2+ 1.3 B S "" (B) Or J5(14 y) 23 (iv) 
2\9; 42W9/ 8.3149 Squaring both the sides of (iv), we get 


Let the series on the right side of (B) be identical with SU E2y 4) 9 


— = = 2+ -4= 
n(n —1) dia n(n -l)(n-2) P ог 5y*+10y-4=0 
2! 3! 
which is the expansion of (1*x)"for| x | <1 апап іѕ not a positive integer. On comparing 
terms of both the series, we get 


l+nx+ 
Exercise 8.3 


1. Expand the following upto 4 terms, taking the values of x such that the expansion in 


т=з) (i) each case is valid. 
2\9 
EIE (ii) i) 1-х)? i) (1+2x)" i) Q+x)y iv) (4-3x)? 
2! 4.2!\9 
; 2 - 
From (i), x = — iii m J 
WAS ш М) 8-20" му Q-39? м) GOD үш NXl*2* 
2 (1+ x) 1-х 
Substituting x =— in (ii), we get 
9n (4 4 2x)? А І " 1 
| SS S OO = 2 | = 2 
nai E 316 M пп-) 4 316 ix) zem X) (-x-2x) xi) (1 2x - 3x ) 
2 \9n 8 81 2 8I) 8 81 
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2. Using Binomial theorem find the value of the following to three places of decimals. 5. If xis so small that its cube and higher power can be neglected, then show that 
1 1 
i 99 i 98)? iii) ^ (1.03)? i {65 А 
i) v99 i) (.98) iii) (1.03) iv) ) u— эй 74 i) ИРЕ 
i А 2 8 1-х 2 
у) 17 vi) 431 vii) viii) 
/998 4252 
N zi | 1 6.  Ifxisvery nearly equal 1, then prove that px’ – qx‘ «(p – д)х”““ 
іх) = X) (.998) ? xi) Р xii) (1280)* 
V8 V486 7. If p—qis small when compared with p or q, show that 
3. Find the coefficient of x^ in the expansion of " 
(2n+1)p+(2n-1))q Jd pt*dq 
) 1-x ii) (+x) iii) (1-- xy (2n - D) p * 2n41))q 2q 
(1+ xy (1- xy? (1-х)? 
(1+ х)? E $ 8. Showthat | .——— И E where n and N are nearly equal. 
iv) (=x) v) (1-x*x —x +...) 2(n + №) бус. um 
4. |f x isso small that its square and higher powers can be neglected, then show that 9. Identify the following series as binomial expansion and find the sum in each case. 
2 3 
| 1-x 3 - V1+2x 3 i) E X + 
i) ia. il) Er deir 244) 214 318 (4 
Я тү 13/1) 135(1Y 
i) 1-—|—|+———|-———|—|+ 
ii) (9 -- 7x)? – (16 - 3x)'^ PN UM 2\2) 402 2.4.64 2 
/^— 445. 14 384 ii) 142435, 357 
4 48 4.8.12 
2 3 
uy SPE oe © ыла E AS I 
3 . 
(1- x) 4 23 2443) 24.643 
(1+ x) ^ (4- 3x)^ 5x 1 13 13.5 
v) 15 Sere 10. Use binomial theorem to show that 12-4 = 4 ——— 4... - 4/2 
(8+5х) 6 4 48 4812 
2 3 
vi (1-3) ^ (9 - 4x)? ,3 8l. 11. TS LB LH ..., then prove that y? -2y - 2-0 
(8 +3x)'? 2 48 3 2! 3 3! 3 
1 L3 1 13.5 1 2 
12. If 2y=— + +— ... then prove that 4y° +4у-1=0 
44— x 4 (8 — x)? 1 2 ub 3! 2 
vii) | ———— —————s2-—x 5 ў 
(rem) m 13. Ify-- 42) SG ... then prove that у? +2у-4=0 
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9.1 Introduction 


Trigonometry is an important branch of Mathematics. The word 
Trigonometry has been derived from three Greek words: Trei (three), Goni (angles) and 
Metron (measurement). Literally it means measurement of triangle. 

For study of calculus it is essential to have a sound knowledge of trigonometry. 

It is extensively used in Business, Engineering, Surveying, Navigation, Astronomy, 
Physical and Social Sciences. 


9.2 Units of Measures of Angles 


Concept of an Angle 

Two rays with a common starting point form an angle. One of the rays of angle is called 
initial side and the other as terminal side. The angle is identified by showing the direction of 
rotation from the initial side to the terminal side. 

An angle is said to be positive/negative if the rotation is anti-clockwise/clockwise. Angles 
are usually denoted by Greek letters such as a (alpha), В (beta), y (gamma), Ө (theta) etc. 

In figure 9.1 ZAOB is positive and ZCOD is negative. 


В Terminal side 6 


О 


Initial side 


Anti-clockwise Clockwise 


rotation rotation 


0 4, Initial side D Ж Terminal side 


figure 9.1 


There are two commonly used measurements for angles: Degrees and Radians. which 
are explained as below: 
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9.2.1. Sexagesimal System: (Degree, Minute and Second). 
If the initial ray OA rotates in anti-clockwise direction in such a way that it coincides 
with itself, the angle then formed is said to be of 360 degrees (360?). 


One rotation (anti-clockwise) = 360? 


5 rotation (anti-clockwise) = 180° is called a straight angle 


И rotation (anti-clockwise) = 90° is called a right angle. 


Terminal side 


360 180° 90° 
Terminal side Y \ ' А 
* x 0 — 
C Initial side 4 Terminal side Ü Initial Side Initial Side A 


1 rotation =360° 5 rotation = 180° i rotation = 90° 


1 degree (1°) is divided into 60 minutes (60') and 1 minute ( 1’) is divided into 60 seconds 
(60"). As this system of measurement of angle owes its origin to the English and because 90, 
60 are multiples of 6 and 10, so it is known as English system or Sexagesimal system. 


Thus  1rotation (anti-clockwise) = 360°. 
One degree (1°) = 60’ 
One minute (1') - 60" 


9.2.2. Conversion from D^M' S" to a decimal form and vice versa. 


(i) 1630 = 165° (А5=30' = 0.5) 


(2) 


version: 1.1 


9. Fundamentals of Trigonometry eLearn.Punjab 


(i) 45.25 = 45°15’ (0.25 E 


— 
5 
alle 


Example 1: Convert 18° 6’ 21” to decimal form. 


Solution: 1' = 2 and 1” ЕЗ І 
60 60 60х60 
-— 1 - 1) 
718 6 21" =н8 6+)! 21 
[ E] E 


= (18 + 0.1 + 0.005833)? =18.105833° 


Example 2: Convert 21.256? to the D' M' 5" form 


Solution: 0.256" 2(0.256)(I) 
-40.256)(60) 15.36" 
and 0.36  —(0.36)(1)) 


—40.36)(60") 21.6" 


Therefore, 
21.256°= 21°+ 0.256° 
=2 + 15.36’ 
=21° +15 + 0.36 
=21 415 421.6" 


=21° 15’ 22” rounded off to nearest second 
9.2.3. Circular System (Radians) 


There is another system of angular measurement, called the Circular System. It is 


o 
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most useful for the study of higher mathematics. Specially in Calculus, angles are measured 
in radians. 

Definition: Radian is the measure of the angle subtended at the center of the circle by an 
arc, whose length is equal to the radius of the circle. 


Consider a circle of radius r. Construct an angle ZAOB at the 
centre of the circle whose rays cut off an arc AB on the circle whose 
length is equal to the radius r. 

Thus mZAOB - 1 radian. 


9.3 Relation between the length of an arc of a circle and the 
circular measure of its central angle. 


Prove that 6 = £ 
r 


where ris the radius of the circle /, is the length of the arc and @ is the circular measure 


of the central angle. 
B 2r gt 
B Op 
Gal) 
mam. a D 
A 


Proof: 


By definition of radian; 
An angle of 1 radian subtends an arc AB on the circle of length = 1.r 


= 1 
An angle of i radian subtends an arc AB on the circle of length = d 


An angle of 2 radians subtends an arc AB on the circle of length = 2.r 
..An angle of 0 radian subtends an arc ABon the circle of length= 0.r 


— AB = Or 


(5) 
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Alternate Proof 
Let there be a circle with centre O and radius r. Suppose that length of arc АВ = land 


the central angle mZAOB=6 radian. Take an arc AC of length =r. 


By definition mZAOC=1 radian. 
We know from elementary geometry that measures of central angles of the arcs of a 


circle are proportional to the lengths of their arcs. 


mZAOB mAB 


mZAOC  mAC 
Ө Radian 
Ө radian l 
= - ES 
] radian r 
= p = 


Thus the central angle Ө (in radian) subtended by a circular arc of length / is given by 


Ө = E where r is the radius of the circle. 
r 


Remember that r and lare measured in terms of the same unit and the radian measure 


is unit-less, i.e., itis a real number. 
For example, ifr=3cm and 17 6 cm 


then pi s m2 
r 3 


9.3.1 Conversion of Radian into Degree and Vice Versa 


We know that circumference of a circle of radius ris 2zr =(/), and angle formed by one 
complete revolution is Ө radian, therefore, 


pos 
r 
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=> potum 
r 


=> 0 = 2лгааіап 


Thus we have the relationship Gircanifiwence: 2x» 


2a radian = 360° 


=> gr radian = 180° 0 


180 , 180 , 57296 
z^ 3,1416 


= 1 radian = 


Further r = Z radian. 
180 


3.1416 
180 


х 0.0175 radain 


Example 3: Convert the following angles in degree: 
2л ; т | 
(i) E radain (ii) X3 radians. 


= radains o radai = x80) 120° 


— 


Solution: (i 


(i) ^ 3radains =3(1 radain) = 3(57.296°) «171.888 
Example 4: Convert 54° 45 ‘into radians. 
Solution: — 54'45' = 54 = 543 EE 
60 4 4 


219 
em 
a? 
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z ЭЭ (0.0175) radinas 


= 0.958 radains. 
Most calculators automatically would convert degrees into radians and radians into 


degrees. 


Example 5: An arc subtends an angle of 70° at the center of a circle and its length is 
132 m.m. Find the radius of the circle. 


Solution: 
70°=70 = radains = (3.1416)radain T radains. (л 3.1416) 
11 
0 = r3 radain and 1 132m.m. 
Ө = 2 = pa sins iah 
r 0 11 


Example 6: Find the length of the equatorial arc subtending an angle of 1° at the centre of 
the earth, taking the radius of the earth as 6400 km. 


Solution: =~ — radains ЕД radain 
180 
oda and r= 6400 km. 
180 
I 
Now 0 = — 
r 
"ARE ES 111.7 km 
1800000 
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Example 7: Find correct to the nearest centimeter, the distance at which a coin of diameter 
'1' cm should be held so as to conceal the full moon whose diameter subtends an angle of 


31' at the eye of the observer on the earth. 


Solution: Let O be the eye of the observer. ABCD be the moon and PQSR be the coin, so that 
APO and CSO are straight line segments. 
We know that mPS =1 cm, mZAOC = 31' 


Now since mZACO(£m POC) is very very small. 
PS can be taken as the arc .of the circle with centre O and 


radius OP. 
| 31хл | 
Now ОР =, 1=1 cm , 0-3Y = radains 
60x180 
п 
r 
a D 1x60x180 Е 60х180 s 110.89 em. 
0 3Ixz 31x3.1416 


Hencethe coin should be held atan approximate distance of 111 cm.fromthe observer's 


eye. 
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9.  Arailway train is running on a circular track of radius 500 meters at the rate of 30 km 
per hour. Through what angle will it turn in 10 sec.? 

10. Ahorse is tethered to a peg by a rope of 9 meters length and it can move in a circle 
with the peg as centre. If the horse moves along the circumference ofthe circle, keeping 


Exercise 9.1 


1. Express the following sexagesimal measures of angles in radians: 


i) 30° i) 45° iii) 60° iv) 75° 

v) 90? vi) 105? vii) 120° vii) 135° — tight, how far will it have gone when the rope has turned through an angle of 
| 150° 10° 15’ | "20 ii ^6 30" | 

i ^ ii dioi „ко. 29 e 11. The pendulum of a clock is 20 cm long and it swings through an angle of 20? each 
xiii) 120' 40" xiv) 15420 xv) 0° xvi) 3" 


second. How far does the tip of the pendulum move in 1 second? 
12. Assuming the average distance of the earth from the sun to be 148 x 10* km and the 


2. Convert the following radian measures of angles into the measures of sexagesimal 
angle subtended by the sun at the eye of a person on the earth of measure 9.3 x 10? 


system: 
radian. Find the diameter of the sun. 
i) ud ii) us ii) Z iv) =~ у) d 13. Acircular wire of radius 6 cm is cut straightened and then bent so as to lie along the 
8 6 4 3 2 circumference of a hoop of radius 24 cm. Find the measure of the angle which it 
vi) 26 vii) ae viii) Bm ix) ta х) 2 subtends at the centre of the hoop. 
3 4 6 12 5 
xi) Пля xii) 13x xiii) ia xiv) 25m xv) 197 14. Show that the area of a sector of a circular region of radius r is 5 r^ 0, where @ is the 
21 i 2 3 32 circular measure of the central angle of the sector. 
3. What is the circular measure of the angle between the hands of a watch at 4 O'clock? 15. Two cities A and B lie on the equator such that their longitudes are 45°E and 25°w 
4. Find 6, when: respectively. Find the distance between the two cities, taking radius of the earth as 
i) l-215cm, r = 2.5ст 6400 kms. 
ii) 1 = 3.2m, r =2m 16. The moon subtends an angle of 0.5° at the eye of an observer on earth. The distance 
5. Find J, when: of the moon from the earth is 3.844 x 10° km approx. What is the length of the diameter 
i) Ө = randains, r = 6cm of the moon? 
i) 026520 „ idm 17. The angle subtended by the earth at the eye of a spaceman, landed on the moon, is 
6 Find ғ when: 1° 54’. The radius of the earth is 6400 km. Find the approximate distance between the 
moon and the earth. 
i) [= 5 ст, Ө = _ radian 
uU. deseen. Ө = 45 9.4 General Angle (Coterminal Angles) 


7. | What is the length of the arc intercepted on a circle of radius 14 cms by the arms of a 
central angle of 45°? 

8. Find the radius of the circle, in which the arms of a central angle of measure 1 radian 
cut off an arc of length 35 cm. 


There can be many angles with the same initial and terminal sides. These are called 
coterminal angles. Consider an angle ZPOQ with initial side OP and terminal side OO with 
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vertex О. Let mZPOQ = Ө radian, where 0 0 2z 


Q Q Q 
/ Q^ Ө+2п Ө +4n 
о Р р Р 


Now, if the side OO comes to its present position after one or more complete rotations 
in the anti-clockwise direction, then mZPOQ 
will be 

i) 0 + 2л, after one revolution ii) 0 + 4л, after two revolutions, 


Q Q 
Lo gom 
О А E 


However, if the rotations are made in the clock-wise direction as shown in the figure, 
mZ POQ will be: 


Q 


i) 0 —2z, after one revolution, 


ii) 0 —4z, after two revolution, 


It means that OQ comes to its original position after every revolution of 2z radians in 
the postive or negative directions. 

In general, if angle 0 is in degrees, then 0 + 360k where keZ, is an angle coterminal 
with 8. If angle 0 is in radians, then 0 + 2kz where keZ, is an angle coterminal with 0. 


version: 1.1 


o 


9. Fundamentals of Trigonometry 


eLearn.Punjab 


— General angle is 0 + 257, kez, 


9.5 Angle In The Standard Position 


An angle is said to be in standard position if its vertex lies at the origin of a rectangular 
coordinate system and its initial side along the positive x-axis. 
The following figures show four angles in standard position: 


An angle in standard position is said to lie in a quadrant if its terminal side lies in that 
quadrant. In the above figure: 

Angle с lies in I Quadrant as its terminal side lies is I Quadrant 

Angle f lies in II Quadrant as its terminal side lies is II Quadrant 

Angle у lies in III Quadrant as its terminal side lies is III Quadrant 
and Angle 8 lies in IV Quadrant as its terminal side lies is IV Quadrant 
If the terminal side of an angle falls on x-axis or y-axis, it is called a 


90° 180 - 360' 
x x x x 
quadrantal angle. 


i.e., 90°, 180°, 270° and 360? are quadrantal angles. 
9.6 Trigonometric Functions 


Consider a right triangle ABC with ZC =90° and sides a, b, c, as shown in the figure. Let 
mZA - 0 radian. 
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The side AB opposite to 90° is called the hypotenuse (hyp), 
The side BC opposite to @ is called the opposite (opp) and 
the side AC related to angle @ is called the adjacent (adj) 


We can form six ratios as follows: 


a b a c c b 

ow Ow Cac a UD and m 

c c b а b a 

In fact these ratios depend only on the size of the angle and not on the triangle formed. 
Therefore, these ratios are called trigonometric functions of angle Ө and are defined as 


below: 


Sin 0 ‘Sind = = OPP . Cosecant Ө : -¢scG= hyp 
hyp a opp 


Cosine Ө :Cos@ = E 


= 30. Secant@ : secü- £ B. 


c yp adj 

opp b adj 
Tangent Ө :tanO = — = ——; CotangentO: cot@ = —. 
adj a opp 


We observe useful relationships between these six trigonometric functions as 
follows: 


1 1 sin 0 
ego = -== ; sec Ó ; tand : 
sin Ө соѕ0 соѕ0 
соѕ0 
cot? == — е cot 0 : 
sind {ап 0 


9.7 Trigonometric Functions of any angle 


Now we shall define the trigonometric functions of any angle. 
Consider an angle ZXOP = Ө radian in 

Standard position. 
Let coordinates of P (other than origin) on the terminal side of 
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the angle be (x, y). 


If r = ух + у” denote the distance from O (0, 0) to P (x, y), then six trigonometric 
functions of 0 are defined as the ratios 


sng- = ^ csch = E (y OF ; tand У (х 0) 
r y x 

cosO= 25 ; sech = Té 0) ; cot 2 (y 0) 
r x y 


9.8 Fundamental Identities 


For any real number 0, we shall derive the following three fundamental identities: 


i) sin’ +cos’0 = 1 

ii) 1+tan’@ = бес? Ө 

iii) 1+сос ө = csc’ 0. 
Proof: 


(i) Refer to right triangle ABC in fig. ( I) by Pythagoras theorem, we have, Dividing 
а? + 2 = c? both sides by c? we get 


B 
2 р? 2 
+ == 
2 с? 2 А Р 
2 2 
a b 
= = " 
п КЕ QUEM. 
=> (sind) + (соѕ0) =1 Fig.(1) 


: 
sin COS (1) 
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i) Again as a? + b = с? => All trigonometric functions are +ve in Quadrant I. 
Dividing both sides by b?, we get 


> А (ii) If 8 lies in Quadrant II, then a point P(x, у) оп its terminal side has negative x-coordinate. 
a C 


Р $ ты: and positive y-coordinate. 
= B 41 zB г. sing È -ve- 0, соѕ0 х = ve <0, tand-J. ve <0 
b = b r r X 


(ii) If 6 lies in Quadrant II, then a point P(x, у) on its terminal side has negative x-coordinate. 
=> (ќап0)? +1= (secO) and negative y-coordinate. 


2 


(iii) Again as a? + b? = с? 
Dividing both sides by a’, we get 


E sing=2=< ve 0,=0s& = ve «0, tang = += ve 0 
r r x 


(iv) If 8 liesin QuadrantIV, then a point P(x, y) on its terminal side has positive x-coordinate. 
and negative y-coordinate. 


a? т ee ^ sin@=2= ve 0 *cosd» Ž ve O0  d4anÜ- ve 0 
r r 
| И These results are summarized in the following figure. Trigonometric functions 
zx ] + (2) E B mentioned are positive in these quardrants. 
a a 


=> 1 + (cotÓO)! = (cscOy 


1+cot?@ = csc? 0 (3) 


П Quad | Quad Ауе 


sind > 0 
csco > 0 


эр > 0 Ш Quad ГУ Quad cos 0 > 0 
seco »0 
9.9 Signs of the Trigonometric functions It is clear from the above figure that 
sin (—0) = — sin; сѕс(-0) = — csc 8 
If Ө is not a quadrantal angle, then it will lie in a particular quadrant. Because 
MEME | | ‚ ‚ сов(—0) = соѕ0; ѕес(-0) = ѕесө 
r = 4х? + у? is always positive, it follows that the signs of the trigonometric functions can 
be found if the quadrant of 0 is known. For example, tan(-0) = — tan б; cot(—0) = — cot 0 
(i) If Ө lies in Quadrant I, then a point P(x, y) on its terminal side has both x, y co-ordinates 
+ve 
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Solution: The terminal side of the angle is not in the I quadrant but cos 0 is positive, 


Example 1: If tan oÈ and the terminal arm of the angle is in the III quadrant, find the 


values of the other trigonometric functions of 8. 


Solution: 
tand = — cot@ = l = 15 
15 tan 0 8 
2 
ѕес 0 = l1+tan?ĝ= 1+ EAS 4:99. 289 
15 225 225 
Boc =+ 289 17 
225 15 


The terminal arm of the angle is in the Ill quadrant where sec @ is negative 


ѕіп Ө = tan Ө.сөѕ 0 


sind = = 

17 
and csc = E EE Е 
sinô 8 8 


Example 2: Find the value of other five trigonometric functions of 0, if coso == and the 
terminal side of the angle is not in the I quadrant. 
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г. The terminal side of the angle is in the IV quadrant 


Now secÓ = | = И 
соѕ0 12 12 
13 
2 
sin^O =1 cos^9 1 12 4 144 25 
13 169 169 
sino = = 
13 


As the terminal side of the angle is in the IV quadrant where sin @ is negative. 


5+0 = 2 
13 
cosec 0 = 2 Е ЛЕЕ 
sinô _5 5 
13 
NS 
tan@d = ш 
созуб 12 12 
13 
соЁө = — —— 
tng _5 5 
12 


Exercise 9.2 


Find the signs of the following: 
i) sin 160° ii) cos 190° iil) ^ tanll5' 


iv)  sec245 v) cot 80° vi) _ cosec 297° 
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2.  Fillin the blanks: ratios. 
i) sin(—310°) = .... sin 310° ii) cos(-75) = ....cos 75° | 
7. Iftan PS and the terminal arm of the angle is not in the III quad., find the values of 
iil) ^ tan(-182^) =.... tan 182° iV) cot(-173°) z....cot137" 
2 2 
V) sec (-216°) = ...sec 216° vi)  cosec(—15°) = ...cosec 15° csc @—зес Ө 
csc? Ө + sec? 0 
3. In which quadrant are the terminal arms of the angle lie when 
D авии АА 8. |f cot => and the terminal arm of the angle is in the I quad., find the value of 
iii) |tanQ «0 and cos@>0, iv) secO<0 and ѕіпӨ<0, aud dod 
v) сї@>0 and sin «90, vi)  cos0«0 and tan0<0? cos 0 — sin 0 


4. Find the values of the remaining trigonometric functions: Е ; ў М 
9.10 The values of Trigonometric Functions of acute angles 45°, 


i) sin б=т and the terminal arm of the angle is in quad. I. 30° and 60° 
B 
9 Consider a right triangle ABC with mZC =90° and sides 
i) ^ cos б | and the terminal arm of the angle is in quad. IV. a, b, cas shown in the figure on right hand side. c à 
T" J3 ! о à dE ; " b С 
iii) cos eue and the terminal arm of the angle is in quad. III. (a Case 1 мһеп mZA -45 x randian 
iv) tan ---— апа the terminal arm of the angle is in quad. II. then mZB =45° 


| = ААВС is right isosceles. 
v) LAM and the terminal arm of the angle is not in quad. III. As values of trigonometric functions depend only on the angle and not on the 
size of the triangle, we can takea- b = 1 


By Pythagoras theorem, 


5. — Find cot - and the terminal arm of the angle is not is quad. I, find the values of 22a? a pe 
с =a 


> ’=14+1=2 


=> JAJ 


cos Ө and cosec й. 


bel С 
and ")о[о<ө<®), find the values of the remaining trigonometric г. Using triangle of fig. 1, with а=р= 1 апас = V2 Fig (1) 


^1 
т 


6. If cosec Ө = = 
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half the hypotenuse. 


sin 45° = — = RUM -sc45 = l - A2: Let c - 2then b = 1 
E AD sin45 By Pythagoras theorem, 
b 1 1 

cos 45° = — = —=; sec45 = - 12 
с 1/2 cos 45 a e e 

tan 45° = * =1 ; =æ0t 45 = — 1. > qagjp 

їап =4-1=3 
л —a-453 
(b Саѕе 2: when mzA =30° E randian 


then mZB = 60° Using triangle of fig.3, with a=./3,,b=1 апас= 2 


By elementary geometry, in a right triangle the measure of the side opposite to 30? is 


sin60° = = E esc 60° = : EN 
half of the hypotenuse. c 2’ sin 60° 3” 
Letc=2thena=1 
Sb d. | 1 | 
By Pythagoras theorem , a’+b?=c4 a E > EUM cos 60° ^ 
a 1 1 
tan 60° =— = NET eet 60 = ——. 
> Þ= -a b tan60° 4/3 
-4-] 
= Example 3: Find the values of all the trigonometric functions of 
== 3 
() 420° йй 2E. ш 
Using triangle of fig.2, with a = 1, 52 43 andc=2 4 3 
| | Solution: We know that 0+2kz=6, where kez 
sin 30° ofa cse30° = 2: (i) 420° = 60°+ 1(360°) (k= 1) 
c 2 sin 30° ако 
b 3 1 2 г: 
cos30° 2— = — see30° = — ЕМЕС с „2 
> o ? г. sin 420° = sin60° = —; csc420° —= 
gos cos30 © 1 2 1З 
а 1 1 
tan30° = — =—; =cot30° = A3. , o 1l А 
i о cos 420° = cos60 2— ; = sec420° 2 
b 1/3 tan 30 2 
T tan 420° = tan60° = NE ; = cot 420° EN 
(c) Case3: when mZA-60 т. radian, then mZB = 30° [3 


By elementary geometry, in a right triangle the measure of the side opposite to 30? is 
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The point (1,0) lies on the terminal side of angle 0° 


" -Tr л 
(ii) | —— = —-(-0D2x (k 24) О o D 
4 4 — х= 1 апа y= 0 Angle 0 P(l, 0) 
= So r= x+y = 1 
4 
sin zm =sin| —= we csc zm csc Ld 2: sin 0 = x = 9 0 =CSC 0° = 3 " = (undefined) 
4 2 4 ro | 510 0 
2 = >o x 1 : 1 
cos ЕЗ = cos (z) - "i sec =з sec 8 42; соз0 = m л. = ес 0 E | 
7л | _ = -17 m 1: tang = > = Pd = сої 0 "NE. (undefined) 
tan ZA — tan gi = = cot T cot 4 : x 1 tano 0 
(b) When @ = 90° y 
(iii) Sa 3(2z) +(k 3) 
The point (0, 1) lies on the terminal side of angle 90°. P. 0) 
== 0 d 1 
3 = х= апа y= 90° 
n sin =) = зіп) Ss ese 22) esol C 
| 3 8^ 2 * 3 3) 43" SO. rax tyl O x 
197 1 л 
cos са =cos(—)=— ; = ud S 8 21 | | 
3 2 ^ 551190 => | 1; csc90° = — 90 =l; 
197 л 197 л 1 r Sin 
tan | —— |= tan | — =/3 } = теа cot B E 
| 3 | B8 B 3) VB cos90° == 250 =ес90° = | tandin: 
y d cos90 0 
- - - noe e. анаа), союо= ® 9 o 
9.11 The values of the Trigonometric Functions of angles Е | ак 
0°,90°,180°, 270°, 360°. 
(c) When Ө =180° 
When terminal line lies on the x- axis or the у— axis, the angle 8 is called a quadrantal 180° 
angle. P<. > 
Now we Shall find the values of trigonometric functions of quadrantal angles 0°, 90°, Р(—1, 0) O 
1 о 27 о о . " " . 
Be pe ' on ame н The point (-1, 0) lies on the terminal side of angle 180°. 
(a) пт =>  x--1 and y=0 
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sin 360° = sinO =0; 


csc 360° is undefined; 
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„ у 0 or 1 cos 360° = cos0 = 1; = 5ес360° - 1 
`. sin 18Œ = — 7 0; сѕс180=5 — a (undefined); cos 0 

i А y | {ап 360° = tan0 = 0; cot 360° is undefined. 
cos180° =% > 1; —$ес180 L — 1; 

r ] x -l 

y 0 " (ii) Ме know that 6+ 2kz =0 , where є Z 
tan 180° = —- E = 0; eot HO —  — (undefined). 

х >= y 

Мом -Z = 22:00272 (Е =4) 
(d When 0 = 270° 
270 2 


The point (0, -1) lies on the terminal side of angle 270°. 
=>  x-0 апа y=-1 


T "E (3m Л 
2.80 | —— |= 80 | — | = – 1 csc] —-- l; = 
2 2 2 
SO ra x+y =1 P(0, -1) Е 


cos| —— |= cos BE =0;— sec d is undefined; 
2 2 2 


— 


па 90° mJ 2 1; = psc 290 s ES 1; tan e = tan (s undefined; cot | а 0 
r 1 y -l 2 2 2 
o x 0 | 1 
cos 270° =—=— =0; sec240° —  —(undefined); 7 
E 0 (iii) Now 5л =m 2(2z) (k 2) 
tan270° =~ = ae (undefined); cot270 = Ž = Ad 0. 
x 0 y -l THE 


csc 5л is undefined; 


Example 4: Find the values of all trigonometric functions of cos 5л = coz l; secS5z [; 


Е cot 5л is undefined; 
(i) 360° (ii) та (ii) 5л 


Exercise 9.3 
Solution: We know that 09-2kz 2-0, where kez 


1. Verify the following: 
(i) Now 360 e 1(360*), (к= 1) (i) sin60° cos 30° — cos 60? sin 30° = sin 30? 


(ii) sin? Æ + sin? + tan? = 2 
6 3 4 
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2sin 45° + Laose 45° = = 
2 2 


sin? : sin? : sin? T. : sin? Æ =1:2:3:4. 
6 4 3 2 


Evaluate the following: 


tan ^. — tan ^ 1 tan? Z 

i) 3 6 ii) 3 
1+ tan ^ tan 1+ tan? Z 

3 6 3 


Verify the following when 0 = 30°, 45° 


i) sin 20 = 2sin 0cos Ө ii) ^ cos20 — соѕ 0—sin' 0 


ii) ^ cos20 — 2cos? 0-1 iv) | cos20- 1-2sin? 0 
v) tan 20 — E 
1 — tan 0 


Find x, if tan? 45? — cos? 60? = x sin 45? cos 45? tan 60°. 
Find the values of the trigonometric functions of the following quadrantal angles: 


» me 5 

| = I —3 Hl — 

) л ) Л ) 2d 

. 9 : а 
iv) E v) – 157 vi) 1530 
vii) 2430° viii) T ix) m z 


Find the values of the trigonometric functions of the following angles: 


i) 390° ii) — 330° iii) 765° 
iv) _ —675° у) s vi) 15 c 
3 3 
Му ж vi ТО ix)  —1035° 
6 6 
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9.12 Domains of Trigonometric functions and of Fundamental 


Identities 


We list the trigonometric functions and fundamental identities, learnt so far mentioning 


their domains as follows: 


(i) 


(ii) 


(ili) 


(iv) 


(v) 


(vi) 
(vii) 
(viii) 


(ix) 


sin 0 , for all Qe R 

cos 0 | for all OER 

csc 0 = E Є, fotall 0 R buteO nz, n Z 
sin 0 

TTE. є forall 0 R but d) (==); n 7 
cos 0 2 

tan 0 = ane , * feral Ө Re but Ө (2n De n Z 
соѕ0 2 

pe e, fotall Ө R but & nz, n Z 
sin 0 

sin^O-cos0-1 , e forall Ө R 

l+ tan? Ө =ѕес2Ө , 2јогай Ө R bat 0 (2n 7, п 2 

1+ cot? 0 = csc? 0 є, ferall Ө R  buteO nz, n Z 


Now we shall prove quite a few more identities with the help of the above mentioned 


identities. 


Example 1: Prove that cos* 0 – ѕіп 0 = cos? 0 — sin? Ө, 


for all дє R 


Solution: L.H.S = cos! 0 – ѕіп 0 
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= (cos? 9) - (sin? 0) 


" 2 
| | (1-sin@) 

= (eos Ө sin? 0 (eos? Ө sin? Ө) = EEUU 
= 3 5. an2 OR 2 
= (1) (cos 0 — sin 0) (> sim’? Ө cos Ө 1) (1- sin. 1 sinà 
= cos’ Q-sin? = R.H.S. m cos? 0 cos 0 

1 sind 
Hence  cos'0-sin* 0 = cos? 0 — sin? 0 = Е = sec — tan 0 = R.H.S 


cosÓÜ cos 


1— 5100 


е Непсе - 
mez] 14 sinQ 


= sec Ө – tan Ө. 
Example 2: Prove that sec? A + соѕес? A = вес? A соѕес? A [ where А + — 


| Example 4: Show that cot*@+cot?@= 19- ? Ө, where @ is not an integral multiple 
Solution: L.H.S = sec? А+ cosec? A р ак eM д Б р 


of = 
1 1 sin? А+ cos? A "n 
= og} ЭССЕ Е E e EE 
cos A sin A cos’ Asin’ A | 
Solution: 
1 ‚2 2 
= —+— = s sin A cos’ A 1| ; А 
cos’ A sin’ A L.H.S. = cot 0 *cot 0 
"ERO NS =+ cot? A(cot?@ 1) 
cos’ A sin! A 
Hence sec? 4 + соѕес? А = sec? A. cosec? A. СОСО сой 
"ey = R.HS. 
Example 3: Prove that E = sec Ө – tan 0, where 0 is not an odd multiple of -~ Hence cor со совети an D 
+ sin | 
Solution: : 
Ising Exercise 9.4 
L.H.S. = |- — 
1+ sinQ 
- Prove the following identities, state the domain of 0 in each case: 
1—-sinO |l—sinO | с. 
= - - (rationalizing.) 
1 sinQ V1—sin | 
1. tan 0 + cotÓ = cosec @зес@ 2. sec Ө cosec @51п 0 cos @=1 
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3. cos 0 + tan Osin 0 = sec Ө 4. cosec 0 + tan Өѕес0 = соѕесӨѕес? 0 20. sin'0-—cos! Ө = (sin 0 — cos 0)(1 + sin Өсоѕ 0) 
5. sec 0—cosec! Ө = tan? 0 соё 0 21. sin^0-cos^0 = (sin? 0 — cos? 0) (1—sin? 0 cos? 0) 
6. cot? 0 — cos? 0 = cot? 0 cos? 0 7. (sec 0 + tan 0) (sec 0 — tan 0) =1 23. sn Oropi Su sb 
1—tan’ 0 
8.  2cos/0-1-1-2sin? Ө 9. cos’ @-sin* 0 = ————— 23 1 —2sec? @ 
1+ tan’ Ө ` 14sin@ 1-sin@ idi 
— si = i cosÜ-sinO соѕ0 -sin Ө 2 

10. лш „о | 11. ш + cot 0 = созес @ а сае —— 

cosÓ-sinO  cotO «1 1+ cos 0 cosÓü-sinO cos@+sin@ 1-2sin° 0 

2 

12. cor M ees ТЕ 

1+cot’ 0 
13. Е (cosec Ө + cot 0)? 

1—cos 0 
14. (secÓ-tan 6) = ж, 

1+sin 0 

15. єт к 0cos 0 

1+ tan’ 0 
16. 1—sion 0 _ at 

cos 0 1+sin 0 

17. (tan 0 + сог 0)! = sec? Ө cosec? 0 
18. аира = tan Ө + sec 0 

tan 0 – ѕес0 +1 
dj; = ааа 

' cosecO—cot@  sinO ѕіпб  cosecO+cotd 
version: 1.1 version: 1.1 
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10. Trigonometric Identities 


10.1 Introduction 
In this section, we shall first establish the fundamental law of trigonometry before 


discussing the Trigonometric Identities. For this we should know the formula to find the 


distance between two points in a plane. 


10.1.1 The Law of Cosine 
Let P (x, , у,) and Q (x, , у,) be two points. If " d " denotes the distance between them, 


= (%=%) +0) 


= Ner E + (у, -Ay 


i.e., square root o f the sum of square the difference of x-coordinates and square the 


then, d =|РО 


difference о f y-coordinates. 


Example 1: Find distance between the following points: 


i) A(3,8) ; B(5,6) 
ii) P(cosx, cosy), Q(sinx, siny) 


Solution: 
i) Distance =|4B| = JG —5y - (8—6y. 2 4444 = 8 - 242 
= (5-3) +(6—8)? =V4+4 = 4/8 = 24/2 


Distance = (cos x -sin x)? + (cos y—sin y)? 


ii) 
2 2 ‹ 2 „2 : 
= A/cos x -sin^ x —2cosx sinx-- cos. у+ѕіп y —2cosy sin у 


= 42 2cosxsinx 2cosysiny 
= 42 2(cosxsinx cosy siny 


e 
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10.1.2 Fundamental Law of trigonometry 


Let a and B any two angles (real numbers), then 


cos(a— B) = cosa cos f + sina sin f 
which is called the Fundamental Law of Trigonometry. 


Proof: For our convenience, let us assume that a > p > 0. 
Consider a unit circle with 


centre at origin O. 
Let terminal sides o f angles a and В cut the unit circle at 


A and B respectively. 
Evidently ZAOB = a – f 
Take a point C on the unit circle so that 


ZXOC zm АОВ a В 


Join AB and CD. 
Now angles a В and a — p are in standard position. 
The coordinates o f A are (cos a, sin О) 
the coordinates o f B are (cos D, sin D) 


the coordinates o f C are (cosa — 2, sin a — p) 


and the coordinates o f D are (1, O). 
[(SAS) theorem] 


Now AAOB and ACOD are congruent. 
|AB| =|CD| 


= Heii 
Using the distance formula, we have: 


(cosa — cos f) + (sina —sin 3)? =[(cos(a — B) -1] +[sin(a — B) - OT 


cos? а + cos? fj — 2cosa cos В + sin? а + sin? f - 2sinarsin f 


=> 
= со5 (а — f) -1-2cos(a — B)+sin?(a— f) 


=> 2-2(cosacosf +sinasin f) = 2-2cos(a — f) 


Hence cos(« — D) = cosa cos f + sinasin p . 


э) 
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Suppose we know the values of sin and cos of two angles a and В. we can find 


cos (о — P) using this law as explained in the following example: 


Example 1: Find the value of cos | 


Solution: As - 15 = 452309 25.7 
12 4 6 
л л X Л Л Л. Л 
COS— =  COS|——— | = cos—cos—-+sin—sin— 
12 Е 3 4 6 4 
-1 53,11 _ N34! 
£522 422 2. 


10.2 Deductions from Fundamental Law 
1) Ме know that: 


cos(y — B) = созо соз -sinasin p 


Putting с =F in it, we get 
Л Л A. 
cos; — — = cos—cos p +sin—sin 
E в) 2 à 2 d 


= i) = 0(.cosf + 1. sing e сов 0, sin 7 


2) We know that: 


cos(a-f) = cosacosf#+sinasin B 


Putting fuc in it, we get 


„к [эы Сымо 
o 
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= cofa +Z) = cosa.0+sin æ.(—1) 


Е a) =  —sin« (ii) 


3) Ме known that 


cos Z — в) = sinf [(i) above] 


Putting B-7*a in it, we get 


= мра 


.(m 
=> cos(-a) = sin 4 


> cosa = БЫЗ {2 —cos£ @) cos a} 


ДЕ = cosa (iii) 


4) We known that 


соѕ(о — B) = cosa cos D + sinasin B 


replacing £ by -2 we get 
cos[a — (-8)] = cosacos(—f) + sinasin(—f) 


{£e eos(-f) = cos D,sin(-f) = -sin pj 
7 => |cos(a+f) = cosacos B -sin asin f 


5) | We known that 


cos(a + B) = cosa cos D -sinasin B 


. Л 
replacing о by ae we get 


(5) 
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2 о |+ ДА В -sin| Z +a (іп В 0. cosÓ -1 . віп 0 ee 
— = — —sin| — in = -1. 
cos 2 а |+ В cos 7 Q |соѕ S л a |5 МИРУ 
> cos] (а + 8) = -sinacos fj — cosa sin 8 = -sin 0 (viii) 
=> -sin(a+f) = -[sinacosf+cosasin f] 9) tan(a + В) = sin(a + B) = sina сов # + cosasin б Сави 
cos(a + f) cosa cos f — sina sin f 
sin(z + 8) = sinacos p + cose sin д 
: : Dividing 
6) We known that sina cos p " cosa sin p 
_ cosacosf соѕасоѕ 8 neumerator and 
sin(a--f) = sinacosf#+cosasin f [from (v) above] cosacos _ sinasin J denuminator 
cosæcos cosacos д —cos a cos 8 
replacing £ by -2 we get 
t t f 
ѕіп(о – В) = sinacos(—f)+cosasin(—f) 7 Папа + д) = a A (ix) 
[ sin(-) = -sin д 
cos(- 8) = cos B 10) tan(a—f) |. 5ш(о – 8) _ 5іпосоѕ 3 —cosasin p 
sin(a— 8) = ѕіпасоѕ B – соѕо ѕіп 8 (мі) cos(a — B) cosa cos f + sin æ sin 8 
7) We known that sinacosp  cosasinf Dividing 
|. cosacosf  cosacos д t d 
соѕ(о — 8) = cosacosf *sina . sin 8 ~ соѕасоѕ sinasin Mad E 
m denuminator 
cosacosf cosa cos 8 
Let а = 2л and 5-20 
tuas = tana — tan 8 (x) 
cosQz-0) = eos2m. соѕ Ө sin2z sin Ө 1+ tana tan B 
2 = 1 = - " = 
= 1.cosÓ «0 .sin 0 7 as f 10.3 Trigonometric Ratios of Allied Angles 
sin 2л = 


= соѕ 0 The angles associated with basic angles of measure 0 to а right angle or its multiples 


are called allied angles. So, the angles of measure 90° + 6 , 180° + 0, 270° + 0, 360° + 0, are 


8) Ме known that sin(a — B) 2sina .cos B —cosa . sin f known as allied angles. 


| | | Using fundamental law, соѕ(а - B) = cos acos B + sin o sin B and its deductions, we 
sin(2z —0) = 51027. cos -cos 2л sin Ө Me TAA 
derive the following identities: 


version: 1.1 


© @ 


version: 1.1 


10. Trigonometric Identities eLearn.Punjab 


. Л 
510 | — 


sin 2-0) = соѕ0 Е Jj sind , (2 2 cot 
2 2 2 
ps) 


=с080 , cos( Z 2 s0 , (2 2 -cet 0 


+0 
sin(z-0) =—5100, соѕ(л Ө =050 , tan(z 0) Han@ 
T 

2 


sin 


|220} cosÓ , cos( 32-0) sind , an 2-0) = cot 


+0} cosÓ , СЕЕ ; tan 2 2 xot 0 


sin(2z —0) 2-—sinO , cos2z 0) cesO , tan(2z 0) — tase 
sin(2z + 0) -sinO ,=cos2z Æ) cosO , tan(2z O0) tanO 


ae =sind , cos(zr 0) 050 , tan(z 0) – tar? 


1) 


2) 


3) 


If Ө is added to or subtracted from odd multiple of right angle, the trigonometric 
ratios change into co-ratios and vice versa. 


i.e, sing? cos, tang cot, sec? coses 


3л 


e.g. sin 2-0 = со and 27 e| sin Ө 
If 0 is added to or subtracted from an even multiple of ^ the trigonometric ratios shall 
remain the same. 


So far as the sign of the results is concerned, it is determined by the quadrant in which 
the terminal arm of the angle lies. 
e.g.  sin(z—0) = 5100,  tan(z40) = tanO,  cos(2z —0) = cos 0 
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3) 


sim ve 


Measure of the Quad. 
angle 
й 
2 
an Ө orz-0 
2 


I 
II 
2 


In СЕСЕ Е) and sin( +o) 
2 2 2 2 


odd multiplies of а are involved. 


sin will change into cos. 
Moreover, the angle of measure 


i) (z-o) will have terminal side in Quad.I, 
So (2. 2 =cos 0; 
2 
ii) (2+) will have terminal side їп Quad.II, 
So Е 2 = cos 0; 


iii) E) will have terminal side in Оиаа.ш, 


O 


All+ve 


Li +e 
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So sin( 0} cos; 


iV) 7) will have terminal side in Quad. IV, 
. (3л 
бо (27.0) cos 0. 


b) In cos(z 0), cos(z +0), cos(2z —0) and cos(2z +0) even multiples of = are involved. 
cos will remain as cos. 


Moreover, the angle of measure 
i) (z — 0) will have terminal side in Quad. II, 
. cos(z — 0) = —cos 0; 


ii) (z +0) will have terminal side in Quad. III, 
7. cos(z + 0) = —cos 0; 


iii) (22-80) will have terminal side in Quad. IV: 
. cos(2z — 0) = cos 0; 


iv) (22+8) will have terminal side in Quad. І 
— cos(2z + Ө) = cos 8. 
Example 2: Without using the tables, write down the values of: 


i) cos315° ii) sin 540° iii) tan (—135°) iv) sec(—300°) 


Solution: 

i) cos315° = cos(270--45) = cos(3x90+ 45)’ =+sin45° = D? 
J2 

ii) sin 540* = sin(540+0)’ =sin(6x90+0) =+sin0 20 


iii)  tan(-1353=  tan£35 —tan(180 »45)- -tam(2 90 45) ( tan45) 1 


iv)  sec(-300) = sec300° = sec(360— 60) = ѕес(4х 90-60) =sec60° = 2 
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Example 3: Simplify: 


sin(360° — 0) cos(180° — 0) tan(1 80° + 0) 
sin(90° + 0) cos(90° — @) tan(360° + 0) 


sin(360° — 0) = —sin 0, соѕ(180° 0) =ө50 
Solution: -. tan(180' + 0) = tam , =  sin(90 0) cos 
cos(90 – 0) = 51009 ,— tan(360° 0) tanO 


sin(360° — 0)cos(180' —0)tan(180 +0)  (-sinO)(—cosO0)tanO 
соѕ0. 510 0 . tan@ cos@. sin .tan@ 


Exercise 10.1 


1. Without using the tables, find the values of: 
i) sin (—780°) li) cot (—855°) iii) еѕс(2040°) 


iv) _ sec(—960°) у) ап (1110°) Vi)  sin(-300)) 


2. Express each ofthe following as a trigonometric function of an angle of positive degree 
measure of less than 45°. 


i) sin 196° ii) cos 147° iii) ^ sin319* 
iv) cos 254° v) tan 294° vi) cos 728 
vii) sin(—625° ) Viii) cos(—435° ) іх) sin 150° 


3. Prove the following: 


i) sin(180° +æ) sin (90-а) = sinacosa 
ii) sin 780° sin 480° + cos120° sin30° = B 
iil) cos306° +cos234° + соѕ162° + cos18 =0 


iv) cos 330° sin 600° + cos120° sinl50 = 1 


2 


version: 1.1 


10. Trigonometric Identities eLearn.Punjab 10. Trigonometric Identities eLearn.Punjab 


4. Prove that: 


| sin(a + Ojan $E +0) _ u 48 4-2). Bi 
i) = = cos 0 КЕЙ Ше. 42 Д2 242. 
cot? Е – 2 cos’ (л — 0)coses(2z — 0) 
cos75° = cos(45° + 30°) = cos45' cos30° – sin 45° sin 30° 
cos(90° + #)sec(—@) tan(180° — 0) m 
sec(360° — 0)511(180° + O)cot(90' — 0) i V8 1 1 E 
5. Ifa, D, y are the angles of a triangle ABC, then prove that 44242] (242) 242 
i) sin(a+fP) = siny ii) со 32 | = п tan 75° = Као) deo NM nen 
1 - tan 45° tan30° 
lil) соѕ(0+ 8) = cosy iV) tan(a+f)+tany=0. 
1 
А , а - l+- 
10.4 Further Application of Basic Identities _ б MES 
3-1 
1—1.—= 
Example 1: Prove that 3 
- | 0 ani ua 
sin(a+ 8) sin(a- 8) = ѕп «a-sin p (1) ae с -— 3-1 
= cos’ -cos a (11) ii — tan75 4341 
Solution: L.H.S. = sin(a + /8) sin(a — f) 
= (sinacosf cosasinf#)(smacosf cosasin f) ae NN 24/2 and sec75 = NN 94/2 
sin 75* AB d cos 75° 3. 


=-sin a cos? 8 cos’ asin’ f 
sin’ a(1— sin? 8) — (1—sin? a)sin? 8 
соѕ11° +51011 


= sin’ a -sint asin’ B sin’ f + sin asin’ f Example 3: Prove that: ———— ———— = tan 56°. 
cosl 1° —sinll 


= sin'a sin? f (i) 

= (1- cos? a) - (1- cos? 8) Solution: Consider 

= 1—сов^ @ -1- cos? o ° 

P | ioe fae oe сс E 

= cos fi-cos'« (ii) l- tan 45° tan11 

Example 2: Without using tables, find the values of all trigonometric functions of 75°. sinllo 
| l«tanll | *cos]l _ cosl’ &sinlT = LHS 
Solution: As 75°= 45 «30 а i а 
COS 


sin75° = sin(45° + 30°) = sin 45° cos30° + cos 45° sin30° 
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Hance соѕ11 +51011 —À 


cosl’ —sinll 


Example 4: If cosa = a tan 8 2 the terminal side of the angle of measure a is in the II 


quadrant and that of д is in the III quadrant, find the values of: 


i) sin (a + f) ii) cos (a+ p) 


In which quadrant does the terminal side of the angle of measure (a+ д) lie? 


Solution: We know that sin’ с + соѕ2 a= 1 


sinat «1 coset io te ae x 


625 
As the terminal side o f the angle of measure of с is in the II quadrant, where sin a is 
positive. 


7 
sn&= — 
2 


Now sec 8 = +Jl+tant@ = 1 Aue E 


As the terminal side of the angle of measure of д in the III quadrant, so sec f is 
negative 


sng- -t4l-cos?fg = + joco э 


As the terminal arm of the angle of measure f isin the III quadrant, so sin f is negative 


| 9 
51-р = — 
ш 41 


sin(a+f) = sinacosf+cosasin б 
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dE 


_ —280+216 64 
1025 1025 
and соѕ(а + f) = cosacosf -sinasin f 
"MN E. NND Nd 
CA 25A 41) 425A 41 
....960 4 63 
1025 
_ 1023 
1025 


sin(a+ J) 15 — ve and cos(a + p) is + ve 


.. The terminal arm of the angle of measure (о + д) is in the IV quadrant. 


Example 5: If a, B,y аге the angles of A4BC prove that: 


i) tana + tan f + tany = tan atan ff tan y 
ii) tan m ыш tan ^. tan^- tan C. = 1 
2 2 2 2 2 2 
Solution: As a, 5, у аге theangles of А ABC 
a+Bt+y = 180 
i) а+ В = 180-»y 
tan (a+ p) = tan(180' — y) 
tana + tan д 


= tan y 
] - tana tan д 


o 
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AS 


So 


tana + tan B = -tany + tanga tan P tan y 


tana + tan J + tany = tana tan f tany 


> a p y > 
а+ /3+у = 180 => —+—+—= 90 
ini 2 2 2 
а Po Bd 
2 2 2 
tan $44) - tan{ 90-2) 
2 
pui etn | 
2 2 _ cot po s 
1- tan” tan B 2 tan” 
2 2 2 
а ш СИ 1 тк кт. 
2 2 2 2 2 2 


Ыш Ый > {ш em + tan лап e] 
2 2 2 2 2 2 


Example 6: Express 3 sin 0+4 cos @ in the form r sin(0 + 4), where the terminal side of the 
angle of measure ¢ is in the I quadrant. 


Solution: 


Let 3 —rcosó and 4 rsing 


3° +4 = р? cos +r’ sin ф 


2 
3 
25 = р? 4 
3 


3500 + 4с050= гсоѕ 05100 + rsinócos 0 


=+ r(sinOcosó соѕ051п 4) 
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= rsin(0-4 4) 
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Where r == and ф tan $ 


Exercise 10.2 
1. Prove that 


i) sin (180° + Ө) = -sin Ө ii) 
iii) | tan(270 —0) = cotO iv) 
v) cos(270° + 0) = sin vi) 
Vii) tan(180° +0) = tan viii) 


2. — Find the values o f the following: 
i) sin 15° ii) 
iV) sin 105 v) 


cos 15° 
cos 105° 


(Hint: 15° = (45° 30°) and 405° (60 


3. Prove that: 


| 1 

i) sin(45° +0) = —— (sina + cos æ) 
V2 

Т 1 

ii) cos(a + 45) = —— (cosa —sina) 
42 


4. Prove that: 
i) tan (45° + A) tan (45° — A) = 1 


ii) ЕЕЕ 0 
4 4 
iii) sin( +=) eos 0+2.) = cos Ó 
6 3 
sin Ө — cos бапо 


, 0 
iv) 9 = tan — 
cos Ө + sin 7 2 


cos(180° + Ө) = — соѕ0 
соѕ(0—180°) = соѕ0 
510(0+ 279°) = cos0 
cos(360° — 0) = соѕ0 


iii) tan 15° 
vi) tan 105° 
45°): 
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1— (ап Өїапф_ со5(0+0) ii) tan a= io ы f 7. and neither the terminal side of the angle of 
l+tan@tang . cos(0 — 9) 8 25 


measure с nor that of д is in the IV quadrant. 
5. Show that: cos(a + #)cos(a — 8) = cos? a —sin? f = cos? 8 —sin^ a 
cos8  sin8 


11. Prove that ———— — tan 37 
6. Show that: sin(a + B) + sin(a — B) — tana cos8 sing’ 
cos(a + B) + cos(a — f) 
12. If | [NET UE ETC NT A 
7. Show that: ; a, B,y are the angles of a triangle ABC, show that cot 3 + cot 3 Pesto = cot 2 сої 5 egi 
) Ета cotacot B – 1 13. Ifa+fB+yv= 180 ,show that 
cota + cot 8 
ii) бо —-Д = cota cot B +1 cota cot B + cot f cot y + cotycota = 1 
cot f — cota 
ii) tana+tanf _ sin(a + £) 14. Express the following in the formr sin (0+¢) or r sin(0—4), where terminal sides of 
{апо —tanf ѕіп(о – В) the angles of measures дапа 9 are in the first quadrant: 
8. f sina = T, T bern 0<а<^ апа о<8<®. i) 12 sin 0+5 cos Ө ii) 3 sinO-4cosO0 iii) sin@—cos 0 
iv) 5 sin 0—4 cos0 V) sin O «cos б. vi) 3 sin 0—5 cos 0 
133 


Show that sin(a – p) = —. 


205 10.5 Double angle Identities 
9. |f йй = “ane 51п/3= а «where Z а таа 2 В л. Нпа | 
5 13 2 2 We have discovered the following results: 
i) sin (a+ 8) ii) cos (a+ 8) iii) tan (æ +£) ОЕА 
iv) sin (æ — £) V) cos (a — p) vi) tan («— D). cos (a B) = cosacos f -sin asin f 
In which quadrants do the terminal sides of the angles of measures and tan(a+f) = tana + tan f 
(a+f) and (a-—f) lie? ] — tana tan f 
10. Find ѕіп (0+ 8) and соѕ(о + f), given that We can use them to obtain the double angle identities as follows: 
i) Put B=a їп sin(a+f) = sinacosf+cosasin б 


i) tan @ ==, cos f = > and neither the terminal side o f the angle of measure 


I sin(@a+a@) = sina cos & *cos 0 sin @ 
а nor that of £ is in the I quadrant. 
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Hence sin 2a = 2sin acosa 


i) Put B=a@ in cos(a+f) = cosacos f -sin asin B 


cos(a +a) = cosacosa-sinasina 


Hence БРНА 


соѕ 20 = cos’ а –ѕіп? а 
cos 20 = cos’ а – (1— cos! a) С> sin?@ =1 –соѕ? а) 


= cos aæ-—l+cos a 


cos 2æ = cos’ aq- sin? a 


cos2a = (1 sin’ а) sin’a (> cos-a=1 sin? а) 


tana + їап д 
] - tan a tan 2 


tan a + tan a 


ii) Put B£-«in tan(a+ f) = 


tan(a+a) = 
( ) 1—1{ап atana 


10.6 Half angle Identities 


The formulas proved above can also be written in the form of half angle identities, in 
the following way: 


| a a 1+cosa 
i) i cos a = 2соз 7-1 — cos’ — = EN RE 
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ii) 


a l-—cosa 
Р? sin — Km 
ii) tant = —2 
2 cost ‘ea 


10.7 Triple angle Identities 


i) sin За = 3sina—4sin’ a 
ii) cos3a=4cos'a—3cosa 


"T _ 3tan a— (ап? о 
iii) tan 3q@ = —————— — 
1 -3tan? a 


Proof: 


i) sin 30 = sin (2a +а) 


=+ sin 2æcosæ cos 2asina 
= Asinacosacosa (1 2 sin? 


. 2 " " 
= 2sinacos’ a +ѕіп a -2 sin? a 


= 2sin a(l-sin? a)- sina — 2sin* 


a)sin о 


a 
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= 2sina-2sin! a+sina—2sin’ a sin A+sin2.A 
Hence ——— — — ——— = tan A. 
Example 2: Show that 
ii) cos За = соѕ (20 +а) | | апд . 1—1ап?@ 
i) 8120 = ——— Н) cos 20 = ———— 
1+ tan’ 0 1+ tan’ 0 


—— cos2acosa sin2asina 


__ 2 _ На . . . . 
= (2 cos a-l)cosa-—2sinacosa sina Solution: i) sn20 = -2sin Ó cos Ó 2sin OcosO 2 sinOcosÓ 


2 2, 
= 2cos а -cos 0 – 2 sin’ acosa 1 cos“ Ө +5іп 0 
= 2cos! а —cos a - 2(1— cos? a) cosa | | 
( ) 2sin cos @ sin 0 
_ 3 _ 3 pre Jee 
= 2cos a-cosa—2cosa+2cos a E cos? 0 "— 
: cos?O-sin^O соѕ 0 sin’@ 
cosy = 4cos a-—3cosa EF eu uU eid 
. 2tanQ 
Е sin 20 = eT 
iii) tan3~= tan(2a+a@) 1+ tan 0 
2 #2) 2 $579, 
" Р а cos 6-51-20 соѕ 0 -sin^ 0 
пея ii) | cos20— cos 0-50 Q = ——————— = ————— 
tan 20 + tana 1 cos? 0 -- sin? 0 


1—tan2atana 
cos 'Ü-sin'Ó cog sin? 


2 tan a 2 = 

— —,— + tan a T __ cos’ Ө cos?ÓÜ cos?0 

PEE x = 8 ы nes = = cosO-sin OQ соѕӨ sin’@ 
noa letan a-2tn а cos’ 0 cos’ соѕ2 0 


. tan с 


2 


1— 
l-tan’a 


Example 3: Reduce cos 0 to an expression involving only function of multiples of 0, raised 


sin Á + sin 2A 


Example 1: Prove that ——— ————— — = tan A j 
p ETEF, to the first power. 
Solution: We know that: 
, in Á + 2sin Acos A sin A(1 + 2cos A) 
Solution: L.H.S oe eee, eee 2 Е 3 1+cos20 
l+cosA+2cos? A-1 соѕ A(1+ 2cos A) 2cos Ө += 1 cos28 З ст 
А 2 
"C tan А = R.H.S соѕ*0 = (cos 6) = E 
cos A 2 
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0 0 
1+2 cos 20+ cos? 20 aaa a) | 
_ cos cos 12. —2 2 sec 0 13. ше + бөй = 2cot 20 
4 m eae соѕ9 JsinÓ 
= 2 [+ 20520 + соз 20] ° | 
1 locos 14. Reduce sin’ 0 to an expression involving only function of multiples of 0, raised to the 
i 14 200204 | first power. 


1 15. Find the values of sin@ and cos 0 without using table or calculator, when 8 is 
= Дыр eee | 

* ) 18 ii) 36 ii) 54° iv) 72 
= rudes 20 + cos40] 
3 Hence prove that: cos36° соѕ 72° cos108' cos 144° = = 


Exercise 10.3 


Hint: qat ө сы Let 0 36 
1. Find the values of sin 20, cos 2a and tan 20, when: 50 ——9( 590 180 
| = p _ 3 = (30-20)- 90+ = (30 20 180° 
i) sina = — ii) cosa=—, where 0<a<— | : 
5 2 30 = 90° 20 — 30 180 20= 
Prove the following identities: sing? = sinO0 20) sm30  —sm(ISU 20) 
etc. etc. 
2 ta—tana =2cot2 а ү 
е шы eee POX c. EM 10.8. Sum, Difference and Product of Sines and 
Cosines 
4. 20080 = tanc. 5. ae = sec2a —tan2a 
sina 2 cosa + sina We know that: 
sin(æ + f) = sinacos f + cosasin B (i) 
. a a 
: — + с08— 
6. l+sina@ _ an Abi g = Ө + соѕеѕ20 _ cot 0 ѕіп(а – В) = sinacos B —cosasin f (ii) 
Desi e uoto sec Ө 2 | | B 
2 2 соѕ(а + В) = cosacos В -sinasin fg (iii) 
2sin Osin 20 
8. 1+tanatan2a = sec 2a 9. ———= tan 20tand cos(a—f) = cosacos p + ѕ51п а ѕіп f (iv) 
cos + cos30 ; " 
Adding (i) and (ii) we get 
10. a 250996 = 2 11. ae + 2 = 4 соѕ20 sin (æ + 8) +510 (0 – f) = 25100 cos f (№) 
sin соѕ0 со50 sind 


Subtracting (ii) from (i) we get 
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sin(a+ B)—-sin(a – p) = 2cosasin д (vi) 


Adding (iii) and (iv) we get 
cos(a + B) + cos(a — B) = 2cosacos д (vii) 


Subtracting (iv) from (iii) we get 
cos(a + B) —cos(a — B) = – 251поѕіп д (viii) 
So we get four identities as: 


2sina cos 8 = sin(a + 8) +sin(a — ff) 


2cosasin D = sin(a + f) -sin(a — p) 


2cosa cos 8 = cos(a + 8) +cos(a — P) 


—2sinasin 8 = cos(a + 8) —cos(a — 8) 


Now putting a+ д = P and a — f = О, we get 
" UE and p P-Q 


sin P +sinQ = 25-5 cos 


sin P —sin О = 2cos 


PHO ut E 
2 2 


cos Р  cosQ = 2cos 2 


cos P —cosQ = 2070.70 


Example 1: Express 2 sin7@cos3@ as a sum or difference. 


Solution: 2sin70cos30- sin(70 +30) + sin(70 — 30) 


= sin 100 --sin 40 
Example 2: Prove without using tables / calculator, that 
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sin 19° cos 11° +sin 71° sinll =; 
Solution: L.H.S.  —-sinl9'cos 11° sin 71° sin1l 


- [2sin 19 cos 1° 2sin 71° sin 11°] 

= 2509 +11°)+sin(19° —11°)} – (cos(7I +11) – соѕ(71° —11°)}] 
= 1 gin 30" + sin8° —cos82° + cos 60°] 

-sin8 — cos(90° — 8°) + 1 


+ sin8° —sin8 + ; С. cos82° =cos(90° — 8) =sin8°) 


Hence sin19°cos11°+sin71l° -sinll =; 


Example 3: Express sin 5x+sin 7x as a product. 


Solution: sin5x+sin7x = 2sin Jada ы Ое 


2sin бхеоѕ( х) 
= 2simóxcosx (С. соѕ( 0) cos Ө) 
Example 4: Express cos 4 + cos34 + соѕ5 4 + cos7A4 as a product. 


Solution: cos4+cos34+cos5A+cos7A 
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=(cos3A + cos A)+(cos7A + cos5 A) 


3A+A 34—A TA+A TA-5A 
cos 2cos cos 
2 2 2 2 


—$2cos24cosA 2cos64cos A 


=2 cos 


=2cos A(cos6A cos2A) 


=200s.4| 20043724 d 


COS 
2 


=2 cos A(2cos 4А cos 2A) 4cos Acos2Acos4A. 


Example 4: Show that cos20° cos40° cos80° E 


Solution:  L.H.S. -cos20' cos40° cos80° 


Ter Alļl= desee Al= ье j= 


—(4cos20' cos40° cos80°) 
= —[(2cos40° cos20°) .2 cos80'] 


[(cos60° + cos 20°).2 cos80'] 


[Ё + cos20" | 2eos80" 


(cos80° + 2cos80° cos20°) 
(cos80° + cos100° +cos 60°) 


[cos80° + cos(180° —80°) + cos 60° | 


Io 
4 2 


dz) R.H.S. 
42) 8 


eLearn.Punjab 


version: 1.1 


10. Trigonometric Identities 


Hence cos 20° cos 40° cos 80° = 


Exercise 10.4 


1. Express the following products as sums or differences: 


i) 2 sin 30 cos 0 ii) 2 cos 50 sin 30 

iii) sin 50 cos 20 iV)  2sin 70 sin 20 

v) cos(x + y) sin(x— y) Vi) | cos(2x + 30°) cos(2x - 30°) 
Vii) | sin 12° sin 46 viii) sin(x + 45°) sin(x — 45°) 


2. Express the following sums or differences as products: 


i) sin 50 + sin 30 ii) sin 80 — sin 40 
iii) cos 60 + cos 30 iV) cos 70 — cos Ө 
v) cos 12° + cos 48° vi) sin (x+30°)+ sin(x- 30°) 


3. Prove the following identities: 


А sin3x —sinx " sin 8x + sin2x 

i) ————— = cot 2x 1) {ап 5х 
cosx —cos3x cos8x + cos2x 

- sina — sin а – а + 

iii) ашаса = en = oat p 
sina + 510 p 2 


4. Prove that: 
i) cos 20° + соѕ100° + соѕ140° = 0 


ii) sin( 4-6 sin £0 | = ogo 
4 4 2 
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" sin Ó + sin 30 + sin 50 + sin 70 
iii) $$ «stan 40 
cos Ó + cos30 cos 50 + cos 70 


5. Prove that: 


i) cos 20° cos 40° cos 60° cos80° = + 


5 OT. 28 2.8 o. 4л 3 
ii) sin—sin—-—sin-—sin—— = — 
9 9 3 9 16 


iii) 51110510 30° sin50° sin 70° = + 


version: 1.1 


CHAPTER 


Trigonometric Functions 
and their Graphs 


11. Trigonometric Functions and their Graphs eLearn.Punjab 11. Trigonometric Functions and their Graphs eLearn.Punjab 


11.1 Introduction 
> ai aot qum 
2 2 2 
Let us first find domains and ranges of trigonometric functions before drawing their 
graphs. ES Qu Qn*D7. where ne Z 


11.1.1 Domains and Ranges of Sine and Cosine Functions 
Domain of tangent function =R -ix|xs Qn, nez 
We have already defined trigonometric functions 2 
sin Ө, COS 0, tan ө, csc 6, sec ө and cot ө. We know that 
if P(x, y) is any point on unit circle with center at the origin 
O such that zxoP = ө is standard position, then 
cos 0 =х апа sin ө =у 


and Range of tangent function = R = set of real numbers. 
i) X From figure 11.1 


X 
| cot 0 ==— | у 0 
= for any real number ө there is one and only y 
one value of each x and y .i.e., of each cos 0 


and sin б. Figure 11.1 


= terminal side OP should not coincide with OX or OX’ (i.e., X — axis) 
> uda 0e EXER 


Hence sin ө and cos e are the functions of ө and their domain is Ra set of real numbers. 


| , , MW | ‚2, = Ө + пл, whereneZ 
Since P(x, у) is a point on the unit circle with center at the origin О. 


ETT “nd EFT -. Domain of cotangent function = R-{x|x=nz, ne Z} 


=> -1<с050 <1 and -1<510 < 1 апа Range of cotangent function = R = set of real numbers. 
Thus the range of both the sine and cosine functions is [-1, 1]. 
11.1.3 Domain and Range of Secant Function 
11.1.2 Domains and Ranges of Tangent and Cotangent Functions 


From figure 11.1 From figure 11.1 
i) tan Ө МЕТА , x 0 ѕес 0 WE: , х 0 
X X 


— terminal side OP should not coincide with OY or OY’ (i.e., Y-axis) => terminal side OP should not coincide with OY or OY’ (i.e., Y — axis) 


a ао 
= 
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ES ө = (2п+1)5, where ne Z 


Domain of secant function = R-ix| xe Qn 7. ne 7} 
As sec ө attains all real values except those between -1 and 1 
Range of secant function = R- (x| -1«x«lj 
11.1.4 Domain and Range of Cosecant Function 
From figure 11.1 


E я у 0 
y 


— terminal side OP should not coincide with OX or OX’ (i.e., X — axis) 
> @F 0474 27x 


=> 0 + пл, where neZ 


Domain of cosecant function = R-(x|x2nz, ne Z} 
As csc 0 attains all values except those between -1 and 1 
Range of cosecant function = R- (x|-1«x«1) 


The following table summarizes the domains and ranges of the trigonometric func- 
tions: 
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= 2п+1)л 
у= ану АРЕ ) ne Z| -œ< у < +оо 


о —o0 < X < +0, XÆ ит, ne 2 | —%0<у<+0 


Quee, /у>1огу<-1 
2 7 


у = sec x —o0 < X < + 00, Xx 


_ 21 or y<-1 
y = coses x —o0 < X < +O, X Z NT, ne Z|” У 


11.2 Period of Trigonometric Functions 


All the six trigonometric functions repeat their values for each increase or decrease of 
2z in 0 i.e., the values of trigonometric functions for Ө and 6 +2nz, where 0e R, and neZ, 
are the same. This behaviour of trigonometric functions is called periodicity. 

Period of a trigonometric function is the smallest *ve number which, when added to 
the original circular measure of the angle, gives the same value of the function. 

Let us now discover the periods of the trigonometric functions. 


Theorem 11.1: Sine is a periodic function and its period is 2л. 


Proof: Supposepis the period of sine function such that 


sin (0+ р) = sired forall Ө R (i) 
Now put 0 20, we have 
sin (0- p) = sin 0 


> snp= 0 
= p = Um, 227, олы 


i) if p2z,then from (i) 
sin (0+ 7) = sin Ө (not true) 
sin (0+ 7) =— sind 


z is not the period of sin 8. 
ii) if p-2z,then from (i) 
sin (0+ 27) = sin 0, Which is true 


5) 
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AS is the smallest +ve real number for which 
sin (0+ 27) = 510 


2z is not the period of sin 8. 
Theorem 11.2: Tangent is a periodic function and its period is z. 


Proof: Suppose p is the period of tangent function such that 
tan (0 4 p) = tag 0 for allO R (ii) 


Now put 0 =0, we have 


tan (0+p) = tan 0 

=> tanp- 0 
p=), л, 27 ,3z,.... 
i) if p2z,then from (i) 
tan (0+7) = tan 0, which is true. 


As z is the smallest *ve number for which 


tan (0+7) = tan 0 


z is not the period of tan 0. 


i) 2z is the period of cos Ө. ii) 2л is the period of cscé. 


iii) 27 is the period of seca. iv) a isthe period of coté. 


(5) 
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Example 1: Find the periods of: i) sin 2x ii) tan 


Solution: i) We know that the period of sine is 2z 


ii) 


13. 


sin(2x-2z) = sin2x => sin2(x-;/) = sin2x 


It means that the value of sin 2x repeats when x is increased by z. 
Hence n is the period of sin 2x. 
We know that the period of tangent is z 


tan| ~+7 = tan% ав) = tanc 
3 3 3 3 


It means that the value of tan repeats when x is increased by 3z. 


Hence the period of tan 5 IS 37. 


Exercise 11.1 


Find the periods of the following functions: 


sin 3x 2. cos2x 3. tan4x 4. cot 
sin 6. coses = 7. sin~ 8. cos 
3 4 5 6 
E 10. cot8x 11. sec9x 12.  cosec 10x. 
3sinx 14. 2cosx 15. 3 cos 
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11.3 Values of Trigonometric Functions 


We know the values of trigonometric functions for angles of measure 0°, 30°, 45°, 60°, 
and 90°. We have also established the following identities: 


sin(-0)— = sin @ -cos( Ө cos & -tan( 8) tan 0 

sin(z—-0) = sin@ соѕ (л Ok-  cesO tan (я =0) tan 0 

sin(z-0b = sinO cos(# 2) cos Qr tam(z 0) tan 0 

sin (27-0} = sin Ө соѕ (270-0) = cos@ tan(2z 0)- xanO 

By using the above identities, we can easily find the values of trigonometric functions 
of the angles of the following measures: 

—30°,—45°,—60°,—90° 

+120°,+135°,+150°,+180° 

+210°,+225°,+240° +270" 

+300°,+315°,+330°, +360". 


11.4 Graphs of Trigonometric Functions 


We shall now learn the method of drawing the graphs of all the six trigonometric 
functions. These graphs are used very often in calculus and social sciences. For graphing the 
linear equations of the form: 


| 
© 


(i) 


axtbyctc,- 0 (ii) 


axt+by+e, 


We have been using the following procedure. 

i) tables of the ordered pairs are constructed from the given equations, 

ii) | the points corresponding to these ordered pairs are plotted/located, 
and iii) the points, representing them are joined by line segments. 

Exactly the same procedure is adopted to draw the graphs of the trigonometric 
functions except for joining the points by the line segments. 
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For this purpose, 

i) table of ordered pairs (x, y) is constructed, when x is the measure of the angle and 
yis the value of the trigonometric ratio for the angle of measure x; 

ii) Тһе measures of the angles are taken along the X- axis; 

iii) The values of the trigonometric functions are taken along the Y-axis; 

iv) The points corresponding to the ordered pairs are plotted on the graph paper, 

v) These points are joined with the help of smooth ciurves. 


11.5 Graph of y = sin x from -2z to 2z 

We know that the period of sine function is 2z so, we will first draw the graph for the 
interval from 0° to 360? i.e., from O to 2л. 
To graph the sine function, first, recall that –1 < sinx<1 forall xe R 


i.e., the range of the sine function is [-1, 1], so the graph will be between the horizon- 
tal lines y = +1 апау = – 1 


The table of the ordered pairs satisfying у = sin х is as follows: 
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To draw the graph 


1side of small square on the x - axis = 10° 


i) Take a convenient scale | | | | 
1 side of big square on the y -axis = 1unit 


li) Draw the coordinate axes. 

iii) Plot the points corresponding to the ordered pairs in the table above i.e., (0, 0), 
(30°, 0.5), (60°, 0.87) and so on, 

(iv) Join the points with the help of a smooth curve as shown so we get the graph of 
y = sin x from О to 360° i.e., from O to 2л. 


330 


Graph of у = ѕіп x from 0° to 360" 


In a similar way, we can draw the graph for the interval from 0° to —360°. This will 
complete the graph of y = sin x from -360° to 360? i.e. from — 2z to 2z , which is given below: 


Graph of y=sin x from - 360° to 360° 


The graph in the interval [0, 27] is called a cycle. Since the period of sine function is 2z, 
so the sine graph can be extended on both sides of x-axis through every interval of 2z (360?) 


as shown below: 
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11.6 Graph of y = cos x from -2z to 2z 


We know that the period of cosine function is 2z so, we will first draw the graph for the 
interval from 0° to 360? i.e., from O to 2z 

To graph the cosine function, first, recall that -1< sinxxl forall xe R 

i.e., the range of the cosine function is [-1, 1], so the graph will be between the horizontal 
lines y = +1 апау =-1 

The table of the ordered pairs satisfying y = cos х is as follows: 


х [я | | [а | me | Se [ie] 
3 | 6 6 Е 11 4 


l]a 
win 
mia 


or or or or or or or or or or or or 
e | 30 |e | 90° | 120° | 150 | 180° | 210° | 240° | 270° | 300 | 330° | 369 


cosx| 1 | 087 | 05 | 0 | -O5 | 087) -1 | -087) -05| 0 | 05 | 087) I 


The graph of y = cos x from 0° to 360° is given below: 


y 


mre I RII eb у=] 


Г 150 180 210 


240/270 300° 330 360 


Graph of y = cos x from 0° to 360" 


2 
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In a similar way, we can draw the graph for the interval from 0° to —360°. This will 


complete the graph of y = cos x from -360° to 360° i.e. from — 27 to 27, which is given below: iv) x approaches from right i.e., x > 0 tan x increases indefinitely in III Quard. 


We know that the period of tangent is z , so we shall first draw the graph for the 
interval from —z to л i.e., from —180° to 180° 


The table of ordered pairs satisfying y = tan x is given below: 


Graph of y =cos x from — 360° to 360° 


-150'|-120 |-90'-0|-90 +0) -60 | -30 | 0 | 30 | 60 1/90 -090 «0| 120° | 150° | 180° 


c + - d 


0.58 


As in the case of sine graph, the cosine graph is also extended жо | = |-173 


on both sides of x-axis through ап interval of 2z as shown above: 


Graph of y = tan x from — 180° to 180° 
y 


Graph of y=sin x from -4 n to 4л 


11.7 Graph of y = tan x from -z To т 


We know that tan (-x) = - tan x and tan (x — x) = - tan x, so the values of tan x for 
x = 0°, 30°, 45°, 60? can help us in making the table. 
Also we know that tan x is undefined at x = + 90°, when 


i) x approaches — from left i.e., x232-0 tan x increases indefinitely in I Quard. 


ii) | x approaches а from right i.e., x2740, tan x increases indefinitely in IV Quard. 


Se a 


iii) | x approaches z from left i.e., x3 -5-0 tan x increases indefinitely in II Quard. 
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We know that the period of the tangent function is z. The graph is extended on both 


х R |х Li 2д | 5л 
sides of x-axis through an interval of z in the same pattern and so we obtain the graph of : 613 1-7 "e |” 
y = tan x from -360° to 360° as shown below: 

or or or | or or or or 

y 30 | 60° [99-090 +0) 120° | 150° 180 
‚ ‚ ^ Н 
' i ' i cot X 1.73 | 0.58 | +0 | - |-0.58| -L73| +% 
| | 4 4 A 
2 
Po : 
| КОО | | | : 
| 
x ' 
-36 -330' -300 -BO -24y -29 1$ -150 120 4 w - | sw 60 » RY 150/180" 210 247 PO 300 339 360" i 
! : і ! 
Д SN Ц i ' 
рр =" : 
| ; x 
8 -150 -120 -90 607 90 N20 150 160" 
ы . * * 
Graph of y = tan x from — 360° to 360° 
11.8 Graph of y = cot x From -2z to л i 
We know that сої (-x) = – cot x and cot (x – x) = — cot x, so the values of cot x for H 


a 


x = 0°, 30°, 45°, 60°, 90° can help us in making the table. 
The period of the cotangent function is also л. 50 its graph is drawn in a similar way of 
tangent graph using the table given below for the interval from —180° to 180°. 


Graph of y =cot x from — 180° to 180° 


We know that the period of the cotangent function is z . The graph is extended on both 
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sides of х — axis through an interval of л in the same pattern and so we obtain the graph of Since the period of sec x is also 27, so we have the following graph of y = sec x from 
y = cotx from from —360? to 360? as shown below: — 360? to 360? i.e., from — 2л to 2л: 
y 

Н Н ^ Н à 

| | | | 

; Ң : NY 

эз] -330 300 -270 Мм -286 -1 4p -1%у -120 -90 -w |0 30 бу WNA 150 цо 210 240 270N900 330° 360 

| | -l dr 300 ЗМУ 360 

| -17 ; ; eI P у=-! 

i -2 i i 

t t t , 


Graph of y = cot x from — 360" to 360° 


Graph of y = sec x from — 360? to 360° 


11.9 Graph of y = sec x from -2z to 27 
11.10 Graph of y = csc x from -2z to 27 


We know that sec (-x) =secx апа sec (л x secx, 


We know that: csc ( -x)= -cscx and csc(z —x)=cscx 
So the values of csc x for x = 0°, 30°, 45°, 60°, can help us in making the following 
table of the ordered pairs for drawing the graph of y = csc x for the interval 0° to 360°: 


So the values of sec x for x = 0°, 30°, 45°, 60°, can help us in making the following table 
of the ordered pairs for drawing the graph of y = sec x for the interval 0° to 360°: 


sg 
2 
= 
(Og 


ж | „|! |® 
g 12-01 х0 


сх | 
ор: 


o | or | or | or | or | o | o | or | or | or | or | or 
60° | 90 | 120° | 150° 18@-01@+0 210° | 240° | 270° | 300° | 330° | 360° 


£15) 1 lasl a | we | ome) a tan a [atts] 2 |жж 
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Since the period of csc x is also 2z, so we have the following graph of iii) y = @n2x x [mr] 
iv) y = ¢an-x, x [ 27,27] 
. X 
v) y -e sin a x [0,27] 
А X 
vi) y= ROT x [ zz] 


2. Onthe same axes and to the same scale, draw the graphs of the following function for 
their complete period: 
i) y=sinx and y=sin 2x 


li) y=cosx and y=cos2x 


3. Solve graphically: 


* * * * i) 


sin x —€os x, x [0,7 
у= сѕсх from —360° to 360° i.e., from — 2л to 2л: ee 
Graph of y = csc x from — 360° to 360° li) віпх =єх , x [0,7] 
Exercise 11.2 
1. Draw the graph of each of the following function for the intervals mentioned against 
each : 
i) y = -—sinx, хє [2z,2z] 
ii) y =e 2cos x, x [0,27] 
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12.1 Introduction 


A triangle has six important elements; three angles and three sides. In a triangle ABC, the 
measures of the three angles are usually denoted by a, p, y and the measures of the three 
sides opposite to them are denoted by a, b, c respectively. 

If any three out of these six elements, out of which atleast one side, are given, the 
remaining three elements can be determined This process of finding the unknown elements 
is called the solution of the triangle. 

We have calculated the values of the trigonometric functions of the angles measuring 0°, 
30°, 45°, 60? and 90°. But in a triangle, the angles are not necessarily of these few measures. 
So, in the solution of triangles, we may have to solve problems involving angles of measures 
other than these. In such cases, we shall have to consult natural sin/cos/tan tables or we 
may use [sin|.[cos|.|tan| keys on the calculator. 

Tables/calculator will also be used for finding the measures of the angles when value 
of trigonometric ratios are given e.g. to find Ө when sinO = x. 


12.2 Tables of Trigonometric Ratios 


Mathematicians have constructed tables giving the values of the trigonometric ratios of 
large number of angles between 0° and 90°. These are called tables of natural sines, cosines, 
tangents etc. In four-figure tables, the interval is 6 minutes and difference corresponding to 
1,2, 3, 4, 5 minutes are given in the difference columns. 

The following examples will illustrate how to consult these tables. 


Example 1: Find the value of 
i) sin 38° 24’ i) sin 38° 28’ iii) tan 65° 30’. 


Solution: In the first column on the left hand side headed by degrees (in the Natural Sine 
table) we read the number 38°. Looking along the row of 38° till the minute column number 
24' is reached, we get the number 0.6211. 


510 38°24° = 0.6211 
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i) | Tofind sin 38? 28', we first find sin 38? 24’, and then see the right hand column headed 
by mean differences. Running down the column under 4 till the row of 38? is reached. 
We find 9 as the difference for 4’. Adding 9 to 6211, we get 6220. 


sin38 24 = 0.6220 


iii) Turning to the tables of Natural Tangents read the number 65° in the first column on 
the left hand side headed by degrees. Looking along the row of 65? till the minute 
column under 30' is reached, we get the number 1943. The integral part of the figure 
just next to 65? in the horizontal line is 2. 


tan65°30' = 2.1943 


Example 2: If sinx = 0.5100, find x. 


Solution: In the tables of Natural Sines, we get the number (nearest to 5100) 5090 which 
lies at the intersection of the row beginning with 30? and the column headed by 36'. The 
difference between 5100 and 5090 is 10 which occurs in the row of 30? under the mean 
difference column headed by 4’. So, we add 4' to 30° 36' and get 
sin (0.5100) = 30°40' 
Hence x =30° 40 
Exercise 12.1 


1. Find the values of: 


i) sin 53°40’ ii) cos36 20' ii) ^ tan1930' 
iV)  cot33'50' у) соѕ42°38' vi)  tan2534 
vii) 51018°31 viii) cos52°13’ іх) | cot89'0' 
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2. Find @, if: CASE II: When Measures of One Side and One Angle are Given 
i) sin @ = 0.5791 Н) cos 9 = 0.9316 
iii) cos 9 = 0.5257 iv) tang = 1.705 Example 2: Solve the right triangle, in which 
V) tan 0 = 21.943 vi) sin@ = 0.5186 а = 5813', b = 125.7 and y = 90° 
12.3 Solution of Right Triangles Solution: © y= 90°, a = 5813’ —. B= 90°— 58 13' = 3147 
From the figure, 
In order to solve a right triangle, we have to find: a 
| — = tan58' 13’ 
i) the measures of two acute angles b 
and ii) the lengths of the three sides. = а -(125.7)tan5813' 


We know that a trigonometric ratio of an acute angle of a right triangle involves 3 
quantities "lengths of two sides and measure of an angle". Thus if two out of these three = 125.7(1.6139) 


quantities are known, we can find the third quantity. з 
| | | | | | | а = 202.9 
Let us consider the following two cases in solving a right triangle: 
. А Again Z 2 sin5813 

CASE I: When Measures of Two Sides are Given C 
E , . 2029 

Example 1: Solve the right triangle ABC, in which b = 30.8, c = 37.2 and y= 90°. 0.8500 
= с = 238.7 

Solution: From the figure, Hence а == 2029 8 3147 and c 2387 


Exercise 12.2 
=> az=cos 0.8280 =34°6' 
y290 = 8=90°— а = 90-346, = 5554, 


Я 5 8 
Pi — sinc T L3 
4 15 8 
= = сето 372sin34'6 10 g 
ЕР / ү / NY ш EN 
= 37.2(0.5606) a Ei a (iii п x = 


(iv) (vi) 


1. Find the unknown angles and sides of the following triangles: 


aafe 


= 20.855 
=. d = 908 Solve the right triangle ABC, in which y = 90 
Hence a = 209, а = 34 and B = 55°54 2. a-3720, a 243 3. а —6240, b 796 
4. a=3.28, b =5.74 5. b=68.4, с= 96.2 
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6. a=5429, c = 6294 7. B=5010', с 0.832 Now mZO=60’andOB = 200m 
| : Suppose AB = x meters 

12.4 (a) Heights And Distances In right AOAB, 

One of the chief advantages of trigonometry lies in finding heights and distances of SE une _ v3 _ 1.732 
inaccessible objecst: 200 2 2 

In order to solve such problems, the following procedure is adopted: x " = 200( 222) = 100(1.732)= 173.2 

1) Construct a clear labelled diagram, showing the known measurements. 

2) Establish the relationships between the quantities in the diagram to form Hence the height of the kite above the ground = 173.2 m. 

equations containing trigonometric ratios. 
3)  Usetables or calculator to find the solution. Example 2: A surveyor stands on the top of 240 m high hill by the side of a lake. He observes 


two boats at the angles of depression of measures 17? and 10?. If the boats are in the same 
straight line with the foot of the hill just below the observer, find the distance between the 
two boats, if they are on the same side of the hill. 


(b) Angles of Elevation and Depression 
Angle of Elevation 

If OA is the horizontal ray through the eye of the 
Observer at point O, and there are two objects B and C 
such that B is above and C is below the horizontal ray 
OA, then, 


Angle of Depession 


240 m 


C 
i) for looking at B above the horizontal ray, we have to raise our eye , and ZAOB is 
called the Angle of Elevation and 
i) for looking at C below the horizontal гау we have to lower our eye , and ZAOC is 
called the Angle of Depression. 


Solution: Let T be the top of the hill ТМ, where the observer is stationed, A and B be the 
Example 1: A string of a flying kite is 200 meters long, and its angle of elevation is 60°. Find positions of the two boats so that mZXTB = 10° and mZXTA = 17? and TM = 240m : 


the height of the kite above the ground taking the string to be fully stretched. Now, mZMAT = т XTA- 17° (- ТХ| ма) 
Solution: Let О be the position of the observer, B be the position of the kite апа OA be the and mZMBT = mZXTB = 0 (-TX| ма) 
horizontal ray through О. TIT 
— : TM E 
Draw B4 | O4 From the figure, —— = tanl7 
AM 
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— ЯМ ТМ _ 240 
tanl7° 0.3057 


=> AM = 785m 


— TM _ 240 
tanl0° 0.1763 

<. АВ = ВМ – AM -1361- 785 = 576m 

Hence the distance between the boats = 576m. 


=136lm 


Example 3: From a point 100 m above the surface of a lake, the angle of elevation of a peak 
of a cliff is found to be 15? and the angle of depression of the image of the peak is 30°. Find 
the height of the peak. 


Solution: 

Let A be the top of,the peak 4M and MB be its 
image. Let P be the point of observation and L be the 
point just below P (on the surface of the lake). 
such that PL = 100m 
From P, draw PO AM. 

Let РО = у metres and AM = h metres. 

- AQ-h- QM - h- РІ = h -100 
From the figure, 


tanl5° = Жыш and tan30 ВО 
РО 


у РО y 


100+ А 


By division, we get 


{ап15 _ h—100 
tan 30° h+100 
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By Componendo and Dividendo, we have 


tan1S°+tan30° — h-100+A+100 — 2h h 
tan15°—tan30 h-100—h-100 -200 -100 
me tan 30 + tan 15 x00 0.5774 + 0.2679 00 
{ап 30° — tan15 0.5774 — 0.2679 
=> h = 273.1179, 


Hence height of the peak = 273 m. (Approximately) 
12.5 Engineering and Heights and Distances 


Engineers have to design the construction of roads and tunnels for which the knowledge 
of heights and distance is very useful to them. Moreover, they are also required to find the 
heights and distances of the out of reach objects. 


Example 4: Ап O.P., sitting on a cliff 1900 meters high, finds himself in the same vertical 
plane with an anti-air-craft gun and an ammunition depot of the enemy. He observes that 
the angles of depression of the gun and the depot are 60° and 30° respectively. He passes 
this information on to the headquarters. Calculate the distance between the gun and the 
depot. 


Solution: Let O be the position of the O.P., A be the point 
on the ground just below him and B and C be the positions 
of the gun and the depot respectively. 
OA = 1900m 
mZBOX = 60° 
and mZCOX = 30° 
=> mZABO= mZBOX = 60°, mZACO = 30° 


1900 m 


In right ABAO, In right ACAO, 
1900 = tan60° oU — tan30 
AB AC 
S UH БЕ 1900 _ 1900 ЧС = 1900 
tan 60° NE tan 30° 
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11. 


Now BC = AC — AB — AC =1900V3 


=> BC = 190073 — 1208 = 2193.93 


48 


Required distance = 2194 meters. 
Exercise 12.3 


A vertical pole is 8 m high and the length of its shadow is 6 m. What is the angle of 
elevation of the sun at that moment? 

A man 18 dm tall observes that the angle of elevation of the top of a tree at a distance 
of 12 m from him is 32 . What is the height of the tree? 

At the top of a cliff 80 m high, the angle of depression of a boat is 12°. How far is the 
boat from the cliff? 

A ladder leaning against a vertical wall makes an angle of 24? with the wall. Its foot is 
5m from the wall. Find its length. 

A kite flying at a height of 67.2 m is attached to a fully stretched string inclined at an 
angle of 55? to the horizontal. Find the length of the string. 

When the angle between the ground and the suri is 30°, flag pole casts a shadow of 
40m long. Find the height of the top of the flag. 

A plane flying directly above a post 6000 m away from an anti-aircraft gun observes the 
gun at an angle of depression of 27?.Find the height of the plane. 

A man on the top of a 100 m high light-house is in line with two ships on the same side 
of it, whose angles of depression from the man are 17? and 19? respecting. Find the 
distance between the ships. 

P and Q are two points in line with a tree. If the distance between P and Q be 30 m and 
the angles of elevation of the top of the tree at P and О be 12? and 15° respectively, find 
the height of the tree. 

Two men are on the opposite sides of a 100 m high tower. If the measures of the 
angles of elevation of the top of the tower are 18? and 22?respectively find the distance 
between them. 

A man standing 60 m away from a tower notices that the angles of elevation of the top 
and the bottom of a flag staff on the top of the tower are 64? and 62? respectively. Find 
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12. 


13. 


14. 


15 


the length of the flag staff. 

The angle of elevation of the top of a 60 m high tower from a point A, on the same level 
as the foot of the tower, is 25°. Find the angle of elevation of the top of the tower from 
a point B, 20 m nearer to A from the foot of the tower. 

Two buildings A and B are 100 m apart. The angle of elevation from the top of the 
building A to the top of the building B is 20°. The angle of elevation from the base of 
the building B to the top of the building A is 50°. Find the height of the building B. 

A window washer is working in a hotel building. An observer at a distance of 20 m 
from the building finds the angle of elevation of the worker to be of 30°. The worker 
climbs up 12 m and the observer moves 4 m farther away from the building. Find the 
new angle of elevatiqn of the worker. 

A man standing on the bank of a canal observes that the measure of the angle of 
elevation of a tree on the other side of the canal, is 60. On retreating 40 meters from 
the bank, he finds the measure of the angle of elevation of the tree as 30 . Find the 
height of the tree and the width of the canal. 


12.6 Oblique Triangles 


A triangle, which is not right, is called an oblique triangle. Following triangles are not 


right, and so each one of them is oblique: 


We have learnt the methods of solving right triangles. However, in solving oblique 


triangles, we have to make use of the relations between the sides a, b, c and the angle o, D,y 
of such triangles, which are called law of cosine, law of sines and law of tangents. 


Let us discover these laws one by one before solving oblique triangles. 
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12.6.1 The Law of Cosine 
In any triangle ABC, with usual notations, prove that: 
i) а? =Ь? +c’ —2bccosa 


ii) | b -c-a -2cacosf 


iii) | c^ =a’ +? – 2арсоѕу 


с, 0) 


Origin |A(0,0) b 


Proof: Letside AC of triangle ABC be along the positive direction of the x-axis with vertex 
A at origin, then ZBAC will be in the standard position. 
AB = c and mZBAC = а 
coodinatesof B are(c cosa, c sina) 
AC = b and  pointCis on the x-axis 
Coordinates of C are (b, 0) 
By distance formula, 


lac} = (ccosa — b) + (с sina — 0)? 


a = c^cosa +? -2bccosa + c? sin a e: BC a) 


=> 
2 2 2 di 2 
> a = с (соѕ a +51п a) * b^ -2bccosa 


(i) 


— 
In a similar way, we can prove that 


(ii) 
(iii) 


(i), (ii) and (iii) are called law of cosine. They can also be expressed as: 


o 
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12.6.2 The Law of Sines 


In any triangle ABC, with usual notations, prove that: 


a b e 


sino sinf siny 


Proof: Let side AC of.triangle ABC be along the positive direction of the x-axis with vertex A 
at origin, then ZBAC will be in the standard position. 


(=) 
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AB = c and mZBAC =a 


The coodinates of the point B are (c cos a,c sina) 


If the origin A is shifted to C, then ZBCX will be in the standard position, 


BC = a and mZBCX = 180°-y 


The coodinates of В are [a cos(180° — у), a sin(180° — у)] 


In both the cases, the y-coordinate of B remains the same 


=> asin(180— y) =сѕіпо 


asin y -csin c 


ШЕЕ 


(1) 


In a similar way, with side АВ along +ve x-axis, we can prove that: 


From (i) and (ii), we have ae 


This is called the law of sines. 


12.6.3 The Law of Tangents 


In any triangle ABC, with usual notations, prove that: 


tan -p 

i) a-b = 2 
at+b € + д 

2 
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= 
tan” 
ii) < = 2 
cta ime 


Proof: We know that by the law of sines: 


a b 
sina sin 


a sina 


b sing 


By componendo and dividendo, 


Lu LN a А 


a-b X sina -sinf Agos 2 2 
a+b singa+sinf ogg tÊ cos iP 
2 


Similarly, we can prove that: 


=> 


(i) 
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(i), (ii) and (iii) are called Law of Tangents. 
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version: 1.1 


12. Application of Trigonometry eLearn.Punjab 


12.6.4 Half Angle Formulas 


We shall now prove some more formulas with the help of the law of cosine, which 
are called half-angle formulas: 


a) Тһе Sine of Half the Angle in Terms of the Sides 
In any triangle ABC, prove that : 


А "I" (s—b)(s—c) 
(i) sin 3 | 
(ii) sin "E х=. cm 
ca 
(iii) sin“ = (s а)(5 —b) 
2 ab 


Proof: We know that 


Eu 
2sin 2 = l—cosa 


‚›@ рса? be a 
2sin — = 1 ————— © Cosa ——————— 
2 2Ьс 2Ьс 
Е 2bce—b* -e +a’ 
2bc 
Psin? = а*—(Ь?+с°—2Ьс) a -(b-ay 
2bc 2bc 
in? — (a+b-c)(a-b+c) 
Abc 
sin? = oe) oe tea b c 2s} 
2 Abc 


is the measure of 
an angle of ABC 


. €. 90 —sinZi- ve 
2 2 
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In a similar way, we can prove that 


b) The Cosine of Half the Angle in Term of the Sides 
In any triangle ABC, with usual notation, prove that: 


1) cos = =, к=) =a) 
2 bc 


ii) cos—= а where 2s=a+b+c 
2 ас 

iil) cos” = =) 
2 аЬ 


Proof: We know that 


gu b +e eg Ь?+с°—а? 
2cos zm 1+cos~a=1 ———— |. cosa = ———— 


2bc 2bc 
с 2be+b +e -a (b+c) -a 
2bc 2bc 
(b+c+a)(b+c-—a) 
2bc 
о (a+b+c)(b+c-a) 
2 Abc 
cos? = 262050) (7. 2s=a+b+c) 
2 Abc 


а 1s measureof 
anangleof ABC 


a. a 
'. —1sacute > cos=—= ve 
2 2 


In a similar way, we can prove that 
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c) The Tangent of Half the Angle in Terms of the Sides 
In any triangle ABC, with usual notation, prove that: 


(i) tan. = (s-b)(s-c) 
2 s(s—a) 
(i1) ав = ES where 2s= a- b c 
s(s— 
im aun s Oe) 
2 s(s—c) 


Proof: We know that: 


іп == DENIS and cos ш. 
2 bc 2 bc 
sin 2 [(s — b)(s — c) 
> ап = 3 n —— 
2 cos — s(s -a) 
2 bc 


In a similar way, we can prove that: 


12.7 Solution of Oblique Triangles 


We know that a triangle can be constructed if: 

i) one side and two angles are given, 
or ii) two sides and their included angle are given 
or iii) three sides are given. 
In the same way, we can solve an oblique triangle if 

i) one side and two angles are known, 
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2. В=52° = 
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or ii) | two sides and their included angle are known 
or iii) three sides are known. 
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Now we Shall discover the methods of solving an oblique triangle in each of the above 


Cases: 


12.7.1 Case I: When measures of one side and two angles are given 
In this case, the law of sines can be applied. 


Example 1: Solve the triangle ABC, given that 
а = 3517, В=45°13, b=421 
" atBt+y = 180 
у= 180° - (a + B) =180° – (35° 17'+ 45° 13’) = 99°30' 
By Law of sines, we have 


Solution: 


a ||. 
sino sin б 
sina 421xsin35'17' 421(0.5776) 
= а = b= - = ——— —— 
sin f sin45'13' 0.7098 


a = 342.58 = 343 approximately. 


Again = = Р 
sin y sin б 
"m p Sin y _ 421xsin99 30’  421(0.9863) 
sin б sin 45°13’ 0.7098 


= 584.99 = 585 approximately. 
Hence y =99°30'", a=343, с= 585. 


Exercise 12.4 


Solve the triangle ABC, if 


, b 6 


y 8935 
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S. fae x. T | a 47 Solution: Here a>c a>y 
4. c-6b , a 44s, y 74°32! а+В+у = 180 
5. а=53 =, В 8836  , у 31°54 s Ек wu 
= а+у = 101° 50 
12.7.2 Case II: When measures of two sides and their included angle are given = @+у _ sss 
i HE case, we End use any one of the Кыш: methods: By the law of tangents, 
i) First law of cosine and then law of sines, 
or ii) First law of tangents and then law of sines. NS a d 
5 d а-у a=c ary 
ar ue онер 
Example 1: Solve the triangle ABC, by using the cosine and sine laws, given that b =3,c=5 tan —- 
and а = 120°. 
| | SO feo ы 36.21-30.14. tan 50^ 55’ 
Solution: By cosine laws, 36.214 30.14 
a = b+c?-2becosa = 9425-2(3)(5) cos 120° and = 5097 12312 
2 66.35 
1 а-у 
= 9425-2()(5) ЕЕ 9+25+15 = 49 = et = 0.1126 
а = 7 > tn = 626 
NOW € _ 2 а-у = 12°52 (ii) 
sin sin б | | . 
sing = bsma „ 3xsin120"_ 30866 _ 4 4715 POMIRE (D MNO VO Mave 
р а p 7 р 7 a ==5721 and y 44°29! 
В = 2147 | | | 
To find side b, we use law of sines 
y = 180°-(a@+f)= 180°-(120° + 21°47’) 
y = 8813 b _ а жой = a sin д 
Hence a=7, f =21°47'and y-38 13' LM вше ш 
p . 36.21xsin 78" 10! (36.21)(0.9788) 1,09 
Example 2: Solve the triangle ABC, in which: gin 67° OT (0.8420) 
a = 36.21, c= 30.14, f = 7810 
Hence b= 42.09, у= 44° 29' and а= 57° 21 
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Example 3: Two forces of 20 Newtons and 15 Newtons, inclined at an angle of 45°, 
are applied at a point on a body. If these forces are represented by two adjacent sides 
of a parallelogram then, their resultant is represented by its diagonal. Find the resultan 
force and also the angle which the resultant makes with the force of 20 Newtons. 


Solution: 
Let ABCD be a Il", such that D 


|АВ| represent 20 Newtons ISN 


[AD represents 15 Newtons ISN 


and mZBAD = 45° 20 N 
ABCD is a ||" 


mZABC = 180 —mZBAD 180°—45° = 135° 


i = Ар) = 15 № 


By the law of cosine, 


ac) = (ИВ +(BCY —2|4В|х|ВС|х cos 135° 
(BC) 


= (20)? + (15)? - 2x20x 15x. 


[2 
= 400+225+424.2 
= 1049.2 
lac - 10492 = 324N 


By the law of sines, 


BC AC 


sinmZBAC — sin 135° 
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Make |4B|, |BC|, | ADland aq 
BC xsin 135° 
sinmZBAC = —r Bos yan 
Ac} 32.4 
mZBAC = 196 


Exercise 12.5 


Solve the triangle ABC in which: 


b =95 c = 34 and а =52° 
b =12.5 pe23 and a -38 20 
a-43-1 b-43-1 and y =60° 
a=3 c=6 and | =36°20' 
a=7 b=3 and у -38'3 


Solve the following triangles, using first Law of tangents and then Law of sines: 


6. 
7. 


a=36.21 = b 42.09 and у 44°29’ 


а ==93 = b 101 and p 80 

a=44.8 = с 16.1 and а 42°45’ 
а==319 =b 168 and y 11022 
a ==61 =a 32 and а 59° 30 


Measures of two sides of a triangle are in the ratio 3 : 2 and they include an angle of 
measure 57°. Find the remaining two angles. 


Two forces of 40 N and 30 N are represented by АВ and BC which are inclined at an 


angle of 147° 25”. Find AC , the resultant of AB and BC. 
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12.7.3 Case. lll: When Measures of Three Sides are Given 


In this case, we can take help of the following formulas: 
i) the law of cosine; 
or ii) {һе half angle formulas: 


Example 1: Solve the triangle ABC, by using the law of cosine when 
a=7,b=3,c=5 
Solution: We know that 


b +c а? 
cosa = ———— 
2bc 
9 4-25 — 49 15 1 
cosa = ————== — Em 
30 30 2 
a = 120° 
2 2 2 
cos B = сжа b 251499 65 0.9286 
2ca 70 70 
B = 21Г°17' 
and y = 180°-(a+f) = 180 -(120 +21° 47) = 3813 


Example 2: Solve the triangle ABC, by half angle formula, when 
а= 283, b-317,c- 428 
Solution: 25 =atbt+c = 283 + 317 + 428 = 1028 
5 = 514 
5-а= 514-283 = 231 
5-р = 514-317 = 197 
5-с= 514-428 = 96 


Now, iit = (s—b)(s—c) е 0.3777 
2 s(s—a) 514x231 


— = 2053 >a = AY24 and 
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L0 AE JM 
\514х197 


AT’ 46' 


nu s |G-96-4) 
2 s(s—b) 


£ = 23537 = В 


y = 180-(a-f) = 180° – (41 24 +47° 46) = 90°50! 


Exercise 12.6 


Solve the following triangles, іп which 


1. a=7 ,b=7 ‚с = 9 

2. а= 32 ‚б = 40 ‚С = 66 

3. а= 28.3 ‚б = 31.7 ‚Сс = 42.8 

4. a= 31.9 ,b = 56.31 ‚с = 40.27 

5. a = 4584 ,b = 5140 ‚Сс = 3624 

6. Find the smallest angle of the triangle ABC, when a = 37.34, 


b = 3.24, c = 35.06. 
Find the measure of the greatest angle, if sides of the triangle are 16, 20, 33. 

8. The sides of a triangle are х? + х +1, 2x+1 and x? - 1. Prove that the greatest angle of the 
triangle is 120°. 

9. The measures of side of a triangular plot are 413, 214 and 375 meters. Find the 
measures of the comer angles of the plot. 

10. Three villages A, B and C are connected by straight roads 6 km. 9 km and 13 km. What 
angles these roads make with each other? 


12.8 Area of Triangle 


We have learnt the methods of solving different types of triangle. Now we shall find the 
methods of finding the area of these triangles. 
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case 1 Area of Triangle in Terms of the Measures of Two Sides and Their Included Angle Similarly, we can prove that: 


With usual notations, prove that: а = 1кзша= loss 


Case Il. Area of Triangle in Terms of the Measures of One Side and two Angles 


Proof: Consider three different kinds of triangle ABC with mZC = у as In a triangle AABC, with usual notations, prove that: 
i) acute ii) obtuse and iii) right — ae EN 
From A, draw AD LBC or BC produced. Area of triangle — си ас аси 
2510 € 2sin д 2sin у 
А 
A Proof: By the law of sines, we know that: 
a | b cœ 
sino sin B sin y 
" s C sina sin б 
B D B C D B C(D) E a = c— and b c——— 
Fig: (i) Fig: (ii) Fig: (iii) sın у sin y 
ЕЕ We know that area of triangle ABC is 
In figure. (i) ao, DN sin 1 
BEN" í A = z ab sin y 
| .. AD l| sina ||[csmnf)| . 
a, э. з 2 a = A = с sin 
In figure. (ii), ua 5 sin (180° — у) = sin y A ina | din: | “ 
In figure. (iii), 20 = 1 = 81190 = siny 
AP In a similar way, we can prove that: 
In all the three cases, we have 


AD == ACsiny bsin y 


Let A denote the area of triangle ABC. мвс = ERASE а вс re 


By elementary geometry we know that Case Ш. Area of Triangle in Terms of the Measures of its Sides 


1 | In a triangle ABC, with usual notation, prove that: 
A = —(base)(altitude) | 
2 Area of triangle = ./s(s—a)(s—b)(s—c 
"m ; BC. AD Proof: We know that area of triangle ABC is 
A І Б А = E bc sin a@ 
= аб sin у 2 
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2 
_ la. эвт cos | Р. sin cos) _ 1 (42.1) (0.7097)(0.5776) 
0 mco 2. 7 2 (0.9863) 
A = 368.3 square units. 


be ae po (by half angle formulas) 
[6 [6 
GERADE Example 3: Find the area of the triangle ABC in which 
bc T EU а= 275.4, 6=303.7, c=342.5 
“ A = Qs(G-a)(s-b)(s-o) Solution: .. a-2754,b-303.7, c=342.5 
Which is also called Hero's formula * 2e2g*b*C 
= 275.4 + 303.7 + 342.5 = 921.6 
Example 1: Find the area of the triangle ABC, in which | s= 460.8 
b = 21.6, c=30.2 and a=52°40 Now s-a- 460.8 - 275.4 =185.4 
А s- b = 460.8 – 303.7=157.1 
Solution: We know that: 5—c= 460.8 — 342.5 2118.3 
MBG = толас 2 (21.6)(30.2) sin 52° 40' Now А = vs(s-a)(s-b)(s-c) 
: 2 = 4460.8x185.4x157.1x118.3 
= 5 (21.6) @0.2)(0.7951) A = 39847 sq. units 
AABC = 259.3 sq.units . 
Exercise 12.7 
Example 2: Find the area of the triangle ABC, when | | | | E 
а --3517, y 4513 amd b 421 1. Find the area of the triangle ABC, given two sides and their included 
angle: 
Solution: ~ a+f+yv= 180° i) a==208., b 120 | y 150° 
a В = 180°-(a+yv) = 180°-(35°17'+45° 13’) = 99° 30! и) b E3758, c 45 Е a 30° 50’ 
Also b ==421 a 3517, y 4513, p 99° 30' Ш) b — 4.33 , b 9.25. , y 56° 44' 
We know that the area of triangle ABC is 
2. Find the area of the triangle ABC, given one side and two angles: 
A = LP sinysina ) b —254-, у 364 , a 45°17' 
2 sng i) c --32  , a ATOM , B 7016 
2 0: o foes o ! 
_ 1 42.1)" sin 45 15 sin 35 17 ii) а 2982-2, a 8342. , у ато 
2 sin 99° 30’ 
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3. Find the area of the triangle ABC, given three sides: 


i) a=18 Р р =24 i c=30 
i) a=524 ; b -276 А С= 315 
Ш) а= 32.65  , b =42.81 j c= 64.92 


4. The area of triangle is 2437. If a = 79, and c = 97, then find angle £. 

. The area of triangle is 121.34. If a = 32° 15 В = 65? 37 then find c and angle y. 

6. One side of a triangular garden is 30 m. If its two corner angles are 22° % and 112° х, find 
the cost of planting the grass at the rate of Rs. 5 per square meter. 


ul 


12.9 Circles Connected with Triangle 

In our previous classes, we have learnt the methods of drawing the following three kinds 
of circles related to a triangle: 

i) Circum-Circle li) In-Circle iii) Ex-Circle. 
12.9.1 Circum-Circle: 


The circle passing through the three vertices of a triangle is called a Circum- Circle. Its 
centre is called the circum-centre, which is the point of intersection of the right bisectors of 
the sides of the triangle. Its radius is called the circum-radius and is denoted by R. 


b 


EMI = —— with usual notations. 
2 sin a 2 sin B 2 sin у 


a) Prove that: R = 


C(D) 


Fig. (i) Fig. (ii) Fig. (iii) 
(ZBAC is acute) (АВАС is obtuse) (ZBAC is right) 
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Proof: Consider three different kinds of triangle ABC with mZA = a 
i) acute ii) obtuse iii) right. 


eLearn.Punjab 


Let O be the circum-centre of AABC. Join B to O and produce BO to -meet the circle 


again at D. Join Cto D. Thus we have the measure of diameter mBD ==2R and 


I. In fig. (i), mZBDC = mZA = а (Angles іп the same segment) 
In right triangle BCD, 


i Ze = snmZBDC = sina 
П. infig. (i), ^" PP 
mZBDC+mZA = 180° (Sum of opposite angles of a 
= mZBDC+a = 186 cyclic quadrilateral 180° 
= mZBDC = 180-« 


In right triangle BCD, 


2 ae = sinmZBDC = зїп(180°—@) = sina 
m BD 
ПІ.  !n fig. (iii), тА = a = 90° 
wee =. d sin 90° sin x 
m BD 


In all the three figures, we have proved that 


m BC | 
— = sna 
m BD 
=> Eo = sna => 2Rsina = a 
2R 
R = - 
2 sina 


mBC а 
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Similarly, we can prove that 12.9.2 In-Circle 


b R.c 
R = 5 sin f and suy The circle drawn inside a triangle touching its three sides is called its inscribed 
7 b И circle or in-circle. Its centre is known as the in-centre, ії is the point of intersection of the 
Hence R = SS, | : bisectors of angles of the triangle. Its radius is called in-radius and is denoted by r. 
2 sina 2 sin B 2 sin y 
a) Deduction of Law of Sines: a) Provethat r = A with usual notations. 
S 
a b с 


We know that R = 


Proof: Let the internal bisectors of angles of triangle ABC meet at O, the in-centre 


2sina 2sin 8 7 2 sin y TN — — a == = 
Draw OD 1 BC , OE 1 AC and OF 1 AB 


= a NS E. i OR 
sin @ sin д sin у 
= = 2 = , Which is the law of sines. 
sin @ sin f sin y 
abc 
b) Provethat R - —— 
4А 
Proof: We know that: R = E 
2sin « 
о 
25 упо сов MES From the figure Area A4BC = AreaAOBC+ AreaAOCA + AreaAOAB 
Т—<=— чы 1м ul 
= _ A = 5 BCxOD+~CAxOE+~ ABxOF 
4 [eeo = (by half angle formulas) А А А 
be be = —ar+—br+—cr 
Whe 2 2 2 


4 .J/s(s—a)(s — b)(s —c) = 5 r(a+b+o) 
R = = A= WsG а) Xs о)) & ж Bods (^ 2s= æ b c) 


N 
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12.9.3 Escribed Circles 


A circle, which touches one side of the triangle externally and the other two produced 
sides, is called an escribed circle or ex-circle or e-circle. Obviously, there could be only 
three such circles of a triangle, one opposite to each angle of the triangle. 

The centres of these circles, which are called ex-centres are the points where the 
internal bisector of one and the external bisectors of the other two angles of the triangle 
meet. 

In AABC , centre of the ex-circle opposite to the vertex A is usually taken as I, and its 
raidus is denoted by r,. Similarly, centres of ex-circles opposite to the vertices B and C are 
taken as L and 1, and their radii are denoted by r, and r, respectively. 


a) With usual notation, prove that: 


A A A 
; ——, and 7, 
s—a s—b 5 = С 


Proof: Let ], be the centre of the escribed circle opposite to the vertex А of AABC , 
From 1, draw 20 L BC, LE. AC 


produced and /,F L AB produced. 
Join 1, to A, B and C. 


Let mD = тЕ = тЕ = m 
From the figure 
AABC = AI,AB+AI,AC-—AI,BC 
1 — 1 
= А = пак rd хЕ—-—ВСх1р 
1 1 
= —ch+-—br--arn 
2 2 
1 
А = рео 
1 
= ^ 5 « 2(—а) (2s = a+b+c) 
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= (s-a)m 


In a similar way, we can prove that: 


В y 


r = (s a) Gm (s =) (s c) tan? 


Example 1: Show that: 


Solution: To prove r = (s-a) tan = 


2 

We know that: tanČ = (s -b)(s с) 
2 s(s—a) 
m (s —b)(s —c) 
Ow O90) 
S 
BOXE А „ 
s? 7 i S 


In a similar way, we can prove that: 


К.Н.5 = (s-a) tan 


ч 


a 
<. (s—a)tan— = 
(s—a) | 


B y 


r = s b)tan=  and-r S c)tan— 
(s b) з (s c) 5 


B y 


Example 2: Show that; =4R sin ы COS 


(=) 
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Example 4: If the measures of the sides of a triangle ABC are 17, 10, 21. Find А, г, г, r, and r}. 


Solution: — R.H.S. = 4R sin“ cosh соз. 


Solution: Let а = 17, b 10, C = 21 


zA abc K(s —b)(s —c) s(s—b) [s(s—c) t 25 = а+р+с = 17+10 + 21 = 48 
ДА bc ca ab — S = 24 
= а 


s(s -b)(s ^c) n s-a = 24-17-27, s-b- 24-10-14 and s-c =24-21=3 


M Бу ) Now A = fs(s—a)(s—b)(s—c) 
s(s — a)(s 8—c 
A = PAN 4)(3) 84 


CT Wd an = 
A b 17.10. 21 85 
= арс А А 
A(s - a) 4^ 4.84 8 
-Â o¢ & LHS ^ $44 7 A 84 
s-a { Т аа — = E === n = —— 12, 
S 24 2 s—a 7 
А 84 А 84 
Непсе r= 4R in^ соз соз. п ^ TAA 4 А шу oe 28 
Example 3 : Prove that 141,1,1 a+b +e 12.10 Engineering and Circles Connected With Triangles 
an Жж B B А 
We know that frames of all rectilinear shapes with the exception of triangular ones, 
Solution: L.H.S. = : n : + t 4 : change their shapes when pressed from two corners. But a triangular frame does not change 
| К Hd | с , its shape, when it is pressed from any two vertices. It means that a triangle is the only rigid 
= т Cm Uc (s M rectilinear figure. It is on this accountthat the engineers make frequent use of triangles for 
: , : : the strength of material in all sorts of construction work. 
пет о a Besides triangular frames etc., circular rings can stand greater pressure when pressed from 
ыз " ba pag? any two points on them. That is why the wells are always made cylindrical whose circular 
= má surfaces can stand the pressure of water from all around their bottoms. Moreover, the 
n" arches below the bridges are constructed in the shape of arcs of circles so that they can bear 
S — 25.265 t d C Я , i 
=== the burden of the traffic passing over the bridge. 
a^ xb +c ; ; И 
EI EE a) We know that triangular frames change their rectilinear 
nature when they are pressed from the sides. From the 
= R.H.S. strength of material point of view, the engineers have to 
Hence the result. fix circular rings touching the sides of the triangular frames. 
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For making these rings, they have to find the in-radii of the 
triangles. 


b)  Inorder to protect the triangular discs from any kind of damage, 
the engineers fit circular rings enclosing the discs. For making 
rings of proper size, the engineers are bound to calculate the 
circum-radii of the triangles. 


с) In certain triangular frames, the engineers have to extend two 
sides of the frames. In order to strengthen these loose wings, 
the engineer feels the necessity of fixing circular rings 
touching the extended sides andthe third side of the frames. 


eLearn.Punjab 


For making appropriate rings, the engineers have to find ex-radii of the triangles. 
The above discussion shows that the methods of calculations of the radii of incircle, 
circum-circle and ex-circles of traingles must be known to an engineer for performing his 


professional duty efficiently. 


Exercise 12.8 


1. Showthat к = 4R sin din sin^- 
2 2 P 


i) s = 4R совт A cos% 
2. Show that: r == aa sin sec% b а 
2 2 2 2 2 2 


B у 


. Q. 
= c sin— sin— sec 
2 2 


version: 1.1 


12. Application of Trigonometry eLearn.Punjab 


Show that: i) 7 = 4R sinŽ cost cose 
i) rn = 4R cos ane cos É 
2 2 
ii) „ = 4R совт о. sina 
Show that: 
i) r = s tan— ii) rn = s T iii) ^r = s tant 
1 7 2 7 5 3 7 
Prove that: 
y nbtrnnenn—- s i) mnn = A 
ili) n+nt+tn-r = 4R iV) nnn = rs 
Find А, r, г, r, and r, if measures of the sides of triangle ABC are 
DÌ а= 13, b= 14, с = 15 
i) а= 34, b= 20, с = 42 


Prove that in an equilateral triangle, 
i) r:R:ņn = 1223 
i) ЗИТ A91 2:043 23 


Prove that: 
i) A= rcot m amd 
2 2 2 
ii) r = stn cu aa 
2 2 
ii) A = 4R cos Č mr бак 
2 2 2 
Show that: 1) P S mJ 
2rR ab bc ca 
T 1 1 1 1 
re 


ron nod 
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10. Prove that: 


a and n b sin. sin” 
т ==— 2 
cos "d 
2 2 


11. Prove that: abc (sina +sin 8 + sin y) 


12. Provethat i) (к +») tan S б. 


li) (n-r) cot = с 


m ae 
с Sin — .sin 
2 


8 


cos” 


2 


4As 
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Invnerse Trignometric 
Functions 


13. Inverse Trignometric Functions 


13.1 Introduction 


We have been finding the values of trigonometric functions for given measures 
of the angles. But in the application of trigonometry, the problem has also been the other 
way round and we are required to find the measure of the angle when the value of its 
trigonometric function is given. For this purpose, we need to have the knowledge of inverse 
trigonometric functions. 

In chapter 2, we have discussed inverse functions. We learned that only a one-to- 
one function will have an inverse. If a function is not one-to-one, it may be possible to restrict 
its domain to make it one-to-one so that its inverse can be found. 

In this section we shall define the inverse trigonometric functions. 


13.2 The Inverse sine Function: 
The graph of y = sinx, -œ< х < +оо, is shown in the figure 1. 


Fig:2 


We observe that every horizontal line between the lines y = 1 and y= -1 intersects the 
graph infinitly many times. It follows that the sine function is not one-to-one.However, if we 


e 
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restrict the domain of y = sinx to the interval ERI , then the restricted function y = sinx, 


= 5x87 is called the principal sine function; which is now one-to-one and hence will 
have an inverse as shown in figure 2. 
This inverse function is called the inverse sin function and is written as ѕіп'х or arc 
sinx. 
The Inverse sine Function is defined by: 
y = sinx , if and only if x = sin y. 


where 557 and ежей 


Неге у is the angle whose sine is х. The domain of the function 


Л 


y=sin'xis—1<«x < 1, its range is = SUE 


The graph of y = sinx is obtained by reflecting the restricted portion of the graph of 
y = sinx about the line y = x as shown in figure 3. 

We notice that the graph of y = sinx is along the x - axis whereas the graph of y = sin'x 
is along the y - axis. 


Example 1: Find the value of (і) iso (ii) sin 77) 
i, | NN 
Solution: (i) We want to find the angle y, whose sine is E 
; 3 Лл л 
> ===, < < — НЕНА 
sin у 2 y 2 
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We observe that every horizontal line between the lines у = 1 and y = -1 intersects the 
graph infinitly many times. It follows that the cosine function is not one-to-one. However, if 
we restrict the domain of y = cosx to the interval [0, т], then the restricted function y = cosx, 
(ii) ^ We want to find the angle y whose sine is _1 0 <х<т is called the principal cosine function; which is now one-to-one and hence will 

have an inverse as shown in figure 5. 


4 


"M m 
sin — 
( 3 


—  siny ==, Mu This inverse function is called the inverse cosine function and is written as соѕ'х or arc 
_ _ _ СО5х. 
элйз E The Inverse Cosine Function is defined by: 
у n y = cos», if and only if x= cos y. 
ш Gare RU where 0 <у<л and -1<x < 1. 


Here y is the angle whose cosine is x. The domain of the function y = cos'x is -1 xx <1 
and its range is OXxyxm. 

The graph of y = cosx is obtained by reflecting the restricted portion of the graph of 
y = cos x about the line y = x as shown in figure 6. 

We notice that the graph of y = cos x is along the x - axis whereas the graph of y = cos“x 
is along the y - axis . 


Example 2: Find the value of (i)  cos'l (ii) соз C) 


13.3 The Inverse Cosine Function: 


The graph of y = cosx, —o0< x < +оо, is shown in the figure 4. 


у =Cosx 
1 Domain:[0, x] 
m Range :[-1, 1] 


* 
-** 
=- 


(a) Fig:4 Solution: (i) We want to find the angle y whose cosine is 1 
A - dospel O<y<ax 
x = Соз у з. =й 
cos 11=0 
y=Cos'x 
D in:[-1, 1 " ; : : 
— y (ii) | We want to find the angle y whose cosine is - 
" > cosy=-—, O<y<z 
Fig: 5 
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y _27 function у = tanx =” <x<%, iscalled the Principal tangent function; which is now one-to- 
3 one and hence wil have an inverse as shown in figure 8. 
FE 2л This inverse function is called the inverse tangent function and is written as tan"x or 
ок es arc tanx. 
The Inverse Tangent Function is defined by: 
13.4 Inverse Tangent Function: y = tan'x, if and only if x= tan y. 


yatanx,re(-%, + 0) , y ztanx, xe (— #2, 2/2) y 
ye(-*, + ») 


yel- o, + =) 

"d y* Tan x 
-0€ X <+ 00 

E л 


* 
:y-tanx 
H 


л л 
where Е and —oo« x < +0. 


Неге y is the angle whose tangent is x. The domain of the function y = tan*xis -oo« x < 


+оо and its range is = dp 


The graph of y = tanx is obtained by reflecting the restricted portion of the graph of 
y = tanx about the line y = x as shown in figure 9. 

We notice that the graph of y = tanx is along the x - axis whereas the graph of y = tanx 
is along the y- axis. 


Example 3: Find the value of (i) tan’ (i) ^ tan (—3) 


у= Tan" x, ye(- x2, w2) 
x€(-, + =) 


Solution: (i) We want to find the angle y, whose tangent is 1 


=>  tany-l mt eut 
у= 1, 5 Y 5 
= а 
774 
The graph of y = tanx, -œ< x < +оо, is shown in the figure 7. eee ea 
We observe that every horizontal line between the lines y = 1 and y = -1 intersect the graph 4 
infinitly many times. It follows that the tangent function is not one-to-one. (ii) ^ We want to find the angle y whose tangent is 3 
However, if we restrict the domain of y = Tanx to the interval _ &хе_. then the restricted => tany=-v3 5 x 5 
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_2n 
73 


tan (—3) -= 
13.5 Inverse Cotangent, Secant and Cosecant Functions 


These inverse functions are not used frequently and most of the calculators do not 
even have keys for evaluating them. However, we list their definitions as below: 
i) Inverse Cotangent function: 

y=cotx, where 0 <x<z is called the Principal Cotangent Function, which is one-to- 
one and has an inverse. 

The inverse cotangent function is defined by: 

y = cot?^x,if and only if x = coty 

Where 0« y«z and -о<х<+о 

The students should draw the graph of y = cot! x by taking the reflection of y = cotx in 
the line y 7 x. This is left as an exercise for them. 
ii) Inverse Secant function 


y = sec x, where 0<x<z and х2 is called the Principal Secant Function, which is 


one-to-one and has an inverse. 
The Inverse Secant Function is defined by: 
y = ѕес'х. if and only if x = secy 


where 0<y<z, yar and |x|>1 


The students should draw the graph of y = sec?x by taking the reflection of y = secx in 
the line y = x. This is left an exercise for them, 


iii) Inverse Cosecant Function 


у = сѕс х, where = у=. and x #0 is called the Principal Cosecant Function, 
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which is one-to-one and has an inverse. 
The Inverse Cosecant Function is defined by: 


y-csc ! x, if and only if x=cscy 


where FS VS Foy #0 and |х|>1 


The students should draw the graph of y=csc' by taking the reflection of y = cscx in 
the line y = x. This is left an exercise for them. 


13.6 Domains and Ranges of Principal Trigonometric Function 
and Inverse Trigonometric Functions. 


From the discussion on the previous pages we get the following table showing domains 
and ranges of the Principal Trigonometric and Inverse Trigonometric Functions. 
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5 Р 

Thus sina = B а = sin — 

4,12 WT 


Hence cos — -sin — 


2 2 
Example 5: Find the value of 


i) sin (cos | = ii) ^ cos(tan 0) iii) 5ес sin C3] Solution: 
у =SCCX a у&-1 or y2l 
а 2 i) we first find the value of y, whose cosine is S 
V3 
1 
> у= 
(mA у&-1 or y21 
| 2 | 2 ia í i oem a V3 = : 
=> (cos —) =— 
2 6 


i) we first find the value of y, whose tangent is 0 


112 ‚03 c m 
Example 4: Show that cos! — — sin'— tan y 20 -2 = 
p 13 13 an y = 0, 5 <y< _ 


е 12 
Solution: Let eS =% cesa | — => y=0 
=> (tan'0) =0 


2 27. соѕ(ќап Ө = соѕ0 1 

sina = +ү1-соѕ а= + (2) ( 9 
iii) ме first find the value of y, whose sine is E 
= + Жз 2 

169 siny-—7. =, 

esas, 25 5 | 

169 169 13 => ys — 

6 

cos a is *ve and domain of о is [0, л], in which sine is +ve. = sin") --2 


version: 1.1 version: 1.1 


o 


13. Inverse Trignometric Functions 
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43 


Example: 6 Prove that the inverse trigonometric functions satisfy the following identities: 


sec[sin | (— D = 


. . —] A —] —] Л . —] 
i) sin x=— cos x and cos x — sin x 
2 2 
, m m 
-1 -1 -1 -1 
ii) tan x-— cot x and cot x — tan x 
2 2 
" m Т 
-1 -1 -1 -1 
Ш) sec x-— csc x and cse х — sec x 
2 2 
Proof: 


Consider the right triangle given in the figure Angles a and p are acute and complementary. 


л 

> d mr 

= а= В and В==-а ... (1) 
NOW sina = sin? —f)-cosf-x (say) 


vos -1 
a —-sin x and fi-cos x 


Thus from (i) we have: 
sin” x = cos х and cos— x ш sin x 
2 2 
In a similar way, we can derive the identities (ii) and (iii). 


Exercise 13.1 


1. Evaluate without using tables / calculator: 


i) sin (1) ii) 
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vii) cot (-1) 


viii) созес =) 
J3 


2. Without using table/ Calculator show that: 


i) tan |— 


= sin — ii) 2o05 $ = 


3.  Findthe value of each expression: 


i) cos sin =| 
42 


ii) see cos" Э 
2 


iv) csc(tan (-1)) v) see sin (= >) 


vii) sinsin”) 


viii) tan sin 29] 


13.7 Addition and Subtraction Formulas 


1) Prove that: 


sin'At+sin'B = sin (AN1- B? + BN1- A^) 


Proof: 


and sin'B= y 


NOW COS X 


In sinx = А, domain = 
Cosine is +ve, 


COSX = 


Similarly, cosy 
Now  sin(x- y) 


Let sin'A= x 


>sinx = A 
>siny = B 


= £wl-sijx = +\1-4° 


E , in which 
2.2 


1 Æ 


Jle 


sin x cos y + cos xsin y 


(=) 


iii) tacos $ 


vi) tan (tan (-1)) 


ix) sin (tan (— 1)) 
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= ANI- B? + B41- A’ 
ES x+y = sin" (AN1- B? - BA1- А?) 
sin! A+sin' B=sin (AN1—- B? + By1- A’) 


In a similar way, we can prove that 
2) sin! A-sin B = sin” (A4N1- B? - By1- A’) 


3) [cos ! A+ cos! В = cos (AB - (0— A?)1- В? )) 
4) cos! A—cos ! B = cos (AB +/(1— A^) — B?)) 


5) Prove that: 


tan’ A+tan'B = tan! ane 
1— AB 
Proof: Let tan'A= x -tanx = A 


and tan'B= y >tany = B 


tanx-tany A+B 


NOW tan(x+y) = 
1—їапхїапу 1—AB 


_ A+B 
=> x+y = tan 
1— AB 
tan A + tan B = tan! ace 
1— АВ 


In a similar way, we can prove that 


6) tan! 4—tan ! B = tan! = 


1+ AB 


Cor. PuttingA-B in 


tan A4-tan B = tan E — , we get 
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tan A+tan' A = tan” Ak = 
— A 
=> 2tan A = tan! Ed - 
— A 


Exercise 13.2 


Prove the following: 


sin! n sin! EM = соз! 25d 2. tan”! А + tan! 1 —tan ЕА 
13 25 325 4 5 19 
2tan ! Lm sin! = Hint : Let tan ! 2 ==х.апа shown sin 2x = 
3 13 3 13 
tan ! L 2cos ' i 5. sin EN 1cot 3-2 7 
119 13 1/5 4 
sin !—-sin'! i sin! LA 7. sin’ —-sin™ 2 cos! n) 
17 85 5 17 
cos '——-+21ап !—- sin! i 
tan + tan ! – tan! Ed = a 
19 4 


А 0,5. 
sin —-sin —-sin —=— 
5 13 65 2 
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11. 


12. 


13. 
14. 
15. 
16. 
17. 
18. 


19. 


20. 


t FR EC E 
an —--tan —=tan —+tan — 
11 6 3 


2tan™ 1 + tan! 1 == 
3 7 4 


Showthat соѕ(ѕіп х) 
Showthat sin(2cos™ x) 
Show that  cos(2sin ! x) 
Show that tan (-x)- 


Showthat sin '(—x} 
Showthat _ соз (—х) 


Showthat tan(sin ! x) 


1-х 
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Given that кезіп, find the values of following trigonometric functions: sinx, cosx, 


tanx, cotx, secx and cscx. 
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14.1 Introduction 


The Equations, containing at least one trigonometric function, are called Trigonometric 
Equations, e.g., each of the following is a trigonometric equation: 


| 2 , 3 
rc dM and зіп х secx 1 FI 


Trigonometric equations have an infinite number of solutions due to the periodicity of the 
trigonometric functions. For example 


If sin0-0 ћепӨ=0, + ,+2 ,.. 
which can be written as 0-« ,wheren Z. 


In solving trigonometric equations, first find the solution over the interval whose 
length is equal to its period and then find the general solution as explained in the following 
examples: 


| 1 

Example 1: Solve the equation sin x = з 
, 1 
Solution:  sinx- ^ 


sin x is positive in I and II Quadrants with the reference angle x = 


. x-— and x= — ' 


| where хє[0,2 | 
6 6 


г. General values of x are "i 2n and 2. 2n ,neZ 


Hence solution set dem boom | neZ 
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Example 2: Solve the equation: 1 + соѕх = 0 


Solution: 1 + cosx = 0 
= cosx = —1 
Since cos x is -ve, there is only one solution х= x іп [O, 27] 
Since 27 is the period of cos x 
General value of x is х + 2nm, nez 
Hence solution set = {л + 2n7}, nez 


Example 3: Solve the equation: 4 cos?x- З = 0 
Solution: 4cos?x-3= 0 
3. 3 
=> cos iu => + cosx= 


43 


i. If cosx 2 — 


Since cos x is *ve in Т and IV Quadrants with the reference angle 
х= — 
6 


" x =—-and=x = 2 = B. where x € [0, 2 | 
6 6 6 
As 2л is the period of cos x. 


11 
General value of x аге a and ТД , neZ 


i. if mee 
2 
Since cos x is -ve in II and III Quadrants with reference angle x 5E 


x= -—=— and хех where хє[0,2 | 


As 2л is the period of cos x. 


э) 
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г. General values of x are 2+ 2п апа L+ 2n ,neZ 


Hence solution set dex lorem ЕБЕ lorem | 


14.2 Solution of General Trigonometric Equations 


When a trigonometric equation contains more than one trigonometric functions, 
trigonometric identities and algebraic formulae are used to transform such trigonometric 
equation to an equivalent equation that contains only one trigonometric function. 

The method is illustrated in the following solved examples: 


Example 1: Solve: sin x + cos x= 0. 


Solution: sinx-*cosx-0 


sinx cosx bos 

=> + =0 (Dividing by cosx # 0) 
COSX  COSX 

=> tanx+l =0 => tanx = 1 


tan x is -ve in Il and IV Quadrants with the reference angle 


х= ——2—, where x e[0, | 


As л is the period of tan x, 


. 3 
General value of x is ла | ne Z 


Solution set = PEE | ne Z. 
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Example 2: Find the solution set of: sinx —— 


Solution: sin x cosx =, 
=> 4 (asin x соѕх)= v3 
2 4 


B 


=> sin2x=— 
2 
sin 2x is *ve in Land II Quadrants with the reference angle wan 


2х== апа 2х = um are two solutions in [0,2 | 
As 27 is the period of sin 2х. 


General values of 2x are qo and Ln ,, neZ 


= General values of x are ds and ET м пє 7 


Hence solution set = de ЕС | , пє / 


Example 3: Solve the equation: sin 2x = cos 2x 


Solution: Sin2x = COS2x 
= 2sinx COS x = COSx 
=> 2sinx cos х – cosx = 0 
E cosx(2sinx — 1) = 0 
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(5) 


14. Solutions of Trigonometric Equations 


соѕх= 0 ог 25іпх-1= 0 
i. If cosx=0 


=> х= and x wherex e [0,27] 


As 2л is the period of cos x. 


3 
General values of x are * + 2пт and + 2NT, NEZ, 


ii.  If2sinx-1=0 
=> sinx- 
Since sin x is *ve in I and II Quadrants with the reference angle x= 


x=% and х=л-2-22 where xe [0, 27] 


As 2л is the period of sin х. 


General values of x are and " + 2пл and + 2nm, neZ, 


Hence solution set = [ear o eamm pul 2 +2ял 157421 л). 
nez 


Example 4: Solve the equation: sin? x + cos x = 1. 


Solution: sin?x*cosx = 1 

=> 1-cos?x-*cosx =1 

= — cos х (cos x- 1) = 0 

5 cosx =O or cosx-1=0 

i. If cos х= 0 

= х= = апа x=% , where x e [0,27] 


2 
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As 27 is the period of cos x 


-. General values of x are 2 + 2пт and E +2nn , neZ 


ii. If cos x= 1 

= х= 0 апа х= 2л : where xe [0, 27] 

As 27 is the period of cos x 

-. General values of x are 0 + 2пл and 2л + 2nm, nez. 


-. Solution Set = on 2n d U BE 2n d U {2nz} U {2л + 2пл} ‚п EZ 
i {2(n + Dar} c {2nr}, nez 
| Л 3 
Hence the solution set = z tana U M Um Uf{2na\,nez 
Sometimes it is necessary to square both sides of a trigonometric equation. In such 
a case, extaneous roots can occur which are to be discarded. So each value of x must be 
checked by substituting it in the given equation. 
For example, x = 2 is an equation having a root 2. On squaring we get x? – 4 which gives 


two roots 2 and -2. But the root -2 does not satisfy the equation x = 2. Therefore, -2 is an 
extaneous root. 


Example 5: Solve the equation: cscx = J3 +cotx. 


Solution: cscx=V3+cotx ates (i) 
1 cosx 
> . = T . 
sin x sin x 


= 1= 4/3 ѕіпх + cosx 
= 1—cosx = V3 ѕіп х 


=> (1-cosx) = (V3 sin х)? 
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=> 1-2cosx + cos! x = Зѕіп? x 

= 1 2с05х + cos? x = 3(1— cos? x) 
=> 4cos!x-2cosx-2-0 

=> 2cos!x-cosx-1-0 

=> (2cosx-41)(cosx—1) 2 0 


1 

= cosxe= 7 or osx 1 
i coss 
2 


Since cos x is -v e in П and III Quadrants with the reference angle x =F 


л 2x л 4л 
=> х=л-—=—— and x2z4—2—— 
3 3 3 


3 , where xe [0, 27] 


NOW x -4 does not satisfy the given equation (i). 


X -4z is not admissible and so d is the only solution. 
Since 27 is the period of cos x 
‚_ 2л 
General value of x is se , hez 
If cos x = 1 
= x=0 and x= 2л where хє [0, 27] 


Now both csc x and cot x are not defined forx=0 and x=2 
x= 0 and x= 2 arenot admissible. 


Hence solution set = [Zsana] , heZ 
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Exercise 14 


Find the solutions of the following equations which lie in [0, 27] 


i) sinx = -a ii) cosecé = 2 iii) ѕесх= –2 iv) 

Solve the following trigonometric equations: 

i) indc ii) eS iii) ы iv) 
3 3 3 


Find the values of 0 satisfying the following equations: 
3tan’ 0 + 243tan0 41-0 

tan? 0 —sec0 - 120 

2sinÓ + cos 0—1-20 

2sin’ 0 -sinf - 0 

3соѕ 8 -243sin8cos0 -3sin0-0  [Hint: Divide by sin?0] 
Find the solution sets of the following equations: 

4 sin?0 – 8с050 + 1-20 

„З tanx ^ secx-120 

COS 2x = sin Зх 

sec 30- seco 

tan 20 + coto = 0 

sin 2x + sinx = 0 

sin 4x — sin 2x = COS Зх 

sin x + COS Зх = COS 5x 

sin 3 x+ sin 2x+sinx=0 

sin 7x — sin x=sin3x 

sin x + sin Зх + sin 5x =0 

sin Ө + sin 30 + sin 50 + sin 70 = 0 
cos Ө + cos 30 + cos 5 0 + cos 70 = 0 


[Hint: sin3x = 3sinx – 4sin?x] 


O 
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cot Ó = 


sl- 


cot? 0 a 
3 
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